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On the 34 Concomitants of the Ternary Cubic. 


By Prorressor CayLey, Cambridge, England. 


I have (by aid of Gundelfinger’s formule, afterwards referred to,) calculated, 
and I give in the present paper, the expressions of the 34 concomitants of the 
canonical ternary cubic aa* + by? + cz + Glryz, or, what is the same thing, 
the 34 covariants of this cubic and the adjoint linear function g& + yy + &: 
this is the chief object of the paper. I prefix a list of memoirs, with short 
remarks upon some of them ; and, after a few observations, proceed to the expres- 
sions for the 34 concomitants; and, in conclusion, exhibit the process of calcu- 
lation of these concomitants other than such of them as are taken to be known 
forms. I insert a supplemental table of 6 derived forms. 

The list of memoirs (not by any means a complete one) is as follows: 

' Hessz, Ueber die Elimination der Variabeln aus drei algebraischen Gleichun- 
gen vom zweiten Grade mit zwei Variabeln: Crel/e, t. xxviii (1844), pp. 68-96. 
Although purporting to relate to a different subject, this is in fact the earliest, 
and a very important, memoir in regard to the general ternary cubic; and in it 
is established the canonical form, as Hesse writes it, yj + y3 + y3 + 6ayyyoys. 

ARONHOLD, Zur Theorie der homogenen Functionen dritten Grades von drei 
Variabeln: Crelle, t. xxxix (1850), pp. 140-159. 

Carey, A Third Memoir on Quantics: Phil. Trans., t. exlvi (1856), pp. 
627-647. 

ARONHOLD, Theorie der homogenen Functionen dritten Grades von drei 
Variabeln: Crelle, t. lv (1858), pp. 97-191. 

SaLMon, Lessons Introductory to the Modern Higher Algebra: 8°, Dublin, 
1859. 

Cayuey, A Seventh Memoir on Quantics: Phil. Trans., t. cli (1861), pp. 
277-292. 

Brioscui, Sur la theorie des formes cubiques a trois indeterminées: Comptes 
Rendus, t. lvi (1863), pp. 304-307. 
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Hermite, Extrait d’une lettre 4 M. Brioschi: Crelle, t. lxiii (1864), pp. 30-32. 
followed by a note by Brioscul, pp. 32-33. 

The skew covariant of the ninth order (y?— 2. 2— a’. a? — 7? for the 
canonical form 2?+ 2+ 6/xyz), and the corresponding contravariant 
— y?, alluded to p. 116 of Salmon’s Lessons, were obtained, 
the covariant by Brioschi and the contravariant by Hermite, in the last-men- 
tioned papers. 

CLeBscH and GorpaNn, Ueber die Theorie der terniren cubischen Formen : 
Math. Annalen, t. i (1869), pp. 56-89. 

The establishment of the complete system of the 34 covariants, contravariants 
and Zwischenformen, or, as I have here called them, the 34 concomitants, was 
first effected by Gordan in the next following memoir: 

GorpDAN, Ueber die terniren Formen dritten Grades: Math. Annalen, t. i 
(1869), pp. 90-128. 

And the theory is further considered : 

GUNDELFINGER, Zur Theorie der ternaéren cubischen Formen: Math. Annalen 
t. vi (1871), pp. 144-163. The author speaks of the 34 forms as being “ theils 
mit den von Gordan gewiahlten identisch, theils méglichst einfache Combina- 
tionen derselben.” They are, in fact, the 34 forms given in the present paper 
for the canonical form of the cubic, and the meaning of the adopted combina- 
tions of Gordan’s forms will presently clearly appear. 


There is an advantage in using the form az* + by? + cz? + 6/ryz rather than 
the Hessian form 2? + 7° + 2°+ 6/zyz, employed in my Third and Seventh 
Memoirs on Quantics: for the form az? + by? + cz? + 6lryz is what the general 
cubic (a,b,c, f,g,h, i,j,k, D(x, y, z)® becomes by no other change than 
the reduction to zero of certain of its coefficients ; and thus any concomitant of 
the canonical form consists of terms which are leading terms of the same con- 
comitant of the general form. 

The concomitants are functions of the coefficients (a, b,../), of (&, 7, ), 
and of (x, y, z): the dimensions in regard to the three sets respectively may be 
distinguished as the degree, class, and order; and we have thus to consider the 
deg-class-order of a concomitant. 

Two or more concomitants of the same deg-class-order may be linearly 
combined together: viz., the linear combination is the sum of the concomitants 
each multiplied by a mere number. The question thus arises as to the selection 
of a representative concomitant. As already mentioned, I follow Gundelfinger, 


| 
J 
i 


CayLEY: On the 34 Concomitants of the Ternary Cubic. 


viz., my 34 concomitants of the canonical form correspond each to each (with 
only the difference of a numerical factor of the entire concomitant) to his 34 
concomitants of the general form. ‘The principle underlying the selection would, 
in regard to the general form, have to be explained altogether differently ; but 
this principle exhibits itself in a very remarkable manner in regard to the 
canonical form + by? + + 6leyz. 

Each concomitant of the general form is an indecomposable function, not 
breaking up into rational factors; but this is not of necessity the case in regard 
to a canonical form (only a concomitant which does break up must be regarded 
as indecomposable, no factor of such concomitant being rejected, or separated). 
So far from it, there is, in regard to the canonical form in question, a frequent 
occurrence of ab# + 8/3 or a power thereof, either as a factor of a unique con- 
comitant, or when there are two or more concomitants of the same deg-class- 
order, then as a factor of a properly selected linear combination of such con- 
comitants: and the principle referred to is in fact that of the selection of such 
combination for the representative concomitant; or (in other words) the repre- 
sentative concomitant is taken so as to contain as a factor the highest power 
that may be of abc + 87°. (As to the signification of this expression abe + 87°, 
I call to mind that the discriminant of the form is abe (abe + 8/°)°). 

As to numerical factor: my principle has been, and is, to throw out any 
common numerical divisor of all the terms: thus I write § = — abe] + 7, 
instead of Aronhold’s S = — 4abcl + 47. There is also the question of nomen- 
clature: I retain that of my Seventh Memoir on Quantics, except that I use 
single letters H, P, X&c., instead of the same letters with U, thus HU, PU, Xc. ; 
in particular I use U, H, P, @Q instead of Aronhold’s f, A, S,, Z,. It is thus 
at all events necessary to make some change in Gundelfinger’s letters ; and there 
is moreover a laxity in his use of accented letters; his B, B’, B’, B”, and so 
in other cases F, HE’, EF”, &c., are used to denote functions derived in a determi- 
nate manner each from the preceding one (by the d-process explained further 
on); whereas his Z, LZ’; M, M'; N, N' are functions having to each other an 
altogether different relation ; also three of his functions are not denoted by any 
letters at all. Under the circumstances, [ retain only a few of his letters; use 
the accent where it denotes the J-process; and introduce barred letters J, K, &c., 
to denote a different correspondence with the unbarred letters J, K, &c. But I 
attach also to each concomitant a numerical symbol showing its deg-class-order, 
thus: 541 (degree = 5, class = 4, order = 1) or 1290, (there is no ambi- 
guity in the two-digit numbers 10, 11, 12 which present themselves in the system 
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of the 34 symbols); and it seems to me very desirable that the significations of 
these deg-class-order symbols should be considered as permanent and unalterable. 
Thus, in writing S = 400 = — abel + [*, I wish the 400 to be regarded as de- 
noting its expressed value — abcl + /*: if the same letter S is to be used in 
Aronhold’s sense to denote — 4abc/ + 4l*, this would be completely expressed 
by the new definition S = 4,400, the meaning of the symbol 400 being explained 
by reference to the present memoir, or by the actual quotation 400 = — abel + I". 

I proceed at once to the table: for shortness, | omit in general terms which 
can be derived from an expressed term by mere cyclical interchanges of the letters 


(a, b,c), (x,y, 2). 


Table of the 34 Covariants of the Canonical Cubic ax? + by’ # cz + 6leyz and 
linear form &e + ny + Gz. 


First Part,.10 Forms. Class = Order. 


Current No. 
1 S = 400 = — abe + FP. 
2 T =600= — 20abel — 81°. 
3 A =01l=> nyt &%. 
4 =222= — — 
+ y2[ dc&* + .. 
5 = 422 = — [ (abe + 20) + (abe — 40°) .. 


+ yz — 2 (abe + 20) .. 
6 6” = 622 =— [ — (abe + + 12aP (abe + 20°) . . 
+ yz + 2 (abe + . 
[a® (en? — 673) .. 
+ [(abe + + + .. 
+ [— (abe + 813) — — 12cl*Er*] . . 
+ yz [— P (abe + 81°) + 461 (— abe + 
— be (abe — 101?) . 
+ [P (abe + + be (abe — 101°) 
— 4el(— abe + 1*) . . 


ws 
Qo 
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9 2° (cy? — .. 
+ [l(abe + 81°) (2abe + 1) 
+ b(abe+ 29) (abe—10P) 6hcl?(—abe +) .. 
+ y#? [—l (abe + 87)(2abe + 2) 
— 6bc??(—abe+ 20) (abe—100°) .. 
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Current No. 


10 


BY" = 933 = (cy? — . . 
+ [— (abe + 81°)(abe — + 9bP (abe + 
— 27bel* (abe 
+ ((abe + 8)(abe — Png? + 27Tbel* (abe + 21*) 


Second Part, (4 + 4=) 8 forms. Class = 0, and Order = 0. 

Class = 0. 

= 103 = aa’? + by? + + blryz. 

303 = [? (ax’® + by’ + cz’) — (abe + 21?) xyz. 

= 806 = (abet +h y+ ez + 
Q = 1209 = (abe + 82 by? — c2?. — aa? — by*}. 


Order = 0. 

P = — (| (bee + cay’ + abo?) + abe.-++ Al?) 

Q = 530 = (abe — + + ab?) — 67 (Sabe + 4P) Eng. 

F = 460 = + + 2 (abe + 16P) (a7? + 
— 2AP (bck? + carn? + abo?) — 241 (abe + 21°) 

= 1290 = (abe + en? — — bee — an’. 


Third Part, (8 + 8 =) 16 forms. Class less or greater than Order. 


Class less than Order. 

J = 414= (abe + 
K = 514 = (abe + 
k' = 714 =(abe + 8P)§ & [( 


[alot — 2bley?— . 
[ (abe + — 2bley*® — 

— . 
E = 625 = (abe + 82°) (by? — [2Pa? + beyz] 

+ (by? — ez*)[4ale? + 2Pyz] .. 
= 825 = (abe + 87) (by? — cz) (abe + 27) 2? — 3bcP yz] . 
+ — a (abe — Al?) x? + (abe + 27°) 


EB” = 1025 = (abe + 81°) (by? — c2*)[(abe + 2PY x? + 18bc . 

+ cz’) (abe + 20°) 2?+ (abe + 2PY yz] . 
M = 917 = (abe + (by?— cz?) [5ale*— .| 
= 1117 = (abe + 8P E (by? — [(abe + — bay? — 


+ 18bel?y?2*] . 
Order less than Class. 
J = 841 = (abe+ (en?— + ynb(aGi—cé*) + 
K = 541= (abe + x [bc&* — — — . .}. 


| 
| | 
| 
q 
| | 
11 
12 
13 
14 | 
15 | 
16 
17 
18 
A 
19 
20 
2] 
29 
23 
24 
25 
26 
27 
| 28 


Current No. 


29 741= (abe+ 8/?) P(bc&4*— + a(abe+ 
30 E = 652 = (abc+8i*){a? (en? — 66°) [2ale* + a’ng] .. 
+ yz (en? — + . 
31 = 852 = (abe + 81°) $2? (en? — 623) [a (abe — 40) & . . 
+ yz (en?— b53)[4l (abe + 21°) a (abe nf] 
32 = 1052 = (abe+ 8?) (en®— 623) [— 3al? (abe + 20) . 
+ yz (en®— [(abe+ 2P — 3aP(abe — 40) . 
33 M = 771 = (abe x (en? — 62) [(abe — 81°) &4 — — a 
34 = 971 = (abe + 8P)} 87) 30° bPEC* 
+ 4al (abe — + a? (abe — 101°) 
To this may be joined the following Supplemental Table of certain De- 
rived Forms: 
35 R=1200—= 648°— T= — abc (abc + 81%)’. 
36 C = 703 = — TU+ 248SH= (abe + (— abe +4P)(aa?+ by? + cz’) 
+ 18abelxyz'. 
37 D=: 88°U— 3TH= (abe + 81°) } P(babe+ 40)(aa?+ by’ 
+ 3abe (abe — 107°) xyzt. 
38 3TP — 4 SQ = (abe + 81°)? (bce? + + abe?) 
— 
39 Z = 11380 = — 488°P+ TQ=(abe+ (abe + 21°) + can? +abé?) 
+ 
40 = 1640= 12 (abe + 87) F — 288STP* + 768S°PQ — 
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Order less than Class. 


viz., these are derived forms characterized by having a power of abc + 8/ asa 


factor: Ris the discriminant; C, D, Y, Z occur in Aronhold, and see my Seventh 


memoir on Quantics: ® in Clebsch and Gordan’s memoir of 1869. 
I regard as known forms A, U, H, P, Q, S, 7, F, that is, the eight forms 


3, 11,12, 15, 16,1, 2,17; the remaining 26 forms are expressed in terms of 


these by formule involving notations which will be explained, viz: We have 


13 $= 3(be+b’c—2ff’,.. gh’ +g¢/h —af’—a'f,..{X, Y, Z{X', Y’, Z’/) +70". 
14 Q= Jac(U, A, ¥). 


| 6 | 
| 
| 
| 
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18 I] =— 4 [Jac] (P, Q, F). 
= (be — f?, .. gh —af, AE, n, CF. 
1 $0. 


= 180. 
B = — + Jac(U, 0, A). 
OB. 
| 19 J = — +Jac(U, A, A). 


ION 
@ 
| 


| 


= + [Jac] (P, @Q, A). 
| 20 K = — +§0,00,H + 0,00,H + 000,H} — SUA. 
| 21 K'=— K, 
= 3 ${0,00;P + 0,00,P + 0,00,P} + QA. 
| 20 (6) K. 

30 = — + Jac (K, 

BY = — + 
= Jac(U, #, A). 


26 M' = — (6) M. 
[Jac|(P, F, A). 
(3) M. 


S| 
| 


34 


In explanation of the notations, observe that 


art by + ce + blaryz, 
B= + by? + cz’) — (abe + 27°) xyz. 


Hence, writing 
6H= ae t+ Uy + + 


we have 
a, U,¢, = bal’, 6bP, 6el?, — (abe + 21°). 


And this being so, we write 


A, = ax? + Qlyz, by? + Qlex, cz + 2lry, 
a, b, ce, f, g, b= az, by, co, &, ly, &; 


| | 
a 
j 
| 
i 
{ 
t 
4 
4 
4 
| 
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for + of the first differential coefficients, and ; of the second differential coeffi- 
cients of U; and in like manner 

= da? + 2llyz, Uy + Alay, 

W, Wee, Oy, ec, Tz, Ty, 
for } of the first differential coefficients, and ; of the second differential coeffi- 


cients of 6H. 
Jac. is written to denote the Jacobian, viz: 


a,U, a,U, 2,0 | 
Jac(U, H, ¥) =| 0,H, 0H, 0,H |, 
, 0,8, | 


and in like manner [Jac] to denote the Jacobian, when the differentiations are 
in regard to (£, 7, ¢) instead of (w, y, z): 6 is the symbol of the 6-process, or 
substitution of the coefficients (a’, J’, ¢, /) in place of (a, 6, ¢, J); in fact 


dd, + Ud, + dd, + 6, 0’, &e., each operate directly on a function of 


(a, b,c, 1), the (a’, , ¢, U’) of the symbol 6 being in the first instance regarded 
as constants, and being replaced ultimately by their values; for instance, 
dabe = abe + able + abc’, = + abe + ab'c), = ba'b'd. 

In several of the formulz, instead of 4 or 6’, the symbol used is (4) or (6%) ; 
in these cases the function operated upon contains the factor (abe + 8/*) or 
(abc + 8/°)?, and is of the form (abe + 8/)(aU + bV+ eW) or (abe + 8/) 
(?U + abV+ &c.): the meaning is, that the 46 or 6° is supposed to operate 
through the (abe + 8/*)a, or (abe + 8/*)’a’, &c., as if this were a constant, upon 
the U, V, &c., only; thus: (6). (abe + 8/*)(aU + 6V+ cW) is used to denote 
(abe + + 65V+ cdW). As to this, observe that, operating with 4 
instead of (6), there would be the additional terms U6 (abe + 8/?)a + &e.; we 
have in this case (abe + 87)a, = a (2a'be + able + abc + 2477) + = 24a*bel* 
— 24al? (abe + 21°) + 48al’,=0; or the rejected terms in fact vanish. For 
(6°) .(abe + 87)(aU + b6V + cW), operating with 4’, we should have, in like 
manner, terms Ud? (abe + 8/*)a, here (abe + 8/*)\a = a*be + 2aba'e 
+ 2acd'b’ + a’b'd + 240a'l! + 24all”, which is found to be = — 24a (abe + 8/*) 
(— abel + /*), that is, = — 24S (abe + 8/*)a; and the terms in question are 
thus = — 248 (abe + 8/*)(aU + bV+ cW), viz. (abe + 81°) (aU + 6V+ ceW) 
being a covariant, this is also a covariant; that is, in using (6*) instead of 6”, we 
in fact reject certain covariant terms; or say, for instance, 0’ being a covariant, 


then (6*)# is also a covariant, but a different covariant. The calculation with (4) 


a 
4 
a 
} 
| | 
4 
4 
| 
; 


or (6*) is more simple than it would have been with 6 or 6. 
tions of K', K’, &c. 
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See post, the calcula- 


I give for each of the 26 covariants a calculation showing how at least a 
single term of the final result is arrived at, and, in the several cases for which 
there is a power of abc + 8/? as a factor, showing how this factor presents itself. 


Calculations for the 26 Covariants. 


13. 3 (be'+ b’c —2ff’, .. gh’ + gh—af’—a’f, . ..X, Y, Z{X', Z') +70", 
= 3 ((be' + yz — 211 '2?, . — (al + 2lyz, fa'a? + 2l'yz, .) 


+ +..). 


The whole coefficient of «* is 


— 6ll'aa' + Ta’, = 36a°l? (abe + 20°) + Ta’, 


viz. the coefficient of a*x* is 


= 367 (abe + 27°) + a®b’e? — 20abcl? — 


= abc? + 1l6abel? + 647%, 
= (abe + 81°). 


|X, X', | 
14. Q= % Jac (U, H,¥),=+| Y, 


| 


Here 


YZ' — Y'Z= (by + + 2ay) — + + 2axy), 
= (be — Yo) + (260 — BU) ay? — 2 (cl — el) ae, 


= — 2(abe + 81°) (by? — cz’) ; 
1.1 = (wad — — 


Hence the whole is 


— (abe + 81°) {aa* (by? — + By? (ce? — aa") + ee! (aa — by')}, 


= (abe + 81 )(by’ — cz*)(cz — — by’). 


P,Q, 
18. = — = [Jac] (P, Q,F)=—% | |, 
(OP, 0:Q, OF 


viz. if, in this calculation, we write 


6P + by + , ie a,b,c, l=—6blbe, —6lea, — Glab, —ube + 40 
5, a’, b’, e’, l’ = (abe—10P ca, ab), —P (5abe + 4P), 
then 
| + + OF | 
+ Qlin, + 2VEn, OF, 


4 
{ , 
| 
} 
| 
| 
1 
Vou. IV. 


10 CayLey: On the 34 Concomitants of the Ternary Cubic. 


Here 
(by? + + 2VEn) — (b’n? + + 2 
= (be — + 2 — bl) — 2 (el’ — cl) 
or since 
be’ — 0, 
bl'— = — 6lea. — (S5abe + — (abe — 100°) ca (— abe + 40) 


= ca {60° (5abe + + (abe — 4I*)(abe — 107*)} 
= ca(abe + 8°), 
and the like for cl’ — c'l, the expression is 
= 2 (abe + 8/*)?(cay® — ab¢3) ; 
and the whole is thus 
= — (abe + (cay — 
= — (abe + (cay? — [PE — (abe + 167°) + + &e.] 
+ — be&)[ea'n’ — (abe + + + Ke.] 
+ (bc&* — — (abe + + &e.]}. 
Here the coefficient of &°y’, inside the }}, is 
ab’c? + be (abe + 167°), = 2bc* (abe + 87°), 
and consequently the whole is 
= — (abe + — . .), 
= (abe + 81*)3} (en? — — c&) (bE — 
4, O= (be—f*,..gh—af,. 7, 
= (beyz — Par). . + 2 (Pyz — ala*)n .. 
which are the terms of the final result 
= a? — + yz + 
5 and 6. The d-process applied to the terms of © just written down gives 
= = & — (al + al) + yz [2 (bE + Ue) + 


and substituting for a’, 0’, ¢, U’ their values, we have the corr responding terms of 


_ and ©” respectively. 


7. B=—1Jac(U, 0, A), = —| Y, 2,9, 
|Z, 0,0,¢ 


A term is X (70,0 — (0,0), and if, in this calculation, we write 
= (A,B, F, G, Afa,y,2), 1.0. — PE — all, .. F= + 


then the term is 
= (aa® + 2lyz)\x.2( Gy — Hl) + y.2(Fy — Bl) + 2.2(Cy — 


j 
| 
4 
i 
| 
| 
| 
a 
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Here 
2 (Gn — Hf) = n(car? + PEE) — C(abl? + PEn), = — 60°), 
and hence the whole term in 2’ is = a’x*(en? — 62). 


8, 9, 10. The coefficient of xy? in B is a’c, and hence in 6B, &’B, d°B 
the coefficients of this term are 2d'ac + + 4aa'c, whence in 
B’, B" = &B, % &B respectively, the coefficients are 

+ 2aa'e), (ae + 2aa'¢d), 4 ad, 


37 , , 271°a’c respectively. 
X,. X, &| 
19. J=— ;Jac(U, H, Y, Y', x 
Z, 2, ¢ 
a term is — ; (YZ’— Y’Z)£, where, as in a previous calculation, 
YZ’ — Y'Z = — 2 (abe + 81*) a — cz’). 


Hence, whole is 
= (abe + 81*) (by? — 2’) + ny (cz — ax*) + (aa? — by’)}. 
| + al + 
27. [Jac] (P,Q, A) = + + y |, 
+ e+ 2 | 
if, as in a previous calculation 
6P = af? + + c+ Gling, + 
Here, as before, 
(by? + 2 +2 VEn)—(b'7? + 2 ly) = 2 (abe + 81?)P(cani— . 
Hence, whole is 
= (abe + — 603) + ynb — c&*) + (bE? — az’) 


20. K = — 3 (0,00,H + 0,00,H + 0,00,H)— SUA, 


which, H being 
= + + + 6l'axyz), 


and putting O = (A, B, C, F, G, AYE, n, Sf, A=— Po? + beyz, .. 
F = — ale + Pyz,.. is 
= — (aa? + Qyz)(AE + Hy + —- (--- abel + U (ga + ny + &2) 


+ (By? + + Bn + Fe) 
+ (dd + 2Waxy)(GE+ Fn + 


i 
4 
4 
4 
| 
4 
i 
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The whole coefficient of & is thus 
— + Ql'yz) A+ (Uy? + H+ + 2l'xy) Gt — (— abel + Ux 


2 1 
= — 2l'yz)(— beyz) + (Wy? + cl + Pay) 
+ (¢2 + 2l'xy)(— bly? + — (— abel + + bay? + , 


and herein the coefficient of «* is 
= (— abe + = 9al*—al(—abe+ = (abe + 85) al; 


viz. we have thus the term (abc + 8/*) & . ala* of the final result. 


21. Kk’ = — (6) K, where K is of the form (abe + 8/*) (aU + bV + cW), 
and operating with (3), we obtain (abe + 8/*)(adU + 65V+ cdW). Taking for 
instance the term of K, (abe + 81°) & [ala* — 2blay’ — 2clxz + 3bey*2*], then, in 
operating with (d), the term bc may be considered indifferently as belonging 
to b6V or cW, and the resulting term of K’ is 


K' = — (6) K = — (abe + 80) & [al'x* — — 2cl’'ad + 
= (abe + 81*) & [(abe + 20*)(ax* — 2bay? — 2cxz*) — 1 8bcl*y*2"] 


28. K = 310,00;P + 0,00,P + 0,00,P| + QA; viz. writing 
@=(A, B,C, F, G, 2%, P= be? +0 
then this is 


= + (— ube + nf] + Hy + Gz) 
+ [— 8caln?+ (— abe + 41°) 2 (He + By + 
+ [— 3abl?+ (— abe + 40)En] 2(Ga + Fy + Cz)} 
+ {(abe — + cay? + abe?) — 67 + 41°) Eno} (Sa + ny + 


The whole coefficient of « is thus 
= 34[— 3bck? + (— ube + 4l*) (— — 4alnZ) 

+ [— 3caly? + (— abe + + En) 

+ [— 3ablZ? + (— abe + 41%) (acer? + 

+ }(abe — 10/*)(bc&* + + — 61? (babe + 41%) 
and herein the coefficient of €* is 18bcl? + (abe — 10/*) be, = (abe + 81%) be, 
giving, in the final result, the term (abe + 81°) & . bea*. 
29. K'=% (8) K. 


Here K is of the form (abc + 8/°)(aU + bV + cW), and we have 
K' = =| (abe + 815)\(adU + + cdW). 
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A term of aU + bV + cW is [bck* — 2caky* — 2abél? — where 
may be considered as belonging indifferently to 6V or ¢W, and so for the other 
terms. The resulting term in + b5V + is thus 
[bd — 2calEn® — 2ad/EC? — 
which is = [1? (be&* — 2caky? — 2abES*) + a (abe + 21°) 7°07], and we have thus 
a term of K’. 
22. E=— ,, Jac(K, U, A): 
F# contains the factor abe + 8/3, and if, omitting this factor, the value of X is 
called AE + By + CZ, then we have 
E = — ¢{(§0,A + 70,B + 00,C)( YE — Zn) + (€0,A + + XZ) 
+ (§0,A + 70,B + (0,C) (Xn— YE), 
and the term herein in is — (Z0,4 — Yo,A), where A is 
= alx* — 2blay’ — 2cluz’ + 3bey?2; viz. the coefficient of & is 
= — + ley) (— 6hlay? + — (by? + (— + 6hey*z)}, 
Beytz — be’'yzt + — 
= (2Pa? + beyz) (by? — cz’): 


Hence, restoring the omitted factor (abc + 8/*), we have in # the term 
(abe + 80) & (by? — cz?) [2Pa? + beyz). 


Fis of the form (abe + 87?) (aU + bV + cW), and, as before, in a term such as 
(abe + 87) & (by? — ez’) (2a? +beyz) we operate with 6 or 6 only on the factor 
2P.2?+ beyz; and in E’ and E£” respectively, operating upon this factor, we obtain 
— + (bo + We) yzt, and + 2eyzt, 

viz. we thus obtain in EH’ the term 

(abe + 81°) & (by? — cz’) [(U(abe + 20) a? — 3bcPyz], 
and in #” the term 

(abe + & (by — cz’) [(abe + +18beltyz]. 

| 0,K, X, | 

30. B=—1Jac(K, U, A), =— }| 0,K, Y, 
|0,K, Z, 
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and, if omitting in K the factor abe + 87, we write K= Ax + By + Cz, where 
B, Y, 7 |which contains 
C, 


A = bck*— 2cakr? — — this is = — 


the term 
(BE — Cr), = 3 (aa + Qlyz) (cay* — — — ICE?) 
—n(ablt — — 
= + 2lyz) — 603) + arf). 


Hence, restoring the factor abc + 8/?, we have the terms 


E = (abe + {a? (en? — b*) [2ale? + + yz (en? — 00°) 4+ 


E is of the form (abc + 8/7)(aU +6V + cW), and we operate with 6 and 6? on 
the factors + a’xf, X&e.; viz., (2ale? + = 2(al! + + 2aa'rZ, 
(2ale? + a’ng) = + and we thus obtain in the term 
(abe + 81°) x’ (cn? — bf") [a (abe — & — 
and in #” the term 
(abe + x? (cn* — [— 3a? (abe + 20) + J]. 


25. M=% Jac(U, B®, A): this, omitting the factor (abc + 8/°) of ® is 
ax’ + 2lyz, aa? (ax®?— — 5e2’), | 
= by + (by? — — 5az*), 7 
+ (cz — 5ax®— 5by’*), ¢ | 


the coefficient of & herein is 
= (bey? + — — 5by*) — (bey? + — — 
= (— + + [— By? + + (by’ — cz*)] |, 
= (by® — — blay® — — 3bcy*2*]. 
Hence, restoring the factor (abc + 8/*)?, we have the term 

(abe + 81°). (by? — cz) [Sala* — blay’,— claz® — 3hey*2*]. 
26. M'=—(6)M. Here M is of the form (abe + 8/*)(a?U + &c.); and 
the 6 operates through the (abc + 8/*)a*, &c.; we in fact have in M’ the term 
— (abe + 81%). & (by? — cz’) [Salat — — cl'az? — 


which is 
= (abe + 81%)’. & (by® — cz’)[(abe + 21*)(5axt — bay® — caz*) + 18bel*y*2"] . 


| 
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| + (—abe + | 
33. M=—14[Jac](P, FA), =—}| —3leay?+(—abe+ 2,F, y |, 
| — + (—abe+ 40)En, OF, 


and the whole coefficient of « is thus 
= + (abe — 4/*) 0.F — [3lab? + (abe — En] 0,F |, 
or substituting for ; 0,/, § 0, F their values, this is 


= {3lean?+ (abe — 41*) | — (abe + + 

— 41? + caknt + — 81 (abe + 21°) 
— {3labQ?+ (abe — 41°) En| — (abe + 161*)(an?Z? + 

— + + — 81 (abe + 21%) . 
Collecting first the terms independent of abc —.4/*, and next those which ¢on- 
tain abc — 4/*, each set contains the factor ey*— 6f, and the whole is = cn’? — bf? 
into 


— (abe+ 82 120? + 24al? (abe + 2P)\ Eng 
+ (abe — 41?) + — (abe + 167?) + 
and here collecting the terms in &', & (ey? + and each of these 
contains the factor abc + 8/’, and, finally, the term of MM is 
= (abe + 81%) (en? — bf)[(abe — 81%) — — — — GaP ly???) 
34, =1(3) 
M is here of the form (abe + 8/°)(aU+bV+eW); and, operating with 6 through 
the (abe + 8/°)a, &e., we obtain in YW’ the term 
(abe + 81%) — + able + abe — 24171’) & + &e.], 
where «he + ab’e + abe — 24Pl' = 18abclP’ + 24P (abe + 27), = 67 (Tabe + 87), 
and the term thus is 
= (abe + x — [(Tabe + 87) PE. . 


This concludes the series of calculations. 


CAMBRIDGE, ENGLAND, 17 May, 1881. 
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On Certain Expansion Theorems. 


By Emory McCurntock, J. A. 


I. 


Any function fy can be expanded in terms (positive integral powers) of a, if 
y = xpy, provided fy and @y can be expanded in terms of y, and gy does not 
vanish with y; because x can, by dividing y by gy, be expressed in terms of y, 
and by reversion y, and therefore fy, interms of 2. These algebraic operations 
do not, however, disclose the law of the coefficients, which may be found in the 


following manner. 


Assuming it known that (where D= a) unless m = n, 
when it becomes equal to 1.2.3... orn!, we have, supposing fy = a) + a,x 
1 
+ 1.2 Agar” 


1 


also f{0 = a), so that 
1 « 
fy = fyy + + a. D(py)Pfyty— + ---- (1) 

For several reasons which will appear, I think this series will be found highly 
important. Lying midway between those of Lagrange and Birmann, and trans- 
formable at once into either of those well-known series, the present result appears 
both simpler in form and easier of proof than either of them. 

The correctness of the assumption upon which (1) is founded is readily 
shown. Since = y(oy)—’, or say 


If m >, this vanishes, since y is a factor. If m =n, the second term van- 
ishes, and there remains p"~'py" = n!. If m <n, the whole expression again 


vanishes. We may write it 1p” ™my™ = a’ If 
n—m 


we suppose this expanded in terms of y, all of the terms necessarily vanish, 
16 


| 
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since y = 0, except the term independent of y. Supposing ¢ to be the coeffi- 
cient of y"—™ in the expansion of @*—™, the independent term will be 


m 
(n— m)cy”—"—*= 0.* 


— Many m—1_ m 
my 


I have said that (1) can be transformed at once into Lagrange’s theorem. 
Ifwu=y+.2, v,fu=nd,fu. In (1), let fy = fu, and gy = Ww. Thenu=z 
+ au, and we have Lagrange’s theorem, in its later form, 


fu = fe + a. den, + D, fe + .... 


If « = 1, we have the same theorem in its original form, 


fu = fe + +..., 
wherewu=2z-+ du. I have also said that (1) is simpler in form and easier of 
proof than Lagrange’s theorem. As regards its form, it is almost identical with 
that case of Lagrange’s theorem in which z= 0, and, consequently, u= y = apy, 
fy = fz, + ©. + ---, 
a case declared by Lagrange himself, in comparison with that theorem, to be 
equally general and much more simple. Even this case of Lagrange’s theorem is in 
. form less simple than (1), because it introduces unnecessarily a third quantity, z, 
4 in addition to those given by the conditions of the problem, x and y. I am 
disposed to regard (1) as new and distinct, not only on account of this slight 
- difference of form, but also, and chiefly, on account of its origin, diametrically 
opposite to that of the series just referred to; the one being a casual deduction 
from a more complex expression, retaining a remnant of its complexity in the 
unnecessary variable z, the other being, of and by itself, a simple and complete 
solution of the general problem of reversion. As regards demonstration, it is 
to be remarked that Lagrange’s theorem has not been found easy to prove. By 
far the best and simplest demonstration, of many which I have met, is that of 
Laplace, usually followed by the text-books. Concerning it, we may observe 
that it assumes Maclaurin’s theorem; that it proceeds, step by step, from one 
degree to the next higher; and that it keeps up a cross-fire of differentiations 
with respect to different variables. Concerning the proof of (1) we may remark 
that it involves, in the most elementary manner, a few of the most elementary 


* We might modify the demonstration by beginning with 
both of which terms vanish when m >, and the second when m= n, since x = 0 wheny = 0, and 
«x remains as a factor. When m < n, the term independent of y is 


cD" y" — "= 0. 


m cy” —m D” n 
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principles, and announces at once the value of the general term. It has also the 
merit of indicating at the start the class of functions to which it is applicable. 
By means of it we may observe that Lagrange’s theorem can be employed when 
fu and Ww can be expanded in terms of y = u — z, provided Wu does not vanish 
whenu =z. Ofcourse fuwand wu, orf(y + z) andy(y + z), can be expanded 
in terms of y in all cases to which Taylor’s theorem applies. 

I have said, on the other hand, that (1) can be transformed at once into 
Biirmann’s theorem. Let x be any function of ¢, and let fy = /¢; then, since 


oy = =, (1) becomes Biirmann’s first theorem, 
It = + tty =01 + 


I call this “first” because two other series sometimes get the name of 
‘‘Burmann’s theorem.” It was devised for the purpose of expanding one func- 
tion of ¢ in terms of another. Published in 1796, it was long regarded as not 
only different from, but more comprehensive than, that of Lagrange.* 

Biirmann himself showed that Lagrange’s theorem can be readily derived 
from his own. The converse, as will be seen, is equally true. Biirmann’s proof 
of his theorem, the only demonstration of it with which I have met, may be 
found in Lacroix’s Appendix and in Grunert’s Supplement to Kliigel’s Wérterbuch, 
as well as in the works cited in the footnote. It occupies five of Grunert’s pages. 
There can be no doubt of the correctness of my statement that (1) is both simpler 
in form and easier of proof than Biirmann’s theorem. 

We have, then, in (1) a series which is essentially identical with those of 
Lagrange and Biirmann, which is simpler in form than either, and which is at 
once a connecting link between them and a necessary step in the most direct 
demonstration of both. The inference seems warranted that we should regard it 
as the main proposition, of which the others are corollaries. This inference will 
be strengthened when we see how readily other corollaries can be deduced from 
it, which are usually referred to Lagrange’s and Biirmann’s theorems. 

For instance, letvw = y), dy = yo = + y), and fy= fu= fl (2+ y). 
Then v = Y(z + wxyv), and since, with regard to any function of z + y, D, = D,, 
we have from (1) Laplace’s theorem, 


* See the Encyclopedia Metropolitana, Article Integral Calculus, part 8, p. 89 ; De Morgan, Calculus, pp. 
303-305. In the appendix to the Calculus, p. 774, De Morgan says, however. *‘ Biirmann’s theorem is 
nothing but Lagrange’s,”’ and proves it concerning Biirmann’s second theorem. 
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Again, let y = u—a, fy = fu,x= i = Ww, so that gy = - —, and 
g(u— gu 
we have from (1) what we may call Biirmann’s a theorem, 


This ‘‘very remarkable formula,” as Lacroix and others style it, gives 
explicitly the development of one function, fu, in terms of another, Ww. 

Another of Biirmann’s series may be derived from (1) by substituting for 
y, u—a; tor x, Yu — a; for gy, ; and for fy, fu. 

Nearly seventy years ago, M. Wronski published a theorem for develop- 
ment, afterwards characterized by De Morgan as ‘‘excessively general,” ‘“ele- 
gant,” “really remarkable.” For this theorem, Professor Cayley has presented 
(Quarterly Journal, xii, 221) a simpler substitute, as follows : 

‘‘Suppose, in general, ga = («4 — a) Ya, or let the equation be (2 — a) Ya 


+ Afx = 0, that is, x—a + a] ; we have then, by Lagrange’s theorem, 


Aly (2) -3 F(Z) &e. 


Consider, for example, the term this is = (w— 


‘ the accents denoting differentiation in regard to 2, and x er ultimately 
fla+ 
c — F' (a 
put = a; or, what is the same thing, it is = (5) r+ 


the accents now denoting differentiation in regard to 0, and this being ulti- 
mately put = 0. This is 


[F(a + 6) 


1 

being understood that as regards F’/*, which is expressed as a poll of a only 
(0 having been therein put = 0), the exterior — denote differentiations in 


This may be written Md a) where A = 9g’ + 


respect to a, whereas, in regard to A, = 9’ + - + 69"+ &c., they denote differ- 


entiation in to 6, which is afterwards = 0. And the theorem thus is 
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The noteworthy result thus derived by Professor Cayley may be obtained 
from (1), in a very direct manner, as follows. Given yz = afz, and a = 0, to 
develop fz in terms of x. Let y = z—a, and 


yw  fyte 


- 
Then (1) becomes 
fe= f(y+a),-9 + 2. pydf(y + a”. D (y + a)yao+---- 


II. 


Of the various corollaries following from (1), two are of great practical 
importance, and are apparently perfect in form and substance, incapable of 
amendment. I refer, of course, to Lagrange’s and Laplace’s theorems. The 
several series proposed by Biirmann, as aids in developing one function in terms 
of another, do not seem to be quite so perfect. They accomplish nothing which 
cannot be done, with suitable transformations, by either of those theorems or 
by (1). Their raison d’étre, therefore, lies solely in the help which they afford 
by indicating what transformations may be necessary, and by formulating the 
results of such transformations. If we have to expand fw in terms of yw, and 
if yw happens to be readily divisible by «— a, Biirmann’s second theorem will 
be immediately available and, of course, useful. If, as is much more likely, qu 
is not conveniently divisible by «— a, we may perhaps turn to Biirmann’s first 
theorem, which tells us to look for some function of uw which vanishes with Ww , 
in a finite ratio. This is rather vague, and, as a matter of actual practice, most 
mathematicians would prefer to leave Burmann’s series alone, and to employ 
one of the other more familiar theorems, devising at the moment such transfor- 
mations as might seem necessary. There is, however, a formula applicable to a 
large number of cases, which seems to have escaped the notice of Burmann 
and other writers, and which would, I think, be found of use if. borne in 
mind by those who have occasion to deal with developments of the kind in 
question. 

Ru.se.—To expand fw in.terms of fu, find some expression of the form Y~!w— a 
which will exactly divide fu. Then 


Sey 


(2) 


fu = fla + fu. + (fu). D J 
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the general term being (fu)™. If, in applying this 


rule, we find that fu can be ered divided by w—a, the series becomes 
equivalent, as a special case, to Biirmann’s second theorem, which it thus practi- 
cally replaces. Asan illustration, let =u'—auw. Here fu is divisible by 


so that = ut, lu = and 


fey = (y — a) + (yt — ay?) = Hence, 


fu = fat + fat + (fu). fat +. . 


The series (2) is derived from (1) Mi putting 2 = fu, y= du—a, 
(whence u=rvd(yt+a), i= fy = fu = fl (y + a), and finally 


writing y —afor y, throughout. It may also be derived very readily from 
Laplace’s theorem, to which it bears exactly the same relation as that borne to 


Lagrange’s by Biirmann’s second theorem. Whether there is any real necessity 
for an explicit formula, distinct from Laplace’s theorem, for dealing with this 
subject, may be questioned. Biirmann and many other writers have thought it 
desirable to have one or more. The present formula appears to meet the require- 
ment. 


Among the questions to which (1) is directly applicable, one of the most 
important is that of the common reversion of series. Hxpressed most simply, 
this question is, given «= y + ay’ + by’? + ..., toexpand yinterms ofa. Here 
y = «py, where py is the reciprocal of 1 + ay + by +..., +ay+...)7 
and from (1) we have 


This is the same result, of course, as that usually derived from Lagrange’s 
theorem, with the merely formal difference that y takes the place of z in the 
second member. The determination of the coefficients is a matter of some diffi- 
culty; so much so that on several occasions on which extensions have been made 
to the known portion of the series, the name of the calculator has been recorded, 
The latest calculation appears to have been that made by De Morgan (Penny 
Cyclopedia, Article Reversion of Series), who describes the process devised by him 
to facilitate the work. 
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It has, perhaps, not been noticed that, having given the series 


v 
it is peculiarly easy to expand y in terms of x Here we have, as before, 


y = «oy, and 


ay + By + ..., 


1 


but in this case gy = 1 + ay’ + Gy’? + ..., and the coefficients are simpler and 
easier to determine. In the former instance, 
y = x—ax*—(b —2a*) —(ce —5ab+5a*) (d — 36°— 6ac+ 210°) —14a*)a>—. . .; 
while in the present, 
y= at aa? + Bat + (y + 2a*) + (6 + 508) +.... (3) 
Hither result may be derived from the other by putting a = — ar, b = — (a, 
&c. In another light, we may regard (3) as the development of a root of the 


equation 1 — = + ay’ + Cy’ + ...= 0, in descending powers of the coeffi- 


cient of y. When this equation has a very small root, the series may be employed 
for its arithmetical computation, though it is not so good for that purpose as the 
other series, produced by reversion. 

My chief purpose in presenting (3) is to show how it may be employed in 
facilitating the determination of the usual reversion-coefficients, by a method 


even less laborious than that pursued by De Morgan. The reason why the coefti- 
cients of (3) are, in comparison with those of the other series, so easy to deter- 
mine is two-fold: first, @y is not a fraction, and secondly, p@y vanishes when y = 0. 
In consequence of these favoring circumstances, the coefficients may, by the help 
of the combinatorial analysis (see De Morgan, Calculus, pp. 335, 336), be written 
down almost at will. To find the coefficient of x”, let us first see how y”—' can 
be resolved into factors of the form 7’, y’,...y”"—'. If for example, m = 10, 
we find that can be resolved in several ways, as follows: 7’, y’y'’, y*y’, 
yyy, yyy’, yyy’, yyy y’. Hach of these expressions stands for a term or 
element of the result, it being understood that instead of each power of y we must 
write its coefficient in 1 — oe +ay+ By+...=0. Thus 6, af, Be, yd, ad, 
aBy, 6%, and a*@ will be elements in the case chosen. To each element thus 


found, containing more than one factor, a numerical coefficient is to be an- 
nexed. Hach element being of the form a’@*%y’ . . ., its coefficient will be 
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(m — 1) (m— 2) -++(m—n + 1) 


, wheren=r+s+t+.... Thus, the coefficient 
Fe 


of aBy is 9.8 = 72; that of ad is — = 36, and so in other cases. The result, 


in the case chosen, may thus be written out: 

Coefficient of 2” = 6+ + Be + yd) + + T2aBy + 120° + 84032. 
If, therefore, it is desired to determine the reversion-coefficients as far as 

those of «” inclusive, we must find the coefficients of (3) in this way as far as 

the mth power, and also certain elements of the coefficients of higher powers 

(namely, those elements of the coefficient of each higher power, say "+", for 


P b 
which n is not less than r), and then puta = — —, 8= — a and so on. 


The process thus indicated will give the expansion of y, where x = y 
+ a+ by+.... If the given series ist it 
can be reduced to the first form by dividing both members by ¢,, when y can be 


expanded in terms of —. 


Lagrange’s and Laplace’s theorems can be demonstrated by the means 
employed in proving (1), without explicitly naming the latter as a step in the 
process. In doing ‘so, however, we cannot fail to be impressed with the fact that 
we are not treating the subject in the best and simplest manner. For Laplace’s 
theorem, the proof would be as follows. 

If f(y + z) and @y(y + z) can be expanded in terms (positive integral 
powers) of y, and if is not 0, and if x= y+ + 2), then can x be 
expanded in terms of y, and by reversion y, and therefore fy (y + z), in terms 
of x. It is required to determine the coefficients in the latter case. That is to 
say, it is required to determine the general form of a, in 


1 
+. 


Let it be shown, as before, that the expression p¥—"[@ (y + 2z)]"D,#” vanishes 
when y = 0, unless m = n, when it is equal ton!. Then 


Low (y > z) |" pfy (y + = [od (y + z) |"D (a) + wv. +.. 


= —u 
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Since p, f(y + z)=Dd./(y + 2), this expression is equivalent to 
a, = DP 
Also, fz, since y= 0 when x= 0. Let u=a(y + 2); then, since 
y = rod (y + z) = wou, we have u=ad(z + apu), and our first equation 
becomes 
fu = flz + ola flze+..., 

which is Laplace’s theorem. 

For Lagrange’s theorem, the proof would be the same, omitting through- 


out the functional symbol y. 


MILWAUKEE, May 16, 1881. 
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Some Theorems in Numbers. 


By O. H. MiTcHeE 
Fellow in the Johns Hopkins University. 


§1. On the Residues mod. k of the Symmetric Functions of the Numbers less 
than k, where k = any Integer. 


In the following = will denote identical congruity, ¢. ¢., ¢(x) = (x), mod. k, 
will denote that the coefficients of corresponding powers of a are respectively 
congruous to one another mod. . If I1(a — a) denote the product (a — 1)(a— 2) 
(e—3)....(~a—a +1), where a is a prime number, we know that [1 (a — a) 
= a*~'—1 mod.a. This expresses the fact that the symmetric functions <a, 
+a, XaBy, Xe. of the numbers less than (and prime to) a are each = 0 mod. a, 
except the last, which is =— 1 mod.a. Itis proposed in this section to determine 
the value of II (a —«) for any integer, 4, =a‘b"... g°h”... 9°, where a, 6, &c. are 
, prime numbers; or, more generally, to determine the residue, mod. k, of II(~—86,), 
where 6,, 6;, 6,°, &c. are those numbers less than / which contain s = hi.. .q, 
and no prime factor of / not found in s. These numbers were called in my 
former paper, Vol. 3, No. 4, of this Journal, the s-totitives of 4. The number 
of them was called the s-totient of &, and denoted by 7,(k). It was there seen 
that 7,(4) = (a —1)(6— 1)... .(g—1). 


Theorem I. If — 6,) denote the product (2 — 6,)(a — 6,"). . 
where the numbers 6, are the prime totitives of a’, a being an odd prime 


number, then 
IT: (a — 6,) (a*—'— mod. a’; 


and if 6,, 6,, &c. be the a-totitives of a’, then 
(a — 0,) = mod. at. 
To prove the theorem it will be shown first that 


(a — = [Tl — 6,)]* mod. a’. 


| 
| 
| 

| 
| 

| 
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Let a, 8, y,..@ be the prime totitives of a’—'; then the prime totitives of a’ 
will be given by a+ Aa‘—', 6+ Aa‘—', &e. where % has all values from 0 to 


a—l. Now 
Tl —a + S at — (Cta + Aat—1) at + xt 
— + + &e. mod. a’, 
where the terms containing a?“—”, a?“—, &c. have been dropped, and C%, C%, 


&c. are the successive binomial coefficients of the a power, and A=0+ 1 


and 


But A=0 mod.a, .. da’~'=0 mod.a’, 


Il + = (w — a)* mod. a’, 
(a — 0,) —a)*(a — B)*. . . — o)* (Ty — 6,)]* mod. a’. 
Now, 
II, («7 — 0,) = a*-'—1 mod. a, 
IL: (a— 0,) 5 “ 
and the first part of the theorem is proved. The same proof applies to the 
second part of the theorem, if we suppose a, 0, &c. to be not the prime toti- 
tives, but the a-totitives of a’—'. Then we get, just as before, 
(x — 0,) — 0,)]* mod. a’. 
But we have 
Il, (cx —0,)=2—0, 
0,) = mod. a’, &e., 
Thy (a — 0.) =a" mod. a’. Q. E. D. 


If, in the foregoing, we put a= 2, then 

TI (a — a + = — (2a + + (a? + mod. 2°, 

since A=0+1=+1mod.2. This may be written 
TI (a — a + = — a)? + 1) mod. 2%, 
Ty — 0,) = {(a— a)? & (a — 1) — BP .... 
{(a — + 2*-1(a— 1)} mod. 2%, 

— 6,) = (Ty —a)]? . . (a — @)? 

(a—)?| mod. 2°. 
Now, if ¢>>2, the number of the prime totitives of 2’—' is even, a, 


&c. are the 2*—? odd numbers from 1 to 2’-!— 1. Thus, we have 
ot 


(a—6,) = — 0,)]? & (a — — 1)" + mod. 2! 
(w— 6,) [T1y-1(~— 0,)]? mod. 2°, when ¢>2. 


| 
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Ifa, @, y, &c. be the 2-totitives of 2‘—', 7. ¢., the even numbers from 0 to 
2'-1— 2, then we get, as before, 
(a — 0.) = (a — 0,)]? + (a — 1){2*- 4+ 2p mod. 2¢ 
(a — 605) = (a — mod. 2*, when ¢ > 2. 
By inspection, we have 
Il, — 6,)=a2—1, 
IL, (x — 0,) =2?— 1 mod. 4, 
TI, (a — = 1)? mod. 8, 
and thence, by induction, 
(a — = — mod. 2¢. 
So we have, by inspection, 
I], — =«, 
11, — = (a — 2) 
I, (a — 6,) =a? (a@— 2) mod. 8, 
TI — 6.) = (a — 16, 
Thy (a — 0,) = [a (a — 2)]*~* mod. 2¢. 


This last expression may evidently be written 
Tl. (a — 05) = a” '—? + + 2'-1) mod. 2¢. 

Thus we have 

Theorem IT. If TI(a—6,) denote the continued product 
where the numbers 6, are the successive odd numbers from 1 to 2‘’—1, then, 
t being > 1, 

TI (a — 6,) = (2? — mod. 

and if I1(~a—94,) denote a similar product where the numbers 6, are the suc- 
cessive even numbers from 0 to 2’— 2, then, ¢ being >2, 


TI — 6,) = [a (a — Sa? (a? + + 2¢-") mod. 2¢. 


Example of Theorem I. Suppose a’ = 27. Then 
(a — 1)(a — 2)(a — 4)(a— 5)(x — 7)(x — 8)(a — 10)(a — 11)(a — 13) 
(e+ 13)(a+11)...(@+1) 
= (a*— 1)(a*— 10) (a?— 19) (a? — 4) (a? — 7) — 16) (a? — 22) (a*® — 25) (2? —- 18) 
= — 1)*(a*— lla’ + 1) S — + 122°— 1)? mod. 27. 
That is, (a — 0,) = (a — mod. 3°. So, 
Il (a — 03) = (a — 0)(a — 3)(a— 6)... + + 3) Sa’ mod. 27. 


| | 

| i 
| 
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Example of Theorem IT. Suppose 2’= 16. Then 

IT (a — 0,) = (x — 1) (w — 3) (x — — — 9) — 11) — — 15) 
= (a°— 9)? = 102° + 9)? 4a’ + 62'— 1 = 1)* mod. 16. 
So, 0) (a — 2) (a— 4) (a — 6) — 8) (w+ 6) (a + 4) +2) S 23 — 8) (a? — 4) 
= 2°(a° + 8x + 8) = [x(a — 2)]* mod. 16. 


In the following, if k=a‘b".. and s=hi..q, R, will denote 
that one of the roots of «=x mod. k, which is an s-totitive of &. (For the 
properties of these roots or repetents, see my paper, Vol. III, No. 4, of this 
Journal). R;will denote that repetent of 4 whose subscript contains all those 
prime factors of / not found in s. Thus #; will denote briefly the same thing 
as R,, .,. We can now prove the general theorem concerning the function 
II,,(a — 6,) of any integer 


Theorem Ill. If k= ath"... ..qg°, wherea, 6, &c. are different prime 
umbers, and if s=h...g, o=h”...q*, and6,, 6,, &c. be the s-totitives 
of &, then 


Il, (2 — R: + k; + + R- (ax? —1__ 
+ mod. k; 


except (1) when : = 4 ora higher power of 2, in which case 
Tl, (a — 0,) = — + mod. k, 
and (2) when a = 1 and u'= 2‘ where t= or >2, in which case, if ¢=2, 
then 
Il, (a — 0,) + mod. k, 
and if ¢>2, then 


II, (x — 0,) Sa" + > ha + hea? —* mod. k. 


To prove the theorem, let us consider each component of the modulus sepa- 
rately. With respect to mod. a‘, the formula to be proved reduces to 


— 6,) = 1) mod. a’, 


since Ry, R;,...R;, R; each contain a‘, and R;=1, mod. a’. Now it is 


clear that if we take the residues mod. a‘ of the numbers 6, we shall get 


8 


each prime totitive of a‘ the same number of times, and shall consequently get, 


in all, groups, each group containing all the prime totitives of a’. If 


7,(a*) 


3 
a 
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Il, (« —6,) denote the product taken for those numbers 6, which compose 
any one of these groups, then by Theorem I 


(a — 0,) = (a*—? — mod. a’, 
if a be an odd prime number. Hence 


Tall) 
— 6,) = — Fay mod a’, 


or 
(2 — 6,) (a*~'— mod. a’. 


If a = 2, we have, by Theorem II, 
(a2 — 0,) = (a? — mod. 2%, 


ra(k) 
(a — 0,) = — mod. 2°. 


Now, if — contain at least one odd prime number, then 2°—*, A) (— 1 To.(K) } 18 
? 8 


divisible by but (a*— 1)*~' = (@ — 1)*""(@ — 1 + and —1 +4 
(a mod. therefore (a*— 1)*"' = (a 1)* mod. 2. Therefore, 
Il, (« — 0,) 1)™ mod. 2°. 


But if — = 4, or a higher power of 2, according to exception (1), then we have, 


as above, Il, (2 — 0,) = — mod. 2%. 
Having shown that the formula holds true for mod. a’, we have shown it true 
for mod. —, since no distinction is to be made amonga, b, ...g. 
e 


Let us now consider one of the components of o, as qg*._ The formula to be 


proved reduces to 
Il, — 6,) =a™ mod. 9’, 


since fz =1 mod. and . . 
6, all contain g, and it is clear that, if we take their residues mod. g*, we shall 


each contain g*. The numbers 


get each q-totitive of g* the same number of times, and shall consequently get, 

in all, = groups, each group containing all the q-totitives of g*. If TI,: (a — 6,) 

denote the product taken for those numbers 6, which compose any one of these 
s Pp y 

groups, then, by Theorem I, we have, when ¢ is odd, 


z 
x mod. g’. 


o> 


mod. q’. 
But if g = 2, we have, by Theorem II, second part, 


— 6,) a(a — 2))*"~* mod. 2°. 
TI, — 0,) = (a(a — mod. 2°. 


A 
| 
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And if be not equal to unity, then = t,(k) will be divisible by 2*—* when 
q = 2. Then, since 2)]*” = 2 mod. 2’, it follows that 
II, (x — 0,) = («)*™ mod, 2*, as before. 


But if _ = 1 and q = 2, then =i odd, and we have, by Theorem II, as before, 


— 0,) = (x(a — 2)]* + + 2°-") mod 2°, 


where the last term in the parenthesis is present or absent according as z > 2 
orz= 2. 
s—1 Ta(k) 
IL, 6,) [a (a? + + mod. 2°. 


Now, (a7 + 2°—*a + 2°—")* = + + mod. 2° 


which, when v is odd, becomes 


Then, since ie is odd, we have for z >2, 


TI, (a — 0,) + + 2*-1) mod. 2°, 
where n= = Now, since = is odd, we have 5 k= 2*-1(20 + 1). Then 
k mod. 2’. 


(e@— 0) (a + + mod. 2, 


1 


ro| 


which is exception (2), second part. In exactly the same way we get 


when z = 2, 


at + 5 ke) mod. 2, 


which is exception (2), first part. 

Having shown, now, that the formula of the theorem holds good with 
respect to any component of the modulus, the theorem is proved. 

In the expansion of R; (x*—'-—— 1) the coefficient of 2” is 


according as 7 is or is not divisible by a—1, where C,” is a binomial coeffi- 


a@—1 


; 

i 

4 

=(—) R; or = 0, 
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cient. For, if r contain a—1, then (—) Ore (—)%*~*. Therefore, put- 


ting t, (k) — 7 =m, the preceding theorem may be stated as follows: 


Theorem IV. If k= a'b"... gh”... sh... gq, and P,,(6,) denote 
0,0, ... where 0,, &c. are the s-totitives of £, then 


P,(,)= = mod. 


m 
the summation including only those terms for which ~_ 18 an integer ; except 


(1) when S = 4 or a higher power of 2, in which case 
P,,(9,) =(—)*RsC, modk, 
and (2) when S = 1 and one of the components of & = 2", in which case, if 
n = 2, then 


P, (6,) = a k, and P,,, =0 mod. k, 
but if n > 2, then ; 
P, (0,) = P,(0,)=-5 and P,,, = 0 mod. 
When m = 7,(k), the formula becomes 
(6, =R +R +...+ = = #, mod k, 
except when _ = p”, 2p”, or 4, and < is at the same time an odd number, in 
which case 7,(/) : p — 1 is odd, and the formula becomes 
Pa) =— R, mod. k. 
This special case of the formula is the generalization of the Wilsonian theorem 


given in my former paper, for P,,)(6,) = the product of the s-totitives of k. 


Example. Suppose k = 60 = 2?.3.5, then those three roots of x =~2 
mod. 60 which I have denoted by R;, R3, Rz are 45, 40, 36 respectively. 


P,,(0;) = (—) Bs OR” + Bs O'R” + (—) mod. 60. 
2—1 8—1 5—1 
Whence P, (0, =— 45.16=0, 
45. —40.8=—20, 
16.15.14__ 

P; (6,)=— 45.53 

16.15.14.13 8.7 
P,0,)= + 40.7, 86.416, 


| 
§ 
| 
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etc., to +R + =1. 
These relations, expressed by Theorem III, become 
II (2 — 0,) = Ry (x — + Rs (2? — 1) + (act — mod. 60, | 
r, 
TI (2 — 6,) 45 (a — 1)*+ 40 (2? 36 — 1)* mod. 60. 
P,, (05) = Bs Cn On mod. 60. 


P, (6,) =— 46. 


P,(6,)= 45. 540.2 2= 10. 


P, =— 45.554 =), 


These relations, when expressed by Theorem III, become 
II (a — 6;) = 45 (a — 1)*+ 40 (a2 — 1)?+ mod. 60. 


3. 
P,, (05) = (—) + mod. 60, 
2-1 : 


8.7 
P,(0,) = 
8.7.6 4 


P,(,) = — 86.2 = 18, ete., to 


P,(0,)= 45+ 36 = 21 = R&,; otherwise, 
402°+ 36 (x*— 1) mod. 60. 


IV. em 2. 
3—1 5—1 
P, (6,) = 0, 
P, =— = 20, 
P, (6,) = 0, 
8.7.8.5 
P,(6,) = 40. ee — 36.4= 16, etc., to 


P, (0) = 40 + = 16 = Ry. 


| 
P,()= 45 + 40= 25 = Fy. 
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V. ase 2.5 
Pr (9.3) = Bs mod. 60, 
P, (% = P, = P, = 0, 
P, (6,3) =— 36.2 =— 12, 
P,=P,= P,=0, 
P; (6.3) = 36 = R, 
Vi, 3.5. 
This is a case of exception (1), since = = = = 4, 
(05,5) = (—)? RB; mod. 60, 
= — 45 —= — Rk, .. 
Viz. ose 5.2 
(95.2) = (—)* mod. 60, 
P, = P,=0, 
P, (6,2) =— 40.2 =— 20, 
2.1 
P, (9.3) = 40. 1.2 = R, 2 
- Vil, ome 2.3.6. 
This is a case of exception (2), since = oe = 1, and 60 contains 4. 


P; (6.5.3) = 5 (60), and P,=0= 
The only two numbers included here are 
0 and 30, P, = 0+ 30, and P, = 0.30. 


Theorem V. If k= a'‘b"...¢°, and I, (a — 6) denote the continued product, 
x(x —1)(@— 2)...(a—k—1), then 
II, (« — 6) = Rz(a* — + (a? — a)’ +... + mod. 


except when one of the factors of &, asa, = 2, and¢>1, in which case 
IT, (« — 0) = [(a?— — 2 (a?— x) ]* + Re (a’— x)’ +...+ Bz — x)*mod. 
To prove this theorem we have only to consider one component of the 
modulus, as a’. Since R;, R;,... 2; each contain a’, and R;=1 mod. a’, the 


& 
congruence to be proved reduces to II, (a — 6) = (a*— x)* mod. a’. Now it is 


VoL. IV, 
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evident that if we take the residues of the successive numbers less than /, we 


shall get successive groups. According to Theorem I, II(#-— 6) for one 


k 


group = (a — x)“"' mod. a’. Therefore, II, — 0) = — x)* mod. a’. But 
if a=2, and ¢>1, then II (a— for one group = [(#’— 1)(#’— mod. 2°, 
according to Theorem II. Therefore, 
Il, (« — 6) = — — = — x)? — 2 (a? — mod. 24. Q. KE. D. 
By comparing the coefficients of corresponding powers of 2, we have the 
residues, mod. &, of the symmetric functions Sa, Sa3, &c. of the successive 
numbers from 0 to &—1 in terms of the repetents or residual units of /. 
When / does not contain 4, we may write the theorem more simply as follows, 


dispensing with the “carrier,” a: 


P,,(0)= (-) mod. k, 


where C is a binomial coefficient, and where only those terms are to be included 
in the summation for which m is divisible by#—1. But if & = 2%’... ¢’, 
and ¢ > 2, then it is easy to show that 


If ¢= 2, the last term in the parenthesis is to be omitted; if = 1, the last 
two terms in the parenthesis are to be omitted, and the formula is then included 


b 


under the preceding formula. 
For example, suppose /£= 30, and it is required to find the residue 
mod. 30 of P,(6). We have R; = 15, Ry = 10, and = 6. Then 


P,(0) = (—)'Ry CB-+ (— OF + (— Cf mod. 30, 


15.14.13.12 10.9 
or P,(0)=15 +0 — 6=9 mod. 30. 


Since, now, the value of any symmetric function whatever can be obtained 
by means of the tables explicitly in terms of the symmetric functions a, 2a), 
Sa3y, &c. we have thus a means of expressing, in terms of the repetents of &, the 
residues mod. & of any symmetric function of the s-totitives of /:, or, finally, of 
any symmetric function of the successive numbers from 0 to 4 — 1. 


2. Extension of Preceding Results to the Theory of Functions (mod. p, f(x)). 
J Y 


Let f(x) = K= A‘B".. Y mod. p, where p is a prime number, ¢, w, Xe. 
are any integers, and A, B, &c. are irreducible (mod. p) functions of a, of 


| 

= 
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forms a* + A, + + Ke, + + + &e., &e. respect- 
ively. It is well known that X can be so represented in only one way. 

A function, ?(2), is said to contain another function, f(x), with respect to p, when 
p(x) = f(x)A(x) + p(x). In the following the words with respect to p are 
always to be understood when the word contain is used with reference to func- 
tions, and when one function is said to be prime to another it is to be under- 
stood that they have no common factor with respect to p. 

Let the number of incongruous (mod. p) functions of a less degree than 
that of K and prime to XK be called the prime totient of H, and let it be denoted 
by 7,(4) after the analogy of Professor Sylvester’s notation and nomenclature in 
the case of integers. Likewise let the functions themselves be called the prime 
totitivesof XK. Inthe same way let the number of those which contain A but no other 
prime factor of K be called the A-totient of A, and let it be denoted by 7,(X); 
and let the functions themselves be called the <A-totitives of AK. So on, for 
Tan(K), Taze( HK), &e. There are plainly 2° different classes of totitives of K, 
if ¢ denote the number of the unequal prime factors of A. A means of finding 
the value of the different totients of A will be furnished by the following: 


Lemma. There are p"—™ incongruous (mod. p) functions of x, degree <n, 
which contain a given function (a) of form x” + Aya" + +... 

For let = aw” + Ba"—*?+ &e., where a, &e. are variable coeffi- 
cients. Dividing by @(x), we geta remainder of degree m—1. In order 
that there may be an exact division, each of the coefficients of the remainder 
must be equal to zero. We thus have m equations, which, as the process of 
division shows, are linear in the n quantities, a, 8, &. We may give arbitrary 
values to n — m of these quantities, and considering the system of equations as 
a system of congruences mod. p, we may evidently satisfy the system in p”~” 
different ways. Hence the lemma is proved. 

Suppose, now, that K = A‘B"C”’. We easily find, by means of the pre- 
ceding lemma, and by use of the process employed to find the totients of an 
integer, that 


7, (K) 1), 


The analogy between these numbers and the totients of an integer is at once 
apparent, viz: if an integer 4 = a‘b"c’ where a, b, ¢ are prime numbers, the 
totients of K are derived from the totients of & by substituting in the latter 


| 
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p* fora, p’ for 6, &c., where, however, a, 6, ¢, the degrees of A, B, C, are 
not prime numbers, but any integers. 

It is proposed, in what follows, to show briefly that certain theorems of my 
former paper, as well as those of the preceding section, have their analogues in 
the theory of functions (mod. p, K). 

Let us first consider the properties of the roots of X* = X (mod. p, KX), 
where AER’... 0, 2’...0. We 


evidently have X =0 (mod. p, co), and Y=1 (mod. Ps =) and thence 


K K 
Ao — wu —- = 1 mod. p. Since o and — have no common factor with respect 


to p, this congruence gives one, and ‘only one, value of 7. (See Serret, Cows 
d’Alg. Sup., § 341), and consequently one, and only one, value of X for the 
two preceding congruences. This value containss. Call it R,. It is evident 
now that there are twice as many roots of X* = X (mod. p, #) as there are 
ways of separating K into two factors prime to one another, viz: 2‘, and that 
one of them belongs to each of the 2* classes of the totitives of A, where 7 is 
the number of the unequal prime factors in XK. It is at once evident that these 
roots or repetents of AK have the same properties as the integer roots of 2 =2 
mod. *%. For convenience, I restate some of them: 

(1). RR, = R,, (mod. p, HK), where s and s’ are prime to each other. 

(2). The sum of any given number of the repetents of XA is congruous 
(mod. p, A) to the sum of the same number of any others of them, provided 
only that the product of the subscripts is the same for each sum. 

(3). Ifs denote the product of all the unequal prime factors of A’ not 
contained in s, then 

= 0 (mod. =}. 

(4) Be +...+ = (mod. p, K). 

(5). If A’, BY... G be prime totitives of A‘, BY,... @, respectively, 
and H',...@ are multiples of H, J,...@Q, respectively, then the residue 
(mod. », K) of the function, + +...+ QR, is an s-totitive of K. 

The analogue of Fermat’s extended theorem is X;~’= R, (mod. p, K), 
where X, is an s-totitive of K. 

If K = A’, it is proved, in the ordinary way, that 


= 1 (mod. p, K), 
and it is, of course, obvious that 


X74) = 0 (mod. p, K). 


A 
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Hence the theorem is true for H == A’, since Rk, = 1 and R,= 0 (mod. p, K). 
Then since [see (5)] 
X,=AR{+ (mod. p, K), 
we have, by raising both sides to power 7,(A’), inasmuch as 7,() contains 
Rt = R, (mod. p, K); 
and the general theorem is proved. 

Let it be required now to find the residues (mod. p, K) of the symmetric 
functions 30,, &c., where 0;, &c. are the s-totitives of A, or, in 
other words, to find the residue of the function II,(X — 9,), in analogy with 
the results of the preceding section. First, let us prove that IL,«(4 — ©,) 
= [Ty-1(X — O,)]”" (mod. p, A‘). The method of proof is precisely that of 
last section. Leta, @, y, &c. be the prime totitives of A‘—1; then those of A’ 
will be given by a + 2A‘—!, 8 + 2A‘, &c. where A is any one of the p* incon- 
gruous (mod. ») functions of a less degree than that of A. But 
W(X — a + = XP" — + 4-( + a) 

— (CP'a® + X?*—5 + &e. (mod. p, A*) 
just as before, where Q here equals the sum of the p* incongruous (mod. p) fune- 
tions of a less degree than that of A. But we evidently have O =0 mod. p. 

—a + = (X — (mod. p, A’). 
1,(X — S ((X — a)(X— B).. . (mod. p, A’). 
— O,) — O,)}”*, (mod. p, A’). 
Now we know (Serret, § 345, et seg.) that 
IL, (X — 9,) = X”—*— 1, (mod. p, A), 
— O,) = (X?*—1 — (mod. p, A’), 
— ©,) = — (mod. p, A’). 
In the same way, we evidently get 
T1,(X — ©,) = (mod. p, A’). 


In general we have the following 


ll 


Theorem. If K = A‘BY... G°H”... Q*, where A, B, &c. are different 
irreducible (mod. p) functions of x, of degrees, a, 6, &c. andif S= H/.. Q, 
and ©,, 0,, &c. be the S-totitives of A, then 
TI, (X — Os) = Ry 1)" 4+... 4+ Rg 

+ Rg (mod. p, K). 
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There are no exceptions to this formula as in the case of the corresponding 
formula for integers, for the unique prime number, 2, has no analogue in this 
theory of functions. The proof of the theorem is so nearly the same as that of 
the one for integers that it does not seem worth while to repeat it here. It is 
simply a substitution of p* for a, p” for b, &c. and (mod. p, A) for mod. & in 
the proof of Theorem III in the last section. 

If P,,(O,) denote +O,0, .. O%, we have as another form of the preceding 
theorem, analogous to Theorem IV of the last section, 


m 
oO) 7(Q) 
P{®,) = 2 ( Re mod. (p, Kk ), 
A 7(Q) 
where the process of summation includes only those terms for which (ay i Be, 


m 


= an integer. 


When m = 7,(A’), the formula becomes 


except when — = a power of an irreducible function, as A’, and p is not 2, in 


. .., 
which case , is odd, and we have 
7(A) 
Pix) = — = — Rg, (mod. p, K). 


Since P,.,, = the product of the s-totitives of K, this special case of the 

above theorem constitutes the analogue of the generalized Wilsonian theorein. 

It is easy to see that Theorem V of last section also has its analogue here, 

viz: If I1,(X — O) denote the continued product — 6’)(X — 6”)... where 

0’, are the whole set of the x= incongruous (mod. », A) 
functions of x from 0 up to K, then 


K 


+ ..4+- — fod. p, Fi, 


or 


P,(@)=(—)" +... +(—)" 0%, (mod. p, K). 


pe—1 


BALTIMORE, 14 April, 1881. 
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Note on the Frequency of Use of the Different Digits in 
Natural Numbers. 


By NEwcome. 


That the ten digits do not occur with equal frequency must be evident to 
any one making much use of logarithmic tables, and noticing how much faster 
the first pages wear out than the last ones. The first significant figure is oftener 
1 than any other digit, and the frequency diminishes up to 9. The question 
naturally arises whether the reverse would be true of logarithms. That is, in a 
table of anti-logarithms, would the last part be more used than the first, or 
would every part be used equally? The law of frequency in the one case may 
be deduced from that in the other. The question we have to consider is, what 
is the probability that if a natural number be taken at random its first significant 
digit will be x, its second wm’, ete. 

As natural numbers occur in nature, they are to be considered as the ratios 
of quantities. ‘Therefore, instead of selecting a number at random, we must 
select two numbers, and inquire what is the probability that the first significant 
digit of their ratio is the digit x. To solve the problem we may form an indefi- 
nite number of such ratios, taken independently ; and then must make the same 
inquiry respecting their quotients, and continue the process so as to find the 
limit towards which the probability approaches. 

Let us suppose the numbers with which we commence to be arranged in 
periods according to the number of their digits, or, which is the same thing, 
according to the characteristics of their logarithms on the scale of which the 
basis is 7, (¢ being 10 in the common system). Then, if two numbers are 7° * * 
and i” +*, c and ¢ being integers, the significant figures of the ratio will be inde- 
pendent of ¢ and ¢, since changing these integers will only change the 
decimal point. We may, therefore, take both numerator and denominator of 
the ratio out of the same period. 

Moreover, since both numerator and denominator are formed by the same 
process, we may suppose the law of distribution of the numbers from which 
they are selected to be the same. Our problem is thus reduced to the fol- 
lowing: 39 
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40 Newcoms: Note on the Frequency of Use of the Different Digits, Ete. 


We have a series of numbers between 1 and 7, represented by fractional 
powers of 7, say 7°, the distribution of the exponents s, and therefore of the 
numbers, being according to any arbitrary law. Since these exponents are 
formed by casting off all the integers from a series of numbers, we may sup- 
pose them arranged around a circle according to some law. Then, if we select 
2” exponents at random and call them s’, s’, s”, etc., the final ratio, obtained in 
the manner we have described, will be 


The question is, what is the probability that the positive fractional portion 
of ss — 8! + 5s" — 3” + ete., will be contained between the limits s and s + ds. 
It is evident that, whatever be the original law of arrangement, the fractions 
will approach to an equal distribution around the circle as n is increased, or 
the required probability will be equal to ds. But, the fractional part of 
s/) — 5 + s” — etc. is the mantissa of the logarithm of the limiting ratio. We 
thus reach the conclusion: 

The law of probability of the occurrence of numbers is such that all mantissee of 
their logarithms are equally probable. 

In other words, every part of a table of anti-logarithms is entered with 
equal frequency. We thus find the required probabilities of occurrence in the 
case of the first two significant digits of a natural number to be: 


Dig. .First Digit. Second Digit. 
1 0.3010 0.1139 
2 0.1761 0.1088 
3 0.1249 0.1043 
4 0.0969 0.1008 
5 0.0792 0.0967 
6 0.0669 0.0934 
7 0.0580 0.0904 
8 0.0512 0.0876 
9 0.0458 0.0850 


In the case of the third figure the probability will be nearly the same for 
each digit, and for the fourth and following ones the difference will be inappre- 
ciable. 

It is curious to remark that this law would enable us to decide whether a 
large collection of independent numerical results were composed of natural 
numbers or logarithms. 


By 
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Tables of the Generating Functions and Groundforms 
of the Binary Duodecimic, with some General 
Remarks, and Tables of the Irreducible 
Syzygies of certain Quantics.* 


By J. J. SYLVESTER. 


Generating Function for differentiants, 


4 Denominator: 

(1 — — a) — — — — — a’) 

(1 — a®)\(1 — a"). 

Numerator : 

1+ 1250°+ 28508 + 594a7 + 1143a% + 2063a° 

+ 3517a"+ 5693a"+ 
+ 45317a" + 57327a*® + 70595a” + 847300" + 9921407 + 113430a” 
+ 126698a?+ 138345a4%+147722a"+ 
+ 1542970" + 147722a"+ 138345a2"+ 126698a”+ 113430a*+ 99214a* 
+ 84730a® + 70595a*% + 57327a" + 453170® + 348300” + 25979a" 
+ 18769a" + 13104a”+ 8817a* + 5693a" + 3517a® + 2063a* + 
+ 594a%+ 285a" + 125a" + 49a" + 17a" + 


Generating Function for covariants, reduced form, 


Denominator : 
(1 — a®)(1 — — a*\(1 — — — — — — a”) 
(1 — a™)\(1 — aa*)(1 — aa*)(1 — — — — az”). 


* The tables of the duodecimic have been calculated by Mr. F. Franklin in accordance with Professor 
Sylvester’s second method (see this Journal, Vol. III, p. 146), in pursuance of a grant made by the British 
Association for the Advancement of Science. The corresponding tables for the binary quantics of the 
first ten orders are given in this Journal, Vol. II, p. 223: those for systems of quantics of the first four 
orders, taken two and wo together, are given at page 293 of the same volume. 
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Sytvester: Tables of the (Generating Functions and Groundforms 
Numerator :* 
0 ) 
| } ) | | 
1) 1 | 2 3) 2) 2) 1 1 | | | | 
at | | | | | | | | | | 
| | j | | | | | | | | 
3 8} 1) 2 38 | 14 | 1 
a | | 
‘12 17 10 6 211] 18 12 2 5 8 6 2 1 | 
a | | | | | | | | 
9 28 25) 18 7 6 21; 24] 22] 10 8 1 
17 391 25 15 89 «45 «16 «16 «16 
56 58 32 1) 32 67 72 54 19 9 84 24 9 1 7 8 
36 76 44 7 52 100 108 72 35 1 14 18 4 
a | | | 
45) “ia 97, 511 27/ 98 158 162 101 21 45 85 87 47 11 14 24 22 6 8 4 
0 ni 188 63 45] 184 216 218 120 3 90 143 186 69 15 22 40 32 8 7 7 
81 163 66 83, 206 303 157 5 139 199,187 88 4 48 66 51 14 18 9 
110 251,206 69 124) 282 404 886 178 52,298 301 267 114 69 97 68 16 24 17 
131 309,241 59 188] 389 532 489 196 323 403 345 127 29 120 146 100 23 87 21 
18 | = | 
168, 370 288 253) 495. 658 580 198 188,460 550 446 150 58 169 2021 127 23 57 36 
198 499) 218 22 347 636 808 692 196 274 604 691 539 149 116 251 274) 168 26 88 45 
a | 
282) 499) 950, 6 436 759 939 770 158 421 797 883 655 160 176 329 352 204 19 115 65 
21 
256,551) 877 546 9121093, 861 119 554) 980 1045 742 128 277 448 450 254 18 154 81 
a | — | 
298; 598, 402, 97 649 1035 1200 909 _35 746 1201 1252, 844 110 872 553 543, 292 1) 201 110 
a j | 
307) 638 402 101 11741380, 956 9141402 1410 907 45 510 697] 654) 848,14 251) 131 
24 | | 
a 
336) 667) 407, 31 852 1266 1404 948, 1681181 16191504 972 4 637, 821 44} 308, 168 
25 
a | 
839) 679| 3 881/280 953 1371 1480 2741206 17011706 983 119, 800 972 855 417, 69| 369 193 
26 —| 
351) 678 367) 261012 1405 1477 867 4801508 1972 1886 997 209, 934 1086 434 114) 480 282 
27 | —| — —| 
339| 664, 823, 982 107014461479 810 542 168220691860 937 3511100 1925 1017, 457, 148 490 256 
| 336) 635) 21 4030861418400 63817829164 1900 8 898 4581211 1801 1056 146 209 47,200 
29 
| 307 239| 4451093 13931342 595) 784 595 1942 139910081 445. 239 595) 307 


*In the tabulated numerators, the minus sign is placed over the number which it affects. 
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— | 


| 


1900) 
1860 


1836 
1706 


1594 


1056/1901 1211) 453 
1017/1225 1100) 851), 
987/1086, 984) 209, 997 
855) 972| 800 119) 98 
752| 687/14 
654) 697) 51045) 90 
543) 553| 372) 110 
{| 450] 448, 277) 74 
352| 320, 176, 160 
274] 251) 116 149 
202) 16958) 150 
146) 120) 29] 121 
66 
40 15, 69 
85 
61 
15) 
2 8 
1 2 6 
af 
| 


1410 


1252 


| 
2/1045} 980 
5| 883) 7: 


691 


446) 550 
5| 403 


301 


1782 
1632 
1508 


1791/1296 


1131 


688, 692 1410 
542 8101479 

| 


430 867 1477 


274, 9441480 
274 944148 


168 948 1404 


956 1835 


6|_ 35, 9091209 


119 8611098 


| 153) 770, 939 


196 692, 808 
198, 580, 658 


196 489 532 


2| 386 404 


157, 803, 309 


120) 218 216 


101, 162 158, 98 


108 100 


291 
828) 
367 
67 


| 
402 
359 


635 


407) 66" 


| 
43 
a | 956, 490, 148) 45 | 4| 339 
| 999) 480 114) 43 
33 | - | = 
368, 908 87 1206] $53] 210 836 
| 431] 14| 94 38) 807 
110 2011) 29 98) 293 
18| 25 012) 546 551] 256 
a) 65,115 19) 20 93, 282 
a” | 45 93 26 16 604) 274 347) 29) 818, 498] 198 
a®| 36 57 231 12 460 188 495 253} _51| 288, 370| 168 
4 a" | 91 37 25 10 97 188|_59| 241) 809| 181 
a®| 37 24 16 69] 206, 251] 110 
9 13 14 5 | 190] 1395, 200, 165, 199] 81 
a} | 2 2 3 2 2 1 | | as 
a} | | | | 8 | 
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Generating Function for covariants, representative form, 


Denominator: 
(1 — — — a*)\(1 — @&)(1 — — — — — a”) 
(1 — a")\(1 — — — — — — az”). 


Numerator: 


a’ 1 3948344383 4 1 
a’ 3} 4| 9 11) 18 15) 18 15 11) 6 1 4 3 
a} 4 10 16 21 28 97 23 24 18 15 10 6 8 2 1 5 4 
a | 7 16 28 34 40 46 40 87 22 12 6 5 100 
@ | 9 30 44 58 64 71 64 55 39 27 18 8 8 18 16 22 14 13 
45 71 89 99 110 97 77 511 299 5 15 30 40 39 42 30 
| 73 106 188 148 156 187 101, 62 20 10 50 65 83 76 74 54 38) 
a™ | 36 102) 153 191 208 218, 187 128 61 1, 53 102 129 146 136 120. 89 59 
a | 45 148, 214 265 287 288 240 143, 55, 44 113 190 220 230 218 181 131 75, 
| 65 196 290 858 877 378, 209 152 21 114 218 309 352 363 927 258 178 
| 264 379 460 486 460, 357 147, 83 226 857 483 524 528 467 344 227 90. 
a | 110 382 486 577 601 558 408 118 129 376 558 694 750 125 627 430 266 68. 
| 181 419 602 707 728 647) 44261) 261,587, 805 9721018 960 810 529 286 12. 
| 168 501 728 842 848 734 457 30) 452) 1221287 13301216 996 604 266 


| 193 601, 856 979 970 800, 443 160, 6 71160 1476 1654 166414891171 644 194 265 


‘ 
| 232 686 985 1106 1068 854) 397 831) 964 1516 1887 20382017 1751 1818 636 48 507 


a" | 956 789.1102 1228 1158 867, $18 541 1279 1920-2810 2451 2856 1095 1422 556 171 842, 
a” | 293 854 1209 1319 1207 208,785 1685 2859 2758 2851 26782188 1451 403 4911259, 
a” | 307 931 129318881241 814 151, 8931768. 
a™ | 336 9741352 1430 1225 744118 198029849155 950794009115 3521263, 1 182 13932335 


| 
Or | | 
a” 339 1015 13841437 1192 631 310 1607 2691 3525 5 3876 3719 3204 22991032 614 1953 2967 | 
= 
3511017 1385 1409 1110 507, 511 1867, 2998 381941 93 3834 3192 2144 698 110 05 2575 8605 | 


| 


a 
| | | 
| 380 1015 1852 1858 1018, 850, 704 2005 3924 4038-4249 9860 30671803 301 166131994244 


| 336 97412941267 887 203 883.2274 8389 4139 4281 3752 28391550 175 2228 3824 4823 
a” | 307 93112101156 762 38 1082 2909 3452.4162-4183 30082018 1143 65 8.2788 4374 5329 
| 298 85411051031 611 100 11462456 3446-405 59 3098 3251 212 27 692 1158 3290 4850 5697 


783, 988 893, 482, 236 1219 2447/8333 3876 3701 2881 1690, 5942 


x 
a® | 
a® | 256 | 
‘a 
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wlialiol 
co | | oo | m | ro | ma | 2 | leo | 


| | 


5403/4043'2023 


1 1 
1 1 
1 2 
4 
2 3 
a 8 
0 11 


139 149 180 115 719) 
247 287 209 169 116 46 2 


392| 367, 311) 243 161 


| 602) 526 445 326 208) 4 
| 861) 740 601) 427 = 

| 


74 15641264, 962 621 287 


| 


1788 20481998 1558 1149 692 
2834 2588 2449 1862 1912 734 191 


2947/31402010 2135 1441 723) 97 


656 134 | 730, 90478 


| 
| 


| 


un 981 


4239/2 


49502881, 634) 70.2008 


| 
le | 


|e 


n | | 
| 


= 
1 /S | 
lS 


2/1115 
359 1538 


| 


| | | | 


| 


| leo | 


| | 


Ls 


@ 


| 
| 


| 


182} 


198, 


174 69 


684 416,289 40 105 102) 


3 890 “307 348 154 148 


1617 2020 1942 1605 987,46 466 14) 272 
— 

2036 2454.2 276.1844 1098) 480 58 310 490) 419) 131 


20192001180 434 12 124 488) 606) 501) 168 


224011997) 417) 293 288 615 781] 601| 193 


| 340 758 860! 686) 232 


| | 


| 


| 
ame | | leo 


8 1298, 216 196 


45 
| 
la 
\ 2 1 | a’ 
| 4 1 | a 
4 
11 20 20 22 1 4 1 ae 
si] 45, 40 43: 18 7 
| 46, 75| 85, 78 27 9 a” 
177| 344 11 of B48 a” 
| 179 244) 2 
E 15, 70) 73, 
748 36| 7 
600, 954) 99) 
420 a” 
a” 
528 a® 
566 a” 
a” 
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Numerator—( Continued) : 


232 8301251 169509 2446 1251 225 2023 40485408 6008 


601 781,615,258 41712872242 82572925.2003_ 780 634 2831 4950/5449 5020 


501 606 489) 124 4541198 1688 859) 98112561 4301/5849)5665 


419 490 370 58 4901008 18442976 24542086 1115 _ 


832 383 14 466 723 29811422 2667 40204721 4772 


81] 264) 298 208 189 48 444 860 1860 1596 1639 1221] 399 2561 973842404201 

196 216 128 78 394 780 11161285 1269 6 134 

82 848) 597, 890 54) 600 1441 2185 201081402047 


— = | | 
88, 283 476 684) 748, 680) 378 191) 7341812 1862/2445} 2588 2884 


282 232 366 510, 587 468 207) 260 114918585 2048 


| 
45) 42, | 69 174 365 962 1564 15741208 


51 132) 193 250 | 780 90 


—| —| | 
189 168, 155| 94, 250, 6o1| 740, 861) 815| 582 


88) | 48) 206) 326) 445 526 0 


_55 58) __51) 161) 243, 811 307, 8928 177 


a 
a 
a 


2 116 169 209) 199) 78 


oo 
= 


| 
79 115 180 130 106 8 


| 


= 78 85| 75) 46 18 
| | 
7,18 29, 40) 


4 15|_ 22 20) 20 


| | | 


45) 


= 


a 


gs & & & 


ao 


= 


= 


= 


a” | 198 
a” | 168 
a” | 431) 
as 
a" 
a8 
\ | 10540 
73 10 15 
a” 
16 147 
98 
87 | 
24 34) 28, 
3|_ 28 
| 
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Numerator—( Continued) : 


5042 5188 3730 1612 226 1690 2881 3701 3876 3833 2447 1219 236 482, 893) 988) 7 83 256 


5697 48503290 1158 002 2127 8251 39084050 3446 24561146, 100 611 1031/1105 “854 298 


34 
582043742788. 658 1143 2518 35584183 4162 34522399 1032, 762111: 56 1210 981| 307| @ 


4823 3824 2223 175 550 2839 3752 4281 41 39 3389 2274) 883 208 881 1267 336 


4244 3199 1661 301 1893 3067 3860 4249 4038 3224 2095 y 704 350 1018 13 53| 1812101 5 339 


a 
3005 2575 1105 698 2144 9192 9894-128 9812 2908 1867, 511) 111014001985 1017 95 351 


2967 1953 614 1032 2299 3204 371938763 3525 5 2691 1607 310 1921497 19941015 339 
a 


2335 1393 182 1268.2852:8115 3490 3567 8155 2364 1890 118 74d 12951480 1952 974 336 
| 
1768, 893. 151 1408 2810 2080 3900 3171 2768 1998 1050, 124 138811293, 981) 307| 


1259 491 4031451 2183 2673 2881 27582882 1635 785 203) 865 12071319 1209 854 293| 
| | 42 
842,171 556 1422 1995 2856 24512 28101920 1279 318 956 


507 48 6361818 1751 2017 2088 1887 1516 964, 331 397 854/1068;1106 985) 686 232 


a 
265 104, 644 11711489 1664 1654 1476 1160, 677 160 443 079 856 601, 193} 


91 266 604 996 1216 1330 1287 1122 840 30 842) '728| 501| 168] 
a 


286 529 810, 9601018, 972 805 587 261), 61 647 728 707602 602 131 
—| | 


68 266 439 627 725, 750 | 694 558) 876) 129 118 408, 558 601 577| 486 110 


a 
90 227 344 467 528 524 483 357 226, 33, 147, 857 460 486 460, 379 264 81| 


89| 178 258 327) 363 352 218 114 152 209 313 353 290 196 65 a 
181 181 218 289 220 190 118 143 ‘240 288 281 265 214, 148 45) @ 
59 89 120 136) 146) 129 102 61) 123 187 208 191 102, 36} @ 
38 54 74 76 83 65 50 10 20 62 101 137 156, us 183 106} 73 21| @ 
_ 83 30) 10) 20) 106} | _ 
53 
28 42) 39 40 30 15 5) 29 51) 77 97 110) 99 a 
‘Sak | | | 54 
13 14 22 16 18 8 8 27 39 55 64 44 309) 
75 10 5 5 12 22 37 40 16 40, 
4| 5 (10 «15 «18 24, 23 23 21| 16 
2 1 1 1 4 83 6 5 7 1 
_ 4 4 8 4 4 4 1|@ 
| 2 4 23 a 4 a” 


a® 
36 
37 
40 
44 
45 
46 
47 
48 
| 
| | | 
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Table of Groundforms. 


ORDER IN THE VARIABLES. 


6 8 10 12 14 16 18 20 22 24 26 28 30 34 


5 | 10 


8] 7/16 | 24| 29) 21 | 21 


| 
| 
| 
| 
| 


DEGREE IN THE COEFFICIENTS. 


The total number of groundforms (counting in the absolute constant and 


the quantic itself) is 949. 


The manuscript sheets containing the original calculations from which the 
preceding tables have been constructed (as is the case also with the calculations 
connected with all the similar tables which have appeared in this journal) are 
deposited in the iron safe of the Johns Hopkins University, Baltimore, where 
they can be seen and examined, or copied, by any one interested in the subject. 
From the manifold independent systematic tests* to which the work has been 


* One of these tests depends upon the following property of the generating function, which has been 
disclosed by observation, and of which the significance is not yet known. On putting a= 1 in the 
numerator of the generating function, the coefficients of the various powers of x are integer multiples 
of the coefficient of a*. Thus in the case of the duodecimic, the numerator of the reduced form 


becomes, on putting a= 1. 


5663 (1 + 2a* + art — — — dar? — Qa! + 4+ Bar + + Qa — — — 
x), 


Thus the numerical divisibility of the result of putting a — 1 furnishes atest for the sums of the 
columns, while the algebraic divisibility of the result of putting 2 — 1 (see this Journal, Vol. III, p. 151) 
tests the sums of the rows ; and the satisfaction of both tests makes the correctness of the result practi- 
cally certain. 


—— 
2} 1] 1 | 
a} a | 
== 
| | 
| 
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subjected, Mr. Franklin estimates that the chance is far more than a million to 


one that the generating functions for the twelfthic as calculated do not contain 
a single numerical error. The highest order of any ground-covariant to the 
twelfthic it will be seen is 34, which is the superior limit of order given by M. 
Camille Jordan’s formula for the ground-covariants to a system of an indefinite 
number of simultaneous binary forms of each of which the order is 12 or less: 
M. Jordan’s ‘superior limit” in fact in this as in all the other calculated cases, 
being actually attained by one (and only one) ground-covariant to a single 
form.* It will also be noticed that for all orders of the primitive which have 
been calculated, viz., from 3 to 12 (with 11 omitted), the degree of the covariant 
of highest order is either 3 or 4.. Looking at single quantics of the even orders 
6, 8, 10, 12, it will be observed that the maximum order of their ground cova- 
riants for any degree (from and after the 4th degree) diminishes, or, to speak 
more strictly, never increases as the degree increases. As regards quantics of 
the odd orders 5, 7, 9, the same rule applies for the maximum order of their 
groundforms of even degrees; and in respect to their groundforms of odd degrees, 
the maximum order from and after the 3d degree diminishes or remains station- 
ary as the degree increases. Also (alike for quantics of odd or even order) when 
(beginning with the 3d degree) in passing from an odd to the next even 
or from an even to the next odd degree of the groundforms, an increase in the 
maximum order takes place, it is only to the extent of a single unit. These 
facts, which constitute a sort of law of shrinkage, assume practical importance 
when the successive tables of groundforms are compared together, with a 
view to track the ground-differentiants, (or, in Mr. Cayley’s language, the 
ground-seminvariants or sources of covariants) as the order of the primitive 
quantic is increased. Some of these ground-sources retain their irreducible 
character permanently, others only up to a particular limit of order in the 
primitive. The former may be regarded as the irreducible differentiants to a 
quantic of an infinite order: such for instance are all the differentiants of the 
second and third degree. But when we consider differentiants of the 4th degree 
this is no longer true. Thus we have the well-known example of the discrimi- 


* It is also particularly noticeable that the number of the successively positive and negative blocks 
in the table follows the law observed in the inferior cases, viz. for Quantics of orders 3 and 4 there is a 
single block, for Quantics of orders 5 and 6 two blocks, for order 8 three blocks, and for orders 9 and 
10 four blocks, there being five distinct blocks alternately positive and negative in the instance before 
us of the Quantic of order 12. 
Vou. IV. 
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nant to (a, b, c, y)’, viz. 4ac?+ 4df?>—3b’?— babcd , which is irre- 
ducible for this quantic, but for the quantic (a, b, c, d, e{ x, y)* remains, it is 
obvious, a differentiant, but no longer a ground-differentiant, being expressible 
under the form of the difference of two products of lower differentiants, viz., as 


a be 
(ac — b*)(ae — 4bd + 3c?)—a |b c¢ d 
lec @ @ 


Suppose a differentiant to be the source of a covariant of the deg- 


order j. e considered as belonging to the quantic (a, a,..... a,{x,y)'; then it 
is easily seen that it will be the source of a covariant of the deg-order 7. 7 + ¢€ 
in respect to the quantic (a, q,...a;4,,;{a2,y)'t*. We can, therefore, in 


many cases by a mere inspection of successive tables of groundforms eliminate 
some at least of the transient ground-differentiants: 7. e. wherever there are 
groundforms of deg-order j. ¢ to a quantic of the order 7, but only K — A of the 
deg-order 7. < + Aj to the quantic of the order 7 + 4, we know that at least A of 
the sources to the K groundforms, 7. e. A ground-differentiants of degree 7 and 


weight ae are only transiently irreducible. Thus ex. gr. the table of ground- 


forms for the quintic exhibits a groundform of deg-order 4.4, 7%. e. of deg- 
weight 4.8; but the table of groundforms for the sextic contains no ground- 
form of the same deg-weight, i.e. of deg-order 4.8. Hence the differentiant 
of deg-weight 4.8, although irreducible when regarded asa function of 6 letters 
(the number of letters which actually appear in it), is reducible when regarded 
as a function potentially of 7 or more. . 

So, again, for a like reason, the ground-differentiants of 5 letters, of 
deg-orders (in respect to the quintic) 5.1 and 5.7, 7%. e. of deg-weights 
5.12,5.9, are only transiently irreducible ; and, what is very interesting, it 
will be seen at a glance (and here the law of shrinkage makes its importance 
felt) that the sources of all the groundforms to a quintic of a higher order than 
the 5th are only transitory (or provisional, so to say) ground-differentiants. So 
in like manner it will be recognized by comparing the tables of groundforms for 
the seventhic and eighthic, that of the 9 ground-sources of the degree 6 to the 


6.7—2 
former, only two can be permanent, viz. one of the weight — we and one of 


the weight —— t.¢. of the deg-weights 6.20 and 6.19 respectively: all 


Permanent and Transitory Ground-Sources. d1 


the others becoming resoluble when an additional letter is introduced into the 
quantic. Moreover, as the table for the eighthic contains no groundforms of deg- 
order 7. 8, we see from the law of shrinkage that there can be no ground-source 
to the seventhic of a higher than the 6th degree which is permanently irreducible.* 


A systematic weeding out of the transitory ground-sources from the published 
tables, which cannot in all cases for groundforms of earlier degrees be effected 
completely without an examination of a more searching kind than that illustrated 
by the above examples, must be reserved for a future occasion—after I shall 
have completed, as [ hope soon to do, the study of a subject of higher interest 
and more pressing importance, which has for its object to determine not only the 
ground-forms so called, but also the ground-syzygants, the ground-counter- 
syzygants, etc., of quantics from their generating functions by a purely arithmetical 
process, which I believe to be already substantially in my possession. 

As the first fruits of this method, I may state that the invariantive ground- 
syzygants (or, if the expression is preferred, fundamental syzygies) to the octavian 
quantic (a, y)® are 5 in number, and of the degrees 16, 17, 18, 19, 20 respect- 
ively in the coefficients. As regards the ground-syzygants (invariantive and 
covariantive) of the quintic, my method furnishes the same list as that given in 
Professor Cayley’s Tenth Memoir on Quantics. Their deg-orders may be found as 
follows. 

By the supernumerary ground-types understand the deg-orders of the ground- 
covariants exclusive of those represented by the factors which appear in the 
denominator of the representative generating function,+ which are therefore 
23 — 6,7. e.17in number. Let these types be added each to itself and every 


7.18 
2 


$.4 9.6 W.2 10.4 sd 
and replace them by 
13.5 14.6 15.3 15.5 16.4 17.3 19.5 21.3 


The 153 types thus formed, together with the types, 26 in number, furnished by 
the negative terms in the numerator to the generating function, (see this Journal, 


1 
other, thus giving rise to types: out of these sums strike out the types 


* For the 6th degree it will at once be seen that there can be no permanent differentiant to the seventhic 
except one of the 2d and one of the 4th order. 

+ In such denominator the number of factors for a Quantic of any odd order 2i—1 is 3i— 3, and for 
any even order 27 is 3i— 2 (i in each case being supposed greater than unity). 
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vol. II, p. 224,) 179 in all, will be the deg-orders of the fundamental syzygants. 
Mr. Cayley founds this rule on his theory of the so-called Real Generating Func- 
tion, which essentially consists in what may be termed the Dialytic Presentation 
of the Representative G. I. for the Quintic—namely as a sum of 26 pairs, each 
pair containing one positive and one negative term of the numerator divided by 
the denominator, so selected for conjunction that the developed expression of each 
pair shall be seen to be omni-positive by an obvious dialytic process. 

The method followed by the eminent author in singling out the fundamental 
syzygants does not appear (as far as I can make out) to be explicitly stated in his 
memoir. The dialytic form (supposing, as is probably the case, it always exists 
for finite representative generating functions) is not easy to arrive at: a serious 
additional obstacle to the use of the dialytic method would arise in the case 
where (as for the seventhic) the numerator of the representative form becomes an 
infinite series. The method I employ does not require the use of the dialytic 
method, nor even of the representative form of the G. F., although the practical 
process is much simplified by the use of the representative form when it has a finite 
numerator. The result I obtain for the fundamental syzygants of the sextic is as 
follows: Take the 19 supernumerary ground-types (see vol. II, p. 225,) and 
add them each to each and to every other, as in the preceding case. Then strike 
out of the sums so formed the types of the deg-orders 6.4, 9.6, 8.4, 11.6, 10.4, 
7.8, 8.6, 11.4, as well as one of the two sums 13. 4 obtained from the addition of 
5.2 and 8.2 or of 3.2 and 10.2 andreplace the nine types so omitted by the eight 


types 12.8, 14.8, 13.6, 15.6, 10.10,11.8,14.6,16.6. There will thus arise 
19. = — 9 + 8, or 189 types: to these adjoin the 29 types given by the negative 


terms in the numerator of the Rep. G. F.: the total number of types 189 + 29 
or 218 so obtained will be the deg-orders of the complete system of fundamental 
syzygants to the sextic. The two types of the deg-order 6.6 which appear 
among the supernumerary types, it will of course be understood, are to be treated 
as distinct types in forming the binary sums. It is just barely possible (but I think 
very unlikely) that I may have committed some oversight in the table of replace- 
ment in the above calculation, and that the true number of ground-syzygies may be 


19. + 29 or 219 instead of 218." 


* Nine binary sums of types are omitted, and are replaced by only eight other combinations. This 
is analogous to the loss of a unit in counting the irreducible syzygies to the invariants of an eighthic. The 
supernumerary invariants in this case are 3 in number; of degrees 8, 9, 10 respectively. Their binary 
combinations would give 6, but the true number of irreducible syzygies is only 5. 
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[ subjoin a brief apergu of the general theory. 

A generating function (whatever its subject-matter) developed in a series 
consists of facients and coefficients, where any facient is a product of a finite set 
of letters each raised to a certain power. The totality of the exponents expressing 
these powers may be termed the type of the facient. In the generating functions 
to be referred to hereinunder, the letters employed are just as many in number 
as there are quantics in the system to be considered: viz., one letter corresponds 
to each quantic. 

A generating function proper (with reference to the present theory) is defined 
to be one that is or can be developed into a series of facients whose coefficients 
and whose types are omni-positive integers, and where each such numerical 
coefficient is the number of linearly independent invariants whose degrees in the 
coefficients of the several quantics of the system are identical with the indices of 
the corresponding letters in the facient to which that numerical coefficient is 
attached.* The type of the facient may be also styled the type of the connoted 
invariants. A binomial expression consisting of unity followed by a facient and 
separated from it by the negative sign may be termed a generator. 

A proper generating function to a system of quantics may always by known 
methods (see this Journal, vol. III, p. 133) be expressed by a fraction whose 
numerator is a finite series of facients with numerical coefficients and _ its 
denominator a finite product of generators. 

It may also be expressed (according to a definite process}, and in one way 
only, by a fraction whose numerator and denominator alike consist of a finite 
or infinite (except in a few trivial cases, an infinite) product of generators.{ 


*T speak designedly (for greater facility of expression) of invariants only, which can be done for 
binary quantics without any loss of generality, inasmuch as covariants may be regarded as invariants 
of a given system of quantics with a linear quantic superadded. 

tif a, b, ¢,... are facients, 1—a*b’c’ . . . isa generator, anda, 8,y . . . (taken in a definite 
order) is its type. 


{ For instance let G be the generating function proper to the invariants of an eighthic. 


1-+-a° 
(1— a®)(1—a’) 
= [(1—a?)(1— a®)(1— a*) (1 — a®) (1 a*) (1 — a’) (1 — a*)(1— @*)(1— 
. a! 8)(1—a!*)(1— a??) 
(1 — a**)(1—- — a57)2(1 — 
at?) (1 —at2)2(1 — 8(1 — a4) 4 (1 — 4(1 — 4(1 — (1 — 


Then G= 


| 
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A finite product of generators (or powers of generators) may be termed a 
generator-group. 

For greater uniformity of statement in regard to what follows, let us agree 
to understand by a syzygant of the grade zero, an irreducible invariant. Then 
the two infinite products above referred to (whose ratio is algebraically equal to the 
generating function) may each be resolved into a product (usually infinite) of 
collect-groups, such that the totality of the types of the 1%, 2%, ... 7” groups of the 
denominator shall respectively represent the totality of the types of irreducible 
syzygants of the grades 0, 2,...(2¢ — 2) and the totality of the types of the 
1%, 27,... 7 groups of the numerator the totality of the types of irreducible syzy- 
gants of the grades 1, 3, 5,...(2¢ — 1), so that each group may be said to be 
related to or to represent a complete system of irreducible syzygants of a certain 
grade (invariants being regarded as zero-graded syzygants)—that is to say, as 
many times as any generator is repeated in a group so many (and no more) irre- 
ducible syzygants of that type will there be of the corresponding grade. 

Let G be a proper generating function to a system of quantics, T), Py, T,... 
generator-groups such that 

then, as suggested to me by Mr. Franklin, in order that the [ series may be 
representative of complete systems of irreducible syzygants of the successive 
grades, it is necessary that 2 —G; —G; — — G;...shall, 

0 0 0 0" 2 

when developed in series of facients with omni-positive indices, be alternately 
omni-positive and omni-negative. But the existence of these inequalities, although 
a necessary, is not a sufficient condition in order that the I’s shall be so repre- 
sentative; ex. gr. T,.T, and T,.T; might evidently be regarded as single 
groups and the inequalities would still be satisfied; but suppose we further limit 
the I'’s in succession by the following rule, viz., that on withdrawing any one of 
the generator-factors from T, and calling I’) the group so reduced Fi — G is no 
longer omni-positive, this will serve to define I, absolutely; I, being so deter- 
mined, I, may in like manner be limited by the condition that its quotient by any 


one of its generators being called T, 77 — G shall be no longer omni-negative ; then 
0 


| 
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I’, is accurately determined, and, proceeding in like manner with each group in 
succession, the whole system of groups becomes exactly defined, and thus we 
obtain the necessary and sufficient condition of group-representation. 

1 


Vy, Vg, Vg... respectively, 

the » series of quantities stand to G in somewhat the same relation as the com- 
plete quotients of a continued fraction to its complete value. Observe that 
¥v%—1,%7,—1, »—1,... each vanish when the variables in G are each zero, 
and become infinite when the variables in G are each unity. 

When each such variable has any value intermediate between 0 and 1, I 
think it almost certain that no two of the »’s can become equal, so that for all 
values of the variables inside those limits the parabolic lines or surfaces or hyper- 
surfaces, &c., represented (after introducing a new variable w) by the equations 
(which coincide for the limiting values 
of the original variables at the origin and at a point at infinity) will never inter- 
sect, so that within the prescribed limits 1, v 14, vy—vg.... Will be 
always positive and », — 73, »» — v;,.... Will be always negative, the limited 
boundaries represented by 


a— G,oa— %, — %, @— %,... 
being each external to the one that precedes it on one side of @ — G, and 


following the same law on the other side. It is possible, moreover, that a more 
stringent condition than the above may be verified, viz., that 


G, Vo Vo; V4 Vo 


G — 01,01 — V3, Vg — 


may each be developable into omni-negative functions, and again (to complete the 
analogy with the parallel theory of continued fractions or converging continued 
products) that 

G, G, G—v3, G,.... 


shall form a single series of continually decreasing quantities, or even in their 
developed state, of functions in which the corresponding coefficients to each 
facient form a continually decreasing (or, at least, never-increasing) series of 


| 
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numbers. ‘Then in the case of a single quantic, within the limits defined by the 
facient a being 0 and 1 the curvesa—7,, ...@—G, ...@—%, 
will form an infinite series of loops having one common asymptote and one 
common point of intersection, and except at that one point keeping clear of each 
other. 

I annex tables (pp. 58, 59) of the fundamental syzygants* (or if one pleases 
so to say) irreducible syzygies for the quintic and sextic, rendered more complete 
by inserting entries corresponding to the fundamental in- and- covariants. The 
positive integers correspond to these latter, the negative integers (the nega- 
tive sign being set over the figure) to the irreducible syzygants. Thus ea. qr. 
in the table to the sextic the positive integer 2 found in the 6th line and 6th 
column, indicates that there are 2 ground-covariants of deg-order 6.6. The 
negative integer 7 found in the 12th line and 12th column indicates that there are 
7 irreducible syzygies of deg-order 12.12.+ The negative sign is appropriate, 
inasmuch as every independent syzygy of any deg-order lowers by a unit the 
number of linearly independent in- or- covariants of that deg-order that can be 
produced out of the inferior groundforms, so that syzygants may be regarded as_ 
negative existences in regard to groundforms: carrying on the same idea, counter- 
syzygants might be numbered by integers carrying two negative signs contradicting 
each other, and so on indefinitely. 

The method of partitions or generating functions, which leads to these sur- 
prising constructions, looks at invariants and their connexions solely with regard 
to their deg-order or type without taking any account of their content; in other 
words it deals only with the idea or notion of these beings and their relations, 


*N. B.—A syzygant toa Quantic is a rational integer function of its in- or- covariants which, expressed 
as a function of the coefficients, vanishes identically, but we may still understand its ‘‘ degree in the 
coefficients ’’ to mean the degree of any one of the terms of which it is the sum. 


+ If 7 or e exceed the highest degree or order respectively found in any table, or, if without that 
being the case there is a blank space in the j” line and e” column of the table, the meaning is that there 
is no irreducible groundform or syzygy of the deg-orderj.e. Inthe tables exhibited it will be seen that 
the deg-order j’. e’ of each syzygant is superior to the deg-order j.e of every groundform: iZ. e. the 
differences j’—j , e’— e are neither of them less and one of them is greater than zero. The same is true 
for all quantics which have a finite Rep. G. F., but not necessarily and probably never actually so 
in other cases; thus ex. gr. to the seventhic belongs an irreducible invariant of degree 22 and an 
irreducible syzygy of degree 20, so that here the 7’. e’ (20.0) is inferior to the j.e (22.0). The fact of 
every j.e’ being superior to the j.e can be expressed by saying that the invariantive syzygetic portions 
of a Rep. G. F. table are not intermingled but lie totally apart and may be divided from each other by a 
single continuous cut. 
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and may therefore, I think, suitably be termed the Idealistic method.* I cannot 
see the faintest possibility of the symbolic method serving to determine a 
complete system of syzygies in any but the trivial cases of quantics of the 3d or 
4th order—the only cases where the infinite procession of beings (syzygants, 
counter-syzygants, anti-counter-syzygants, etc.,) rising out of each other, comes to 
a stop—there being for those cases no procession after the Ist step, as is also true 
of invariants (as distinguished from covariants) for quantics of the 6th order. 
This is how it came to pass in the infancy of the theory that the number of 
ground-covariants was supposed to become infinite for quantics beyond the 
fourth and their ground-invariants for quantics beyond the 6th order. 
I think it may be interesting to some of the readers of the Journal to be 
put in possession of the complete system of irreducible syzygies to a system of 
two or more quantics, and I select as an easy example the case of a combined 
quadratic and cubic, reserving the other combinations of which the groundform 
tables have been published for a subsequent number of the Journal. The super- 
numerary groundforms for the quadri-cubic system (see this Journal, vol. II, pp. 
295, 296,) are of the deg-deg-orders 3.4.0, 1.1.1, 2.1.1, 1.3.1, 2.3.1, 
‘1.2.2, 1.1.3, 0.3.3, where the first and second numbers express the degrees 
in the coefficients of the quadric and cubic respectively, and the last number 


* My proof in the Phil. Trans., founded on the canonical form of the Quintic, of its 4th, 8th, 12th and 
18th-degreed invariants forminga complete system, the late Mr. Boole’s discovery of the cubinvariant 
td the Quartic, the various disproofs in the Comptes Rendus and in this Journal of the existence of sup- 
posed groundforms, are all exemplifications of the Realistic point of view. The symbolic lies between 
this and the Idealistic aspect of the subject, in so far as the operations by which invariants are engen- 
dered constitute a new and so to say finer subject-matter, capable of being itself operated upon in all 
respects like ordinary algebraical substance. In Professor Cayley’s 10th Memoir on Quuantics there is a 
sort of half return from the Idealistic to the Realistic view—a kind of substantiality being attributed 
to the groundforms themselves as primary elements in the study of their syzygetic interconnections. It may 
be well to notice, for the benefit of the readers of that memoir (Phil. Trans. 1878,) that in the Represen- 
tative Form given at p. 657 two terms are omitted by an oversight, viz. — a'’x* and a*x'?. I need 
hardly add (since the publication of my tables in this Journal), with reference to a doubt expressed by 
Prof. Cayley (loc. cit.), that I had obtained the form referred to in the paragraph following the 
R. G. F. in question, though not by dividing out the common factors from the numerator and 
denominator of the R. G. F.; on the contrary, the N. G. F. is first obtained from the generating function 
in its crude form (which if left in that form would lead to a bivergent series), and then the R. G. F. is 
obtained from this, through multiplying its numerator and denominator by the factors needed to render the 
denominator a product of representative groundforms. 

The Symbolic and the Idealistic (which I formerly called the fatalistic or peprotic) method alike, as 
far as is known, owe their conception to the same (unnecessary to be named) acute and capacious intellect. 
Whether very much that is essential, remains to be added to the great discoveries of Gordan and Jordan 
in the direction of the former may reasonably be doubted, but no such misgiving can be entertained 
with respect to the latter, which already has given rise to many more questions than it has settled (of a 
kind, too, of which a solution sooner or later may reasonably be anticipated). 
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expresses the order in the variables. Adding each of these triads to itself and 
every other, rejecting the combinations 2.2.2, 3.2.2, 2.4.2, which appear in 
the numerator of the G. F. (and arise from the additions 1.1.1+1.1.1, 1.1.1 
+2.1.1, 1.1.1+1.3.1,) replacing them by the higher combinations 1.1.1 
i.e.3.3.3, 4.3.3, 3.5.3, and adding in the 12 types furnished by the nega- 
tive terms in the numerator of the G. F., the totality of the irreducible syzygies 
(48 in number) to the binary quadri-cubic system is arrived at and exhibited in 
the annexed table, in which the exponents attached to any type signify the 
number of irreducible syzygies of the corresponding deg-deg-order. 


Table of Irreducible Syzygies to the Quadri-cubic System. 


6280, BIA; £44, 649A, 244, 
(3.6.2), 4.2.2, (4.4.2), (4.6.2), 1.5.38, 2.3.38, (2.6.3), 
(3.3.3), (8.5.3), 8.6.38, 38.7.8, 4.3.8, 4.5.8, 1.4.4, 
1.64, (24, 244, 8.44, 9.4.4, 344, 
(1.5.5), 2.8.5, 2.5.5, 8.5.5, 0.6.6, 1.8.6, 1.4.6, 
2.2.6, 4.7.6, 


there being thus one irreducible invariantive syzygy and 4, 10, 12, 11. 5, 5 
covariantive syzygies of orders 1, 2, 3, 4, 5, 6 respectively. 

It may be worth while just to notice that the types to the complete system 
of irreducible syzygies to a simultaneous linear and quartic form will consist 
simply of the sums of the 13 supernumerary types, (A. M. J., vol. II, p. 295,) 
"6.3.8, Saat, £2.44, 62.4, 3-44, 4.4.4, 
1.2.3, 3.3.3, 2.3.4, 1.3.5, 0.3.6, added each to itself and every 
other, together with the 14 types taken from the negative terms in the numerator 
of the G. F., viz: 7.3.1, 6.38.2, 5.3.38, 4.3.4, 6.4.4, 6.5.4, 
2:44, 6:44, 444, 2.44, 2.4.7, 7.4.3, 


making a + 14, z.e. 105 in all. In this instance there is no rejection or 


substitution of sums called for. 
A word or two seems necessary to leave unambiguous the meaning of the 


term syzygants of any specified grade in what precedes. 
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In- or- covariants may be termed syzygants of grade zero (as already stated). 
Syzygants of the first grade are defined to be rational integer functions of those 
of grade zero which vanish when the latter are expressed in terms of the original 
coefficients. It is not necessary to define these syzygants as functions of irreducible 
ones of grade zero (which vanish under the condition aforesaid), because every in- 
or- covariant is a rational integer function of the irreducible in- or- covariants. 
But when we come to syzygants of the second grade (since those of the first grade 
are not necessarily functions of the irreducible ones of that grade, but may be 
so of the in- or- covariants as well), it becomes necessary to define syzygants of 
the second grade (aliter counter-syzygants) as rational integer functions of irredu- 
cible ones of the first grade which vanish when they are expressed in terms of 
the quantities (here the in- or- covariants) which immediately precede them in 
the scale of generation. And so, in general, following out the defining process 
step by step, by a syzygant of the («+ 1)™ grade for the purpose of this theory, 
is to be understood a rational integer function of the irreducible ones of the 7 
grade which vanishes when these latter are expressed in terms of those of the 
grade ?—1. Such at least is my present impression ; but, supposing that I am 
laboring under a misconception on this point, it will in nowise affect the validity 
of the theory in what regards the computation of the irreducible in- or- cova- 
riants and the syzygants of the first grade. ° 
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A Demonstration of the Impossibility of the Binary 
Octavic possessing any Groundform 
of deg-order 10.4. 


By J. J. SYLVESTER. 


Dr. von Gall has rendered an inestimable service to algebraical science by 
working out, according to Gordan’s method, the complete system of groundforms 
to the octavian binary quantic [(#, y)*]. His results, published in the Mathe- 
matische Annalen, were at first widely discordant from those which have appeared 
in this Journal, but eventually have been brought by their author into perfect 
agreement with them, with the sole exception that his table includes a covariant 
of deg-order 10. 4, not included in my list, which he states that he has not been 
able to decompose: it is the object of the present communication to bring the 
two tables into exact accord by demonstrating that no irreducible covariant to 
(x, y)® of that deg-order can exist. The total number of covariants of deg-order 
10. 4 obtained by multiplying together the irreducible covariants of an inferior 
deg-order (which appear equally in von Gall’s table and in my own, and whose 
existence therefore may be taken for granted)* will be seen to be 32, which is the 
number of linearly independent covariants of that deg-order given by Cayley’s 
law, (see p. 80); hence, by the fundamental postulate, the 32 compounds in ques- 
tion must not be supposed subject to any linear relation, so that, according to that 
postulate, there exists no groundform of the deg-order in question; but my 
object is to use this instance as another exemplification of the validity of that 


* As I have elsewhere remarked, since no groundforms can exist exterior to the tables furnished by 
Gordan’s method, and no reducible forms can be contained in the tables furnished by the English 
method, it follows, even without assuming the truth of the fundamental postulate, that wherever the 
tables furnished by the two methods accord, they must, of logical necessity, be correct, mere errors of 
calculation excepted. 
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same very reasonable postulate—as I have done on the three former occasions 
where the tables of Clebsch, Gordan and Gundelfinger comprised groundforms 
extraneous to the tables obtained by me on the assumption of its truth; the 
proof, however, on the present occasion, is much lengthier than any that has 
ever hitherto been employed, and involves arithmetical computations of 
considerable prolixity, all necessity for which I had, in previous cases, been able 
to evade. It is, I may add, only after repeated trials and discomfitures, that 
I have succeeded at length in devising a special method adequate to prove 
the important point at issue. 

The irreducible invariants and covariants of deg-order inferior to 10.4, 
(7. e. whose degree in the coefficients and whose order in the variables are not 
each as great as 10 and 4 respectively,) and which also can enter as factors of a 
covariant of deg-order 10.4 (this excludes the necessity of considering inva- 
riants of degrees 9 or 10) are as follows: the invariants are of degrees 
2, 3, 4, 5, 6, 7, 8, one of each degree ; the covariants are one of deg-orders 
5.2, 2.4, 3.4 respectively, and two of deg-orders 4.4, 5.4, 6.4, 7.4, 8.4 
respectively. We may denote the invariants by 2.0, 3.0, 4.0, 5.0, 6.0, 
7.0, 8.0, and the covariants by 5.2, 2.4, 3.4, 4.4, 4.4%, 5.4, 5.4%, 
6.4, 6.4", 7.4, 7.4%, 8.4, 8.4*, and it is an easy arithmetical calcula- 
tion to show (see Comptes Rendus, July 25, 1881) that there are (as already 
stated) 32 different ways in which these duads, by their combination, can give 
rise to the duad 10.4. Out of these 32 it is important, with a view to what 
follows, to isolate those in which neither 2.0 nor 3.0 appears; their number 
will easily be seen to be 10, as shown in the scheme below— 


4.04+6.4 4.04+6.4* 4.044.04+2.4 5.04+5.4 5.04+5.4* 
6.0+4.4 6.04+4.4* 7.0+43.4 8.0+2.4 6.2+45.2. 


What I have to prove is, that no equation Q = 0 exists, where © is a linear 
function of the 32 products in question, connected by numerical coeffi- 
cients. Suppose it can be shown that © does not contain any of the 10 func- 
tions above indicated. Then Q is either of the form (2.0)U or (3.0)V, or is 
a linear function of (2.0)U and (3.0)V. In the former two cases we should 
obtain U=0 or V=0 respectively; and in the third case the equation 
A(2.0)0+4(3.0)V=0, since 2.0 and 3.0 have no common factor, implies 


the existence of an integral equation A (3.0) + 4 2.0) — 0. Hence, in the 


| 
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three cases supposed, there would exist a syzygy of the deg-order 8.4, 7.4, 5.4 
respectively between composite covariants of the inferior deg-orders; but if 
this were so, the number of irreducible covariants of one or another of these 
deg-orders would not be what it is at present, but, in order to satisfy Cayley’s 
law, would have to be increased by a unit: or, in other words, results obtained 
by my method and coincident with those resulting, or capable of resulting, from 
the German method, would be erroneous, which never can be the case.* Hence, 
the non-existence of Q = 0 will be demonstrated if it can be shown that, for 
some particular form of the general primitive (x, y)*® which causes the inva- 
riants of the second and third degrees each to vanish, the particular values then 
assumed by the 10 compounds which remain in Q are not subject to any linear 
relation. Of course the converse would not be true; the fact of the existence 
of a syzygy between these 10, or even between the whole 32 compounds for a 
special form of the primitive, would not establish the existence of a syzygy 
between them in the general case. 

The great practical gain of making the first two invariants vanish is that it 
leads to a computation in which only 10 instead of 32 linear functions have to 
be handled—but it is not possible & priort before the calculations have been 
gone through, to feel at all assured that the particular form assumed may not 
be such as to lead only to nugatory results. Such happily, however, turns out 
not to be the case with the form I am about to employ which leads to the 
expression of the 10 compounds as homogeneous linear functions of 11 argu- 
ments,f giving rise to a rectangular matrix 11 places wide and 10 places deep 
of which it can be shown that the complete minors (determinants of the 10th 
order) do not all vanish, so that the 10 functions cannot be subject to any 
syzygy; and consequently, if Q=0 were a really existing syzygy, 2 must 
consist exclusively of 22 terms, every one of which contains one or both of the 
two first invariants; but this has been shown to be impossible, so that the non- 
evanescence of the minors referred to at once establishes the non-existence of 
a syzygy of deg-order 10.4, and, therefore, the non-existence of a ground- 


form of that deg-order. 


* Towards the end of this paper I establish the same conclusion by a more direct method, in 
which nothing extraneous to Dr. von Gall’s own table is assumed, except the one fact of the linearly 
independent covariants of deg-order 10. 4 being 32 in number. 


t One of these arguments is itself a linear function of 3 combinations of the coefficients and variables, 
the total number of such combinations which appear in the 10 compounds being 18. 
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I take for the primitive the special form (0, 6, 2c, d, 0, 0, 0, 0, lia, y)%, 
that is to say, 8ba'y + 56cx°y’? + 56da*y’?+ y’, with the relation bd = 3c’, and 
proceed to form the required Maen, in conformity with von Gall’s scheme 
of derivation. I use, as the best practical method of obtaining the “alliance’”’ 
of the i” order between any two forms @, yp (of the orders uw, v) denoted by 
(~, ),, the lineo-linear quadrinvariant (with respect to the variables of emana- 
tion) of the 7 emanant of @ combined into a system with the 7” emanant of y, 
taking care to reduce the result to the parenthetical form (...... 16, ot? 
containing only integer coefficients free from any common numerical factor. 
For the sake of brevity, too, I omit in general the symbolical factor con- 
taining («, y): so that (a), a, a@,..., a) will indicate the same thing as 
(a, G,..., ajax, I shall adhere, in what follows, to the notation 
employed by Dr. von Gall. 

We have then, ae to this notation, 


= (0, 6, d, 0,0,0,0G 1) . . (1) 
(f/f, Sf), = (Aba*y 12cx’y? + y* — 4dac* + + 6 day?) 
+ 3 (2ca* + 4da%y)? 
= — 4bd, l6cd, 24d’, 0, 0, 4b, 12c, 4d, O][a, y]?, 


where the square bracket is employed to signify the same thing as would be 
indicated by the use of the round clamp, with the exception that the binomial 
coefficients are suppressed. We have, therefore, introducing the multipliers 
14 14 14 14 14 14 14 14 14 


i= (0, 28d, 128, 0, 0,6, 6c, 7,0). (2) 
k=(f, = (2bay + 2cy*) — 10d*aA 
= (20d, 0, 0, b, 4c)* (3) 
A= (k, k), = 20da? (2bay + 4cy*) — 
=(0, 90c’d, 40cd’, 0, 30?) . ; (4) 
C=(k, k)=20@ 4c=cP.. . (5) 


= (f, hk), = 4c(4ba*y + 12ca?y? + 4day*)— Bea! + 6d) + 
= — — 16bea*y + (48 — 24bd) a?y? + 16cday*? — 20d*y* 
(L?, be, &, ed, , . (6) 


* The sign of equivalence (=) is used in the above and in what follows in the sense of ‘* may be 
superseded by.”’ 


Vou. IV. 
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= (Sis = + + + 4ey*) — 2by? (bea? + 2cay — edy’) 
+ 20B a? (Pa? — 2eday + 5d*y’) 
= 2b°+ 40cd*, 6b?e + 100d!, 4c? + 2bed][a, y]* 
= 3b? + 60cd?, + 100d!, 9be*, 60c*) . 
Si, s= (Ay (Pa + bey)(ba + 4ey) — 8by (bex + ey) — 20dax (eda + 5d*y) 
== (0? + 20cd*) a? + + 100d*) ay + 
3) = + 40b%cd? + 400c%d*) at + (40%e + 2000%d*] — 4000cd’) 
+ (6042+ + 10000d*) 
+ + 200bc’d*) xy? + 
= [0° + 1080c’ + 400Cd®, + 4680c’d + 4000cd’, 
+ 3480c'd? + 10000d*, 46%c?+ 600c!d’, 
= (3b° + 3240c' + 1200cd®, 3b'e + + 3000cd’, 
+ 5000d*, 36%c? + 3b%c*). (8) 
(fs) 30? (4ba%y + + 4day*?) + 6 (40cd)(2cat + 4da*y) 


— 120bd (dax*) 
= [480e'd? — 120bd?, 126° + 960cd?, y]* 
= (40d, b?+ 80cd®, 2b?c, 3bc*, 0) . : (9) 


t, = (t, A), = —120bd?(6ba?y’ + 24cxy? Tdy*) + + 4bay’+ 6ey*) 
+ 36? (112cda?y + 72d’x*y’) 
= [2880cd', 336b%cd, 5040?d?, 1920bed*, 840bd*] [a, 
= (240cd!, 63ct, 120d, . . .  . (10) 
iy = (i, = 200 + 36 cay? + 28day’) — 4. b(28edat + 
+ (4c)(112eda*y + 
= [1]2bed, 448ed + 272b@, 432cd, 560d*, 
= (336%, 92c’d, T2cd*, 140d’, 47) 
dy. = = a? + 280d?xy + 40*y’) 
— (92eda? + 144cPay + 140d%y’) 
+ (2bxy + 184e°day + T2cd*y’) 
= [1440cd!, 672b2°+ 5600d, 184b2d — 80b%d? + 1344c', 
+ 144bed?, 288d? + 280bd*|[a, y]* 
= (360cd!, 42bc? + 350d*, 49c!, , 138c*d*) . (12) 
A= — 4 (30b0)(ed) + 6 (40cd*) + 30? 
= 3b' + 120bcd? + 
= (i,, A), = — 4(30bd’)(140d*) + 6 (40cd)(T 2c) 
= 100827c? + 33120ed! = The — 230ed'. 
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The term involving ¢d* being a multiple of the square of C (the invariant of 
the 4th degree) may be neglected, and, instead of 7, ,, we may write the irre- 


ducible invariant of the 8th degree (say) (14) 
That of the 7th degree we have just found = 0‘ + 200cd?; and obviously 
the quadrinvariant of / is identically zero, or say Z= 0. . . (15) 


Also the cubinvariant J,= (f, where 


f= (6, 6, Ze, d, O, 

and += (0, 28ced, 12d’, 0, 0, b, 6c, Td, 0). 
Hence I, = — 56bd + 336 — 168bd = 5042 — 168d = 0, . . (16) 
and we have found J,= ‘cd. 

Also, J; = (/, where 
k? = (10d?a* — 2bay? — 2cy*)? 

= — — 40cdPaty* + + 8bexy’ + 

Hence I,= 100d‘ + 2c. 40? — b. 8be = 

The only remaining invariant required for present purposes is 4, repre- 
sented by (4, 4), where 


k= [10d?, 0, 0, 26, 2cl[a, 
and 
ty = (336c%, 92c’d, T2cd*, 140d*, y)* 
Hence 
I, = 400’? — (2b) + 2c (336c*) 
= (— 360 — 552 + 672) 


On proceeding to form the 10 compound covariants of deg-order 10.4 
obtained by suitable combinations of the invariants and covariants of inferior 
deg-order, it will be found that the following 13 arguments will make their 
appearance, in which, for greater brevity, « and y are each taken equal to 
unity, which in nowise affects (favorably or unfavorably) the course of the 
reasoning: these arguments are 


where the 5 groups of arguments, separated from one another by semicolons, 


* It will of course be recognized that the lineo-linear quadrinvariant to the system 
is simply a,b: — a,0;-1 + a,.B0)-2... abo: 
the disappearance of the argument b?c from companionship with d* in J, is rather remarkable, and 
could not have been predicted. This circumstance considerably simplifies the subsequent calculations. 
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are elements of the coefficients of x‘, a*y, a’y’, xy’, y*, and when supplemented 
by such powers of & (of weight 8) as will bring their degrees up to the number 


10, are of the respective weights 38, 39, 40, 41, 42, which is right, since the 


weight of the differentiant of deg-order 10.4 to («, is ie. 38; 


for greater brevity (in what precedes) &, the coefficient of ¥* in f, has been made 
unity, and it is worthy of notice that all the arguments that can appear con- 
sistently with the law of weight are represented by these 13, upon the under- 
standing that any power of dd in an argument is replaceable by the like 
power of c’. 

But it is further noticeable that the 10 compounds in question, although 
apparently linear functions of 13 arguments, are virtually such of only 11; for 
it will be seen that 6° + 4b°c + 66’c? may be regarded as a single argument, none 
of the three simpler arguments which appear in it occurring except in two of 
the 10 compounds, and their coefficients in each of those two being in the 
ratio 1:4:6. 

Had the contraction in the number of really independent arguments 
extended two steps further, so that the 10 compounds had been linear functions 
of only 9 quantities (as might, for anything that could be known & priori, have 
been the case), they would necessarily have been linearly connected, and no 
inference could have been drawn from the particular value assigned to /: more- 
over, had the 10 compounds been linear functions of only 10 quantities, although 
the particular form might have been sufficient for drawing a positive inference 
as to the non-existence of the general syzygy Q = 0, still there would have 
been no room for applying the all-important fest of the correctness of the 
arithmetical computations upon which that inference would have reposed ; and 
it would have been very unsatisfactory and unphilosophical to have made so 
important a conclusion rest upon the negative fact of a determinant of the 10th 
order not vanishing, when the undisproved existence of a single error committed 
in the many hundreds (or even—it might be said—thousands) of arithmetical 
steps involved in the calculations of the elements of that determinant would 
have been sufficient to account for its value differing from zero. 

Fortunately, as will be seen, the correctness of the calculations may be 
veri: ed (thanks to the existence of elements one more than barely sufficient— 
viz., 11 instead of 10) by the positive fact of a certain determinant of the 11th 
order being found equal to zero. It has often seemed to me that a special 
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providence or pre-established harmony in the intellectual world brings it about 
that honest labor, persevering in the pursuit of an important truth in the face 
of doubts and difficulties and repeated disappointments, shall not in the end 
lose its due reward.* 

Let us now denote the quantities 6°+ 4b’c + c’, 4ed’; 
6c'd’, 6d’; 4b’c*®, 4c'd’; by A, B, y, 5, &, 6, 1, 0, x, A, w, respec- 
tively, and denote the covariants of the order 4 that have been calculated in 
what precedes according to their deg-order—viz., let us call 

10.4; 6.4; 6.4%; 5.4; 5.4*; 4.4; 4.4"; 3.4; 2.4 respectively, 
then the values of 10.4, 4x6.4, 4x6.4*, 4£x5.4, x5.4*, &x4.4, 
I,x4.4*, 4x3.4, 1jx2.4, 4,x2.4, willbe asshown in the table annexed 


A B y 6 x lu 


3 3240 1200 3510 3000 1740 5000 8 450 8 . |.. (I) 
360 126 350 49 . . 19 138 | .. @ 

68 . @& . . . (3) 

20 81 60 (4) 

1 18900 . 600 . 200 . 8 200 45 1000/.. (8) 


Line (1) of course signifies 3A — 32408 +...+ 3a. 
and so for all the other lines, each being a linear function of the 11 quantities 


hy, 


*T began with taking as a special form ax® + by® + cz*, with the relation x + y + z= 0 (which, like 
the form f, contains two arbitrary ratios,) and went through the very considerable labor of calculating 
all its inferior derivatives capable of entering into the composition of a covariant of deg-order 10. 4, 
but the result turned out altogether nugatory. 
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If these 10 linear functions are linearly connected, all the complete minors 
of the rectangular matrix (11 by 10) must vanish. 

It is not so difficult as it might at first sight appear, to calculate the actual 
value of any one of these minors, convenient combinations of the lines and 
columns having been previously effected ; this arises from the number of zeros 
which appear in the matrix. Mr. Morgan Jenkins, of the London Mathemati- 
cal Society, and myself actually calculated two of them in the course of an 
hour or two ; but the same object may be reached more expeditiously and quite 
as satisfactorily by proving that the minors do not vanish in respect to some 
judiciously or fortunately chosen modulus. I find that the number 11, taken as 
modulus, will accomplish the end in view. It will be found convenient to 
change the order of sequence of the lines and columns; to take the lines in 
the order 1, 8, 4, 10, 7, 6, 9, 5, 3, 2, and the columns in the order 
B,a, €, §, x, w. These transpositions having been effected, 
and the least positive residue of each element in respect to 11 being substituted 
in place of the element, the rectangular matrix above given will be replaced 


by the following: 


6 4 . 4 . 6 8 

« « « 

8 56 2 56 8 


It is easy to see that by proceeding as if to eliminate A between the two 
first lines, then 8 between the new line so formed and the third line, then y 
between the new line again so formed and the fourth line, and so on, (always 
substituting the remainders to modulus 11 in lieu of the numbers themselves 
that arise in the process,) the first six lines may be replaced successively by the 


six following : 


5 10 5 &© 4 
10 4 4 10 9 
9 2 9 10 2 
5 2 5 


} 

j 
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Consequently, it only remains to ascertain whether the complete minors 
all disappear in the matrix of the dimensions (6 x-5) given below, viz: 


5 2 
78 . 
3 56 2 5 8 5 


If all the complete minors of this matrix contain 11, the same must be 
true of the determinant formed by subtracting the first column in the above 
from the fifth and substituting the difference in place of the fifth column, 7. e. 


2 

and therefore | 7 2 

6 2 5 6 6 | 


should contain 11, and (as we may see by substituting the excess of 4 times the 
3d column over the fourth in place of the 3d) the same must be true of the 


determinant | . 3 3 | of which the value is 3(12— 15) + 2(21 — 24), 
2 5 


t.€. — 15, and as this does not contain 11, it follows that the complete minors 
of the matrix which expresses the 10 compounds as linear functions of the 11 
arguments a, 8, y...4A, uw are not all zero, and they are consequently not 
linearly connected.* But, obviously, the calculations on which this proof 


* In the Comptes Rendus for 22d August of this year, I have given a brief résumé of the contents of this 
paper. At page 367 of that fascicule, (third line from foot,) in the last line but one of the matrix, I have 
written 9 8 . 8 1 9 inerrorfor 9 8 . 3 1 9 (having mistaken a 3, covered with a blot, for 8); 
consequently, the calculations which follow page 368 of the C. R. are erroneous. Fortunately, I did not 
repeat the mistake in calculating the value of the determinant subsequently given of the 11th order in 
proving that it contains the divisor 11. Moreover, this determinant, or rather its remainder to modulus 
11, has been calculated by an entirely different process by Mr. Morgan Jenkins (whose work is before my 
eyes), and with the same result of its being divisible by 11. This instance shows how unsafe it would 
have been to have trusted to the fact of the minors not vanishing, unsupported by the positive evidence 
which the determinant of the 11th order affords of the preceding calculations, as regards the values of 
the groundforms, being unaffected with one single error in spite of the vast number of processes of 
addition, subtraction, multiplication, division, transposition, transcription and change of sign employed 
in working them out. 
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depends imperatively call for a verification, as nothing would be more easy 
than to bring out some or all of the minors different from zero by a single 
error of calculation or slip of the pen. To this end I calculate the value of 
von Gall’s undecomposed covariant for the assumed special form /, and shall 
show that the 10 compounds and this 11th function do become linearly con- 
nected, 7. e. subject to a syzygy, on the assumption that the arithmetical values 
of the coefficients have been correctly calculated. 
The function in question, Dr. von Gall’s 7{, is obtained as follows: 


?” = (t, A), of deg-order 6.8 is equal to 
(168cda*y + 180daty’ + 6bay’ + + 
— + + +15ba*y* + 36cxy® + Tdy*) 
+ (12a? + 20bx*y? + 90cx*y* + 42day’)(180Edxy + 40cd*y*) 
= [5040c’d?, 8560c'd*, 3840cd*, 5040?cd, 7560c*, 5640c*d, 4380c*d, 
180° + 560cd*, 180*c].[a, 
which, multiplied by 28, will be seen to be equivalent to 
(141120c’@, 29960c'd’, 3840cd', 756bc’, 3024c*, 2820c’d, 4380ed?, 
636° + 1960cd*, 
Finally, 
iy = A), = 30? + 1198408 + 
+ 3024bc%xry? + 3024cty*) 
+ 6.40cd? (3840cd!x* + + + 11280c%day® + 
12096c!a*y + 16920 dary’? + 175207 Pay’? + (636?+ 1960cd*)y' 
which, dividing out by 144, 
= (32130c' + 6400cd') at + 37590c%da*y + + (630% + 25000c!d*) ay’ 


= (128520c' + 25600cd', 37590c%d, 10920, 630%? + 
16382%! + 9600c*d*). 


Here it will be noticed that the arguments collected in what I have designated 
by A, viz. b°, b'c, b'c?, do not appear at all in 7j. Had they made their appear- 
ance with other than coefficients bearing to each other the ratios of 1:4:6, 
could not have been a linear function of the 10 compounds which are linear 
functions of A and of 10 other arguments. This is in itself, to some extent, a 
verification of a portion at least of the preceding calculations: 7,, as it turns 
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out, is a linear function of only 8 out of the 11 arguments which appear in the 
other 10 compound covariants, viz. of 8, y,5,f, 6, *, mu, neither A, nor 
appearing in 

If the figuring throughout is correct, the determinant represented by the 
matrix constituted of the coefficients of the 11 compounds, ought to vanish 
identically ; but it will be sufficient for all reasonable purposes (7. ¢. to satisfy 
any reasonable doubts on the subject) if I show that this is the case for the 
value of that determinant in respect to three consecutive prime numbers 
11, 13, 17 taken almost at hazard. 

It must be understood that the vanishing of the determinant in question 
adds no additional strength whatever to the proof—which, by Cayley’s law, is 
perfect without it—provided that the figures in the coefficients of the 10 com- 
pounds (excluding 7;) have been correctly calculated. It is to authenticate these 
figures, and not to verify the legitimacy of the argument, that the 11th com- 
pound is calculated, and the determinant formed by all the eleven shown to 
contain any number taken at will. It must be remembered that the calcula- 
tions have been most carefully conducted and verified at each step: conse- 
quently, if any person, after the evidence that will be given, entertains any doubt 
of the correctness of the result, the duty is incumbent on him to put his finger 
upon some one of the coefficients of the 10 first compounds and prove it to be 
incorrectly stated. 

- First, for the modulus 11. In respect to this modulus, the coefficients 
in i, of 


Hence, (making use of the transformations already calculated of the upper half 


are congruous to 


of the rectangular matrix), it has to be shown that 11 is a divisor of the deter- 
minant of the 9th order 


$ 4 1 § -& 3 3 8 
10 5 . 4 4 10 9 

1 2 , 

9 2 9 10 23 

2 

«<, 

9 8 9 
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The first and second lines of this matrix combined give rise to the 


line 1 7 7 . 6 9 8, and this, combined with the 4th, to 
the line - ae 9 5 under which last, writing the 5 remain- 
ing lines Sa . 5 
. 4 
. 
. 
26 8 6 


it has to be shown that the determinant to the above matrix of the 6th order 
contains 11. 

Let the fourth line be replaced by 3 times itself + the last line, which, to 
the modulus 11, reduces the third column to the form of five zeros followed 
by 2. This shows that we may use, instead of the above, the determinant 


2 
29425 
9 8 3 1 9; 


and again, replacing the fourth line of the new matrix by its double + the last 
line, we fall upon the matrix 


5 1 9 6 
5 26 . 
2 . 3 4 
2 4 5 8, 
for which we may substitute 
5 1 4 6 
or (as may be seen by replacing the second column by 3 times itself + the 
4 
first column) | 2 1 4 , in which (to modulus 11) the first line is 4 times the 
8 3 8) 


second. Hence, the test is satisfied as regards the modulus 11. 


{ 
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I will next take the modulus 13. 
The residues to modulus 13 of the coefficients in 7 of 


68 aA € «uw 


will be seen to be 


and the matrix corresponding to the one of the same dimensions (11 x 10), 
previously calculated for modulus 11, will, in respect to modulus 13, become 


1 2 4 
ll 4 1 7 10 
3 12 
6. 4 
6 ll 210 1 


In place of the first six of the above lines, applying the same process as before, 
we may substitute 


2 if. ak F 
« 
Combining the 7 line (7. e. the coefficients of 6 @ A... in tf above 


given) with the third of these, we obtain the line 
4 3 12 8 . 12 10 


which, again combined with the fourth of the same, gives rise to the line 
Adding on the sixth line, viz 6 . 7 8 7 JT and the four last lines 


bo 


lines marked with an as- | 

terisk, 


| 

4 9 1 10 6 5. 

oO ‘ 

» 
i 6 5, 
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the arithmetical problem to be solved reduces itself to showing that the above 
determinant vanishes to modulus 13. 

Substituting for the 1st column twice the Ist less three times the 6th, and 
for the 5th column twice the 5th less the Ist, and neglecting the factor 3, we fall 
upon the determinant 


. 4.» 8. 

> £2 6.4 ow i232 86 
6 9 110 8 


Then in this last, substituting for the 4th column the 4th less twice the Ist, 
say M, and for the 3d column 5 times the Ist less the 3d, say N, we descend in 
like manner upon the determinant 


65 2 2 1 
1 2 12 8 
10 9 12 6 
ll 6 11 38 


where the Ist column is the M/ with the zero in it left out, and the 4th column 


the N with the zero in it left out. 
This, by elimination (so to say) of the first variable to the left between 


the successive pairs of lines, gives rise to the determinant 


8 6. 
2 9 4 
4 3 


which (to modulus 13) =8.1— 8.38—6.6=8—11—10=0. 


It remains only to apply the 3d proposed test, using 17 as the modulus. 
The 7, line here becomes 
> 2 14 . 11 7 12 
and the grand rectangular matrix becomes 


- 1 18 810 9 
13 4 7 4 4 
3 5 6 


i 
| 
| 
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with 4 more lines, which will be presently supplied in their proper place. For 


those above written may be substituted 


$ Tt & 


1 5 4138 7 7 8 16 4 8 


@ 


21415 . 6 
& 


Rejecting the first two, lines, and writing over the remaining ones the 7; line, 


there results 


which may be replaced by 
6 2 12 
. 
16 
9 
*14 
to which I add in the 4 pretermitted lines distin- * 6 
guished by asterisks, be 
*14 


ll 6 1 

2 9 13 Il 

1. ft &Y 

. 

3. 4 


12. 6 16 
7 715 2 15 


and the determinant, represented by the square matrix (6 x 6) exhibited by the 
6 lines last appearing above, ought to contain the modulus 17 as a divisor. 
Instead of the 3d line from the bottom we may substitute its double less the 
last line, and thus, neglecting the factor 7, fall upon the matrix 


1411 8 12 
9 146 11 . 

. 4 
9 
212 | 2 


| 
i 
| | 
14. 7 13 
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Substituting for the 4th column the sum of itself and the Ist, and for the 5th 
column 5 times itself + the Ist, and neglecting the factor 14, we obtain the 
determinant 


18 4 14 8 
6&6 


Subtracting the 2d column from the lst and the 4th from the 2d + the 3d, 
we obtain the matrix 


F 
6 ll ll 
9 10 4 14 


and replacing the 3d column by 7 times the 3d less the 4th, we descend upon 
the determinant 


5 ll 
9 10 14 where the Ist line to modulus 17 equals 8 times the 3d. 
7 12 


Hence the determinant in question contains 17, as was to be shown. 

It seems needless to multiply these tests—the object being, as before stated, 
not a confirmation of the argument, which is wholly unnecessary, but a verifi- 
cation of the accuracy of the arithmetic: for this reason it has seemed to me 
essential that the calculations, authenticating the figures previously obtained, 
should be set out in considerable detail. 

Instead of founding anything upon the concordance (as far as it extends) 
between Dr. von Gall’s table and my own, the proof of the non-existence of 
the 10.4 irreducible covariant may be inferred exclusively from the former 
and completed as follows. 

I have proved that the syzygetic function Q of the deg-order 10.4, if it 
exists, must be a consequence of the existence of a like function of the 


deg-order 8.4, 7.4, or 5.4. The last hypothesis may at once be rejected 
as implying an equation of the form a= = a numerical multiple of | 
Next, for the deg-order 7. 4, again using for the primitive the same special 


form /, which causes 2.0 and 3.0 to vanish, the only non-vanishing argu- 


i 
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ments in the supposed syzygetic function ©! for the particular form / will be 
4.0X3.4 and 5.02.4, cd (b, be, &, —cd, 5d’), and d*(20d’, 0, 0, 5, 4c), 
between which obviously no syzygy is possible, so that neither of them can 
appear in the general form of ©’. Hence the terms in the general form of ’ 
must be divisible all by 2.0 or all by 3.0, or some by 2.0 and some by 3.0, 
and consequently there must exist a syzygy of the deg-order 5.4, 4.4, or 2.4. 
The first of these hypotheses has already been shown to be impossible, and the 
remaining two need not even have been mentioned, as there is only a single 
compound of the deg-order 4.4, viz. 2.0 2.4, and none of the deg-order 2.4. 
Lastly, for the deg-order 8.4, still using the same special form of /, the argu- 
ments in the supposed syzygetic functions which do not vanish are 4.0 x 4.4, 
4.0x4.4*,5.0x 3.4, and6.0~x 2.4, ie. 


cl’ (0, 902d, 40cd?, 0, 367) 
cd?’ (336c?, 92d, T2cd*, 140d*, 46°) 
d‘ (6, be, &, —cd, 5d’) 

and (— 20d?, 0, 0, b, 4c). 


The argument d’ in the 3d of these quantities has no equivalent in any of 
the other 3. Hence the 3d quantity does not appear in the syzygy: moreover, 
the 4th compound contains one argument, viz. bc‘, which does not rationally 
contain dc (for = a) . Hence thiscompound also disappears, and obviously 
no syzygy connects together the first two. Hence in the supposed general 
syzygy there exist no compounds containing neither 2.0 nor 3.0, and by 
the same reasoning as before, this supposed syzygetic function must imply the 
existence of one of the deg-order 6.4 or 5.4 or 4.4. The two last of the 
three suppositions have already been seen to be impossible, and the first would 
imply a linear relation between 2.04.4, 2.0x4.4*, 3.03.4, 4.0x2.4, 
the last of which we see, by taking f for the primitive, cannot appear in the 
general syzygy, and the remaining 3 arguments would imply that the general 
covariant 3.4 would contain the invariant 2.0, which is absurd. Hence it 
follows from Dr. von Gall’s own results that the existence of a groundform of 
deg-order 10.4 is impossible. The only principle extraneous to his results 
made use of is Cayley’s all-important rule, of which an irrefragable demon- 
stration has been given by the author of this paper, but which still, as far as he 
is aware, remains unutilized, and is almost passed over in silence by invariantists 
of the German school. 


i 
th 
a 


80 SyLVESTER: A Demonstration of the Impossibility of the 


It may be as well to make this article self-contained by showing that the 
number of compound irreducible groundforms of deg-order 10. 4 is, as stated, 
32, viz. the same as the number of linearly-independent covariants of that 
deg-order requisitioned by Cayley’s rule. 

Using then, for brevity’s sake, i to represent the invariant 7.0, it is easy 

to see that the following is an exhaustive enumeration of all the compounded 
irreducibles of deg-order 10.4: 
(5.2)?; 8x2.4; 7x3.4; 6x4.4; 6x4.4*; 5x5.4; 5x5.4*; 4x6.4; 
4x6.4*; 4x4x2.4; 3x7.4; 3x7.4*; 3°x4.4; 3x4x3.4; 
8x5x2.4; 2x8.4; 2x8.4*; 2K3x5.4; 2x3x5.4*; 2x4x4.4; 
2x4 4.4%; 2xK5K3.4; 2K6K2.4; 2K3°K2Z.4; 4*; 
2?x3xX3.4; 2?K4xK2.4; 2?x4.4; 2?x4.4*; 2!x2.4. 


The same number 32, it is all-important to bear in mind, is also the 
number of linearly independent covariants of deg-order 10.4 given by 
Cayley’s law. For this number is represented by (w:8, 10) — (w’:8, 10) 
10.8 —4 
coefficient of ¢* in the development of 


where w=, = 38, w= w—1=37; t.e. (by Huler’s Theorem) is the 


which may be calculated as follows: The numerator is 1 — — — 


+ 4 28 + 4 — — Dividing this by 1 — the 
quotient by 1 — #, and so on for 1 — #,....1— #, we have for the numera- 
tor and the successive quotients so obtained the following values respectively : 


| 


dad das 


1) 0 0 


1 ool 6 5 6 5) 4 0 911 18.15.1819 


| 


i 
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Hence the required coefficient is 32. 

It is obvious that the particular method adopted in treating the grand deter- 
minant made up of 11? places employed in the foregoing investigation furnishes 
or indicates a good practical process for determining 10 out of the 32 numerical 
coefficients which enter into the expression of Dr. von Gall’s covariant 7; as 
a linear function of the 32 linearly independent covariants of its own deg-order ; 
but, as this calculation possesses no point either of intrinsic theoretical interest 
or practical importance, I leave it to those who may feel any curiosity on the 
subject, to go through the calculations necessary to attain that end. 

It may be supposed that the long calculations rendered necessary by the 
quadrinomial form /, attributed to the primitive in the preceding investigation, 
might have been evaded by using a trinomial form (of which several exist) 
possessing the same property of causing the two first invariants to vanish, and 
not less general, inasmuch as containing three independent coefficients in place 
of four connected by a homogeneous equation; e. g. we might assume for the 
primitive (0, 6, 0, 0, 0, f, 0, 0, cf, y)’, where the weights of b, f, « are 
respectively 1, 5, 8. ; 

The quadrinvariant vanishes because no binary combination of 1, 5, 8, 
with or without repetitions, will make up the required weight 8, and the cuby 
invariant because no ternary combination of the same will make up the 
weight 12. It may, however, easily be shown that such form will lead only 
to.a nugatory conclusion, as not supplying the necessary number of arguments 
(10 at least are wanted) to support the independence of the 10 surviving com- 
pound covariants of deg-order 10.4. This may be seen as follows. 

The weights of the coefficients of a*, ay, a*y’, xy’, yt in a 10.4 cova- 
riant are respectively 38, 39, 40, 41, 42. Let us ascertain in how many 
ways 10 numbers, consisting exclusively of the numbers 1, 5, 8, can be put 
together to make up these totals. I use the notation a*. b°. ce’ to indicate a sum 
of a numbers a, @ numbers b, and y numbers c. 

Then the sole admissible representations of 38 are 8*. 1°, 57. 1°, 


8.58, 13, 
(42 84.5. 15, 58 12, 


zi. e. there are only at utmost 7 arguments contained in the expressions for the 


10 compounds. 
Vou. IV. 
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So, in like manner, if we assumed for the primitive _ 

(0, 6,0, 0, 0, 0, g, 0, y)® 
to find the number of independent arguments possible in a 10.4 covariant, 
we must ascertain the sum of the numbers of similar representations to the 
foregoing of the same integers 388, 39, 40, 41, 42, with 10 integers confined 
to be 1, 6 or 8, and we shall find that the sole representations of that kind 
tations in all. In like manner it will be found that all the other trinomial 
forms of the primitive so taken that the first two invariants are null, will be 
incapable of yielding as many as 10 arguments to any covariant of deg-order 
10.4,* so that the 10 compounds appurtenant to such special form will be 
bound to be linearly related, and no inference can be drawn from any such 
assumption. I have reason for believing that the quadrinomial form employed 


* On an exhaustive examination, it will be found that the only trinomial forms of the primitive 
which will cause the first two invariants to disappear, are those in which the surviving coefficients are 


b,f,i; b,g,7% 


or the complementary ones 
9,4, 


f,h,g3; t,9,53 4, 


which, of course, are substantially equivalent to the former. 

Confining our attention, then, to the upper group, it will readily be seen that the four last will cause 
not only the quadrinvariant and the cubinvariant, but all the other invariants as well, to vanish. Since, 
then, it has been shown that the b, f, i; b, g, i forms are insufficient to support the independence of 
the 10 compound covariants with which the reasoning is concerned, it follows that no trinomial form will 
be adequate to do so. : 

It may be asked what would have been the effect of using the form in which b, c, d, i are the 
surviving coefficients, but b, c, d are supposed mutually independent, instead of being subject to the 
condition employed in the refutation above: on this supposition the quadrinvariant, but not the cubin- 
variant, will vanish ; and an easy calculation will show that of the 32 representations of the covariant 
of deg-order 10. 4 as a product of inferior groundforms there will be only 16 in which the quadrinvariant 
does not appear as a factor. And, again, it will be found that the number of ways of representing 
38 , 39, 40, 41,42, asthe sum of 4 numbers, each of which is either 1, 2,3 or8 is 29. Hence there 
would arise a matrix of 16 lines and 29 columns, and to disprove the existence of the 10 .4 groundform 
it would be sufficient to prove that some one of the complete minor determinants of this matrix differs 
from zero. The work involved in dealing with this and the subsequent verificatory matrix of 17 lines 
and 29 columns would evidently be vastly greater and more liable to error than when (as in the text) 
we assign the relation between b, c, d so as to make the cubinvariant vanish. 

In the absence of the information as to the number of linearly independent 10 . 4’s given by Cayley’s 
rule, the direct mode of refutation would have required the calculation of the 32 compound 10. 4’s and 
the problematical one of von Gall for the general form of the Octavic, subject only to the simplification of 
taking two of the coefficients zero. There would then have remained to show that the leading terms of 
these 38 forms were linearly connected, which would necessarily imply that the same was true of the 
33 entire forms themselves ; a colossal task, probably transcending the sphere of human ability to execute. 
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in the foregoing investigation is the most convenient and economical, as leading 
to the simplest calculations of any that could have been employed for the same 
purpose. 

It may be well (by way of confirmation) to determine & priori the number 
of possible arguments that can belong to the 10.4 covariants of the quadri- 
nomial form of (a, y)’ employed in the antecedent investigation. Since ¢? may 
be replaced by a numerical multiple of bd, it follows that each argument may 
be brought to x form in which c¢ does not enter at all, or in which it enters only 
in the first degree. The total possible number (which turns out to be the 
actual number) of arguments is, consequently, the number of ways in which 
38, 39, 40, 41, 42 can be composed with 10 parts-each of them 1, 3 or 8 + the 
number of ways in which 36, 87, 38, 39, 40 can be composed with 9 parts, 
each of them also 1,3 or 8. All the possible different compositions of these 
kinds are exhibited in the annexed table. 


$88 = $6 = 3.8+3.34+3.1 
39 = 3.8+4.34+3.1 37 = 4.8+5.1=2.84+7.3 
40=4.8+5.1+1.3=2.8+8.3 $8= 3.8+ 4.34 2.1 
41=3.8+5.3+4+2.1 39= 4.8+1.3+4+4.1 
42=>4.8+4.14+2.3 40=3.8+5.3+1.1. 


There are thus 7 + 6 ¢. e. 13 distinct arguments, 7. e. the number which 
actually appear distributed among the 10 surviving covariants of deg-order 10 . 4 
as previously shown—it being at the same time remembered that three of the 
13 enter as elements of a fixed linear combination into the 10 functions, which 
are thus virtually functions of only 11 independent arguments. 

The method employed in what precedes suggests a mode of calculating in 
part at least the discriminant of the eighthic in terms of the subordinate ground- 
forms. Thus, suppose we take for our special form, (0, 6, ec, d, 0, 0, 0, 0, if{a, y)? 
with b, c, d independent. 

Then the quadrinvariant will vanish, and there will be no very great effort 
of calculation required to express the 8 remaining invariants as functions of 
b, ec, d, +. 

The discriminant is of the 14th degree and 14 may be made up in 10 (and 
no more than 10) ways as a sum of numbers each limited to be 3, 4, 5, 6, 
7, 8, 9, or 10; as exhibited in the exhaustive table 
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Again the weight of the discriminant is 56, and the number of ways of 
compounding 56 with 14 numbers each limited to be 1, 2, 3 or 8 is 11, as 
shown in the exhaustive table 
56=6.8+ 


Now there will be no difficulty at all in finding by substitution and multi- 
plication the discriminant of the assumed quantic, say Q, which is in fact 


d 
the same as the resultant of oo and ba®y + 3ca°y’? + ddx‘ty’. Hence there will 


be 11 equations for determining the coefficients of the 10 invariants of the 
14th degree which are products of the inferior invariants (the quadrinvariant 
excepted); consequently there will be sufficient or more than sufficient equa- 
tions for the purpose, unless it should (unfortunately and contrary to 
probability) turn out to be the case that the 10 products, although linear 
functions of 11 arguments, are expressible as linear functions of only 9 
linear functions of those arguments. 
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On the Logic of Number 
By 8. Perrce. 


Nobody can doubt the elementary propositions concerning number: those 
that are not at first sight manifestly true are rendered so by the usua] demon- 
strations. But although we see they are true, we do not so easily see precisely 
why they are true; so that a renowned English logician has entertained a doubt 
as to whether they were true in all parts of the universe. The object of this 
paper is to show that they are strictly syllogistic consequences from a few 
primary propositions. The question of the logical origin of these latter, which I 
here regard as definitions, would require a separate discussion. In my proofs I 
am obliged to make use of the logic of relatives, in which the forms of inference 
are not, in a narrow sense, reducible to ordinary syllogism. They are, however, 
of that same nature, being merely syllogisms in which the objects spoken of are 
pairs or triplets. Their validity depends upon no conditions other than those of 
the validity of simple syllogism, unless it be that they suppose the existence of 
singulars, while syllogism does not. 

The selection of propositions which I have proved will, I trust, be sufficient 
to show that all others might be proved with like methods. 

Let r be any relative term, so that one thing may be said to be r of 
another, and the latter 7’d by the former. If in a certain system of objects, 
whatever is r of an r of anything is itself 7 of that thing, then r is said to be a 
transitive relative in that system. (Such relatives as “lover of everything loved 
by —” are transitive relatives.) In a system in which + is transitive, let the q’s 
of anything include that thing itself, and also every 7 of it which is not 7’d by 
it. Then g may be called a fundamental relative of quantity; its properties 
being, first, that it is transitive; second, that everything in the system is q 
of itself, and, third, that nothing is both q of and q’d by anything except itself. 
The objects of a system having a fundamental relation of quantity are called 


quantities, and the system is called a system of quantity. 
85 
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A system in which quantities may be q’s of or q’d by the same quantity 
without being either q’s of or q’d by each other is called multiple ;* a system in 
which of every two quantities one is a qg of the other is termed simple. 


Simple Quantity. 


In a simple system every quantity is either ‘‘as great as” or ‘‘as small as” 


every other; whatever is as great as something as great as a third is itself as 
great as that third, and no quantity is at once as great as and as small as any- 
thing except itself. | 

A system of simple quantity is either continuous, discrete, or mixed. A 
continuous system is one in which every quantity greater than another is also 
greater than some intermediate quantity greater than that other. A discrete 
system is one in which every quantity greater than another is next greater than 
some quantity (that is, greater than without being greater than something greater 
than). A mixed system is one in which some quantities greater than others are 
next greater than some quantities, while some are continuously greater than 
some quantities. 

Discrete Quantity. 


A simple system of discrete quantity is either limited, semi-limited, or 
unlimited. A limited system is one which has an absolute maximum and an 
absolute minimum quantity; a semi-limited system has one (generally consid- 
ered a minimum) without the other; an unlimited has neither. 

A simple, discrete, system, unlimited in the direction of increase or decrement, 
is in that direction either infinite or super-infinite. An infinite system is one in 
which any quantity greater than a can be reached from a by successive steps to 
the next greater (or less) quantity than the one already arrived at. In other 
words, an infinite, discrete, simple, system is one in which, if the quantity next 
greater than an attained quantity is itself attained, then any quantity greater than 
an attained quantity is attained; and by the class of attained quantities is meant 
any class whatever which satisfies these conditions. So that we may say that an 
infinite class is one in which if it is true that every quantity next greater than 
a quantity of a given class itself belongs to that class, then it is true that every 


* For example, in the ordinary algebra of imaginaries two quantities may both result from the addition 
of quantities of the form a? + b?i to the same quantity without either being in this relation to the other. 
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quantity greater than a quantity of that class belongs to that class. Let the class 
of numbers in question be the numbers of which a certain proposition holds true. 
Then, an infinite system may be defined as one in which from the fact that a certain 
proposition, if true of any number, is true of the next greater, it may be inferred 
that that proposition if true of any number is true of every greater. 

Of a super-infinite system this proposition, in its numerous forms, is untrue. 


Semi-infinite Quantity. 


We now proceed to study the fundamental propositions of semi-infinite, 
discrete, and simple quantity, which is ordinary number. 


Definitions. 


The minimum number is called one. 

By «+ y is meant, in case x= 1, the number next greater than y; and in 
other cases, the number next greater than « + y, where a’ is the number next 
smaller than a. 

By x X y is meant, incase « = 1, the number y, and in other cases y + ay, 
where 2’ is the number next smaller than a. | 

It may be remarked that the symbols + and x are triple relatives, their two 
correlates being placed one before and the other after the symbols themselves. 


Theorems. 


The proof in each case will consist in showing, lst, that the proposition 
is true of the number one, and 2d, that if true of the number » it is true of 
the number 1 + n, next larger thann. The different transformations of each 
expression will be ranged under one another in one column, with the indica- 
tions of the principles of transformation in another column. | 

1. To prove the associative principle of addition, that 


y)+e=aty +2) 
whatever numbers x, y, and z, may be. First it is true for «= 1; for 
(l+y)+2 
=1+(y+2) by the definition of addition, 2d clause. Second, if true for 
a=n, it is true for «=1-+7n; that is, if then 
(y+). For 


i 
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((l+2)+y)+2 
=(1+(n+y))+2 by the definition of addition: ‘ 
=1+((n+y) + z) by the definition of addition: ‘ 


= 1+ (n+(y +2)) by hypothesis: 
=(1+2)+(y+2) _ by the definition of addition. 


2. To prove the commutative principle of addition that 


whatever numbers x and y may be. ‘First, itis true for « = 1 and y = 1, being 
in that case an explicit identity. Second, if true for =n andy = 1, it is 
true fora2=1+nandy=1. That is, then (l+2)+1= 
1+(1+n). For (l+n)+1 


=1+(n+1)_ by the associative principle : 
=1+(1+2) by hypothesis. 


We have thus proved that, whatever number x may be,x + 1=1+ a2, or 
thatx + y= y+2fory =1. It is now to be shown that if this be true for 
it is true for y=1+%n; that is, that if then 


x+(l+n)=(1+n)+2. Now, 


(1 +n) 
=(«+1)+ 2 _ by the associative principle: 
=(1+2)+ 7 as just seen: 
= 1+(«@+ 7) by the definition of addition: 
= 1+ (n+2) by hypothesis: 
(l+n)+ 2a by the definition of addition. 


Thus the proof is complete. 
3. To prove the distributive principle, first clause. The distributive prin- 


ciple consists of two propositions : 


Ist, (cty)z=azt+ yz 
2d, a«(y+t2z) =ayt+az. 


We now undertake to prove the first of these. First, it is true for «# = 1. 
For 


(1 + y)z 
=2z+ yz by the definition of multiplication : 
= 1.2+ yz by the definition of multiplication. 


» 
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Second, if true for «= n, it is true for = 1 + 2; that is, if(n + y)z=nz+ yz, 


then ((l +2) +y)2 =(l+n)ze+ yz. For 


(1 +n) + y)z 
(1 + (n + y))z by the definition of addition : 
z2+(n+y)z by the definition of multiplication: 
(nz -+ yz) by hypothesis: 
(2 + nz) + yz _ by the associative principle of addition: 
=(1+2)2+ y~ by the definition of multiplication. 


4. To prove the second proposition of the distributive principle, that 
a(y + 2)= ay + a. 
First, it is true for « = 1; for 


1(y + 4) 
=yte2 by the definition of multiplication: 
=ly+1z by the definition of multiplication. 


Second, if true for «=n, it is true fora=1 +n; that is, if n(y + 2) =ny + nz, 


then(l For 


(1 +») (y +2) 
=(y+z)+x2(y +2) _ by the definition of multiplication: 
= (y + z) + (ny + nz) | by hypothesis: 
(y + ny) + (2 + nz) _ by the principles of addition: 
=(l+n)y+(1+4%)z by the definition of multiplication. 


5. To prove. the associative principle of multiplication; that is, that 


(ay) 2 = a (yz), 
whatever numbers 2, y, andz, may be. First, it is true for = 1, for 
(Ly) z 
Ye by the definition of multiplication: 
l.yz by the definition of multiplication. 


Second, if true for « = n, it is true for x= 1-+7; that is, if (ny) z= nm (yz), 
then ((1 + 2) y) z= (1 + 2) (yz). For 


Von. IV. 
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(l+n)y)z 
= (y+ ny)z by the definition of multiplication: 


= yz + (ny) by the distributive principle: 
= yz + n (yz) by hypothesis: 
= (1 + n) (yz) by the definition of multiplication. 
6. To prove the commutative principle of multiplication; that 
ny = 
whatever numbers xz and y may be. In the first place, we prove that it is true 
fory = 1. For this purpose, we first show that it is true for y= 1, and 
then that if true for y= 1, x= 7, it is true fory=1,2=1+n. For 
y = 1 and x =1, it is an explicit identity. We have now to show that if 
nl = Inthen(l1+n)1=1(1+ 7). Now, 
(l+n)1 
=1+n1 by the definition of multiplication: 
=1+1n by hypothesis: 
=l+n by the definition of multiplication: 
= 1(1 +2) by the definition of multiplication. 


Having thus shown the commutative principle to be true for y= 1, we 
proceed to prove that if it is true for y = n, it is true for y = 1 + n; that is, 
if an = nz, For 

(1 + n) 
by the definition of multiplication: 
=a+an by hypothesis: 
= le + an_ by the definition of multiplication: 
=al-+an_ as already seen: 
x (1+ 2) by the distributive principle. 


Discrete Simple Quantity Infinite in both directions. 


A system of number infinite in both directions has no minimum, but 
a certain quantity is called one, and the numbers as great as this constitute 
a partial system of semi-infinite number, of which this one isa minimum. The 
definitions of addition and multiplication require no change, except that the one 
therein is to be understood in the new sense. 
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To extend the proofs of the principles of addition and multiplication to 
unlimited number, it is necessary to show that if true for any number (1 + 2) 
they are also true for the next smaller number x. For this purpose we can 
use the same transformations as in the second clauses of the former proof; only 
we shall have to make use of the following lemma. 

Ife+y=a+z, then y=z whatever numbers wz, y, and z, may be. 
First this is true in case x= 1, for then y and z are both next smaller than the 
same number. Therefore, neither is smaller than the other, otherwise it would 
not be next smaller to 1+y—=1-+2. But in a simple system, of any two 
different numbers one is smaller. Hence, y and z are equal. Second, if the 
proposition is true for x=n, it is true forw=1l+n. Forif(l+n)+y= 
(1+ n)+2z, then by the definition of addition 1 + (n+ y)=1-+ (n+2); whence 
it would follow that n+ y=n-+2, and, by hypothesis, that y=z. Third, if 
the proposition is true for =1-+7n, itistrue for~=n. Forifn+y=n+z, 
then 1+n+y=1+n7-+2, because the system is simple. The proposition 
has thus been proved to be true of 1, of every greater and of every smaller 
number, and therefore to be universally true. 

An inspection of the above proofs of the principles of addition and multi- 
plication for semi-infinite number will show that they are readily extended to 
doubly infinite number by means of the proposition just proved. 

The number next smaller than one is called naught, 0. This definition in 
symbolic form is 1+0=1. To prove that <+0=2, let a be the number 
next smaller than x Then, 


a+0 
=(1+2)+0 _ by the definition of a’ 
=(1+0)+~2a _ by the principles of addition: 
= 1+2 by the definition of naught: 
=2 by the definition of a’. 


To prove that z<0=0. First, in case «=1, the proposition holds by the 
definition of multiplication. Next, if true for it is true 
For 

(1 + n) 0 
1.0-+ by the distributive principle: 
= 1.0+0 by hypothesis: 
=1.0 by the last theorem : 


— 0 as above. 
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Third, the proposition, if true for = 1+ nistrue forx=n. For, changing 
the order of the transformations, 


Then by the above lemma, x. 0 = 0, so that the proposition is proved. 

A number which added to another gives naught is called the negative of 
the latter. To prove that every number greater than naught has a negative. 
First, the number next smaller than naught is the negative of one; for, by the 
definition of addition, one plus this number is naught. Second, if any number 
n has a negative, then the number next greater than v has for its negative the 
number next smaller than the negative of n. For let m be the number next 
smaller than the negative of n. Then n + (1 + m)= 0. 


But n+ (1 + m) 

=(n+1)+m by the associative principle of addition. 

= (1+ n)+.m_ by the commutative principle of addition. 
So that (1 +2”) +m=0. Q. #. D. Hence, every number greater than 0 
has a negative, and naught is its own negative. 


To prove that (— x) y = — (ay). We have 
0>2+(—=2) by the definition of the negative: 
0= 0y=(x+(—2))y by the last proposition but one: 
0O=>ay+(—a)y by the distributive principle: 
—(ay) = (— by the definition of the negative. 


The negative ofthe négative ofanumber isthatnumber. Forx+(—2)=0. 
Whence by the definition of the negative « = — (— 2). 


Limited Discrete Simple Quantity. 


Let such a relative term, c, that whatever is a c of anything is the only c¢ 
of that thing, and is a ¢ of that thing only, be called a relative of simple 
correspondence. In the notation of the logic of relatives, 


cée—<.1, te—<l. 
If every object, s, of a class is in any such relation c, with a number of a 


semi-infinite discrete simple system, and if, further, every number smaller than 
a number e’d by an s is itself c’d by an s, then the numbers c’d by the s’s are 
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said to count them, and the system of correspondence is called a count. In 
logical notation, putting g for as great as, and n for a positive integral number, 


ges—<os. 


If in any count there is a maximum counting number, the count is said to be 
finite, and that number is called the number of the count. Let [s] denote the 
number of a count of the s’s, then 

[s] —<cs  ges—< [ss]. 

The relative “identical with” satisfies the definition of a relative of simple 
correspondence, and the definition of a count is satisfied by putting ‘identical 
with” for c, and ‘positive integral number as small asx” for s. In this mode of 
counting, the number of numbers as small as a is a. 

Suppose that in any count the number of numbers as small as the minimum 
number, one, is found to be n. Then, by the definition of a count, every number 
as small as n counts a number as small as one. But, by the definition of.one 
there is only one number as small as one. Hence, by the definition of single 
correspondence, no other number than one counts one. Hence, by the definition 
of one, no other number than one counts any number as small as one. Hence, 
by the definition of the count, one is, in every count, the number of numbers 
as small as one. 

If the number of numbers as small as 2 is in some count y, then the 
number of numbers as small as y is in some count x. For if the definition of a 
simple correspondence is satisfied by the relative c, it is equally satisfied by 
the relative c’d by. 

Since the number of numbers as small as x is in some count y, we have, ¢ 
being some relative of simple correspondence, 

1st. Every number as small as x is c’d by a number. . 

2d. Every number as small as a number that is c of a number as smallas « 
is itself c of a number as small as a. 

3d. The number y is ¢ of a number as small as a. 

4th. Whatever is not as great as a number that is c of a number as small as 
x is not 

Now let ¢; be the converse of c. Then the converse of ¢, is c; whence, 
since c satisfies the definition of a relative of simple correspondence, so also does 
c, By the 3d proposition above, every number as small as y is as small as a 
number that isc of a number as small as 2 Whence, by the 2d proposition, 
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every number as small as y is c of a number as small as x; and it follows that 
every number as small as y is ¢,’d by a number. It follows further that every 
number ¢, of a number as small as y is ¢, of something ¢,’d by (that is, c, being a 
relative of simple correspondence, is identical with) some number as small as 2. 
Also, ‘‘as small as” being a transitive relative, every number as small as a number 
e of a number as small as y is as small as 7 Now by the 4th proposition y is 
as great as any number that is c of a number as small as 2, so that what is not 
as small as y is not c of a number as small as x; whence whatever number is c’d 
by a number not as small as y is not a number as small as x But by the 2d 
proposition every number as small as x not e’d by a number not as small as y is 
e’d by a number as small as y. Hence, every number as small as @ is e’d by a 
number as smallas y. Hence, every number as small as a number ¢, of a aumber 
as small as y is c, of a number as small as y. Moreover, since we have shown 
that every number as small as x is c, of a number as small as y, the same is true 
of x itself. Moreover, since we have seen that whatever is c, of a number as 
small as y is as small as x, it follows that whatever is not as great as a number 
ce, of a number as small as y is not as great as a number as small as x; 7. e. (‘as 
great as” being a transitive relative) is not as great as x, and consequently is not 
xz. We have now shown— 

Ist, that every number as small as y is ¢,’d by a number; 

2d, that every number as small as a number that is ¢, of a number as small 
as y is itself ¢, of a number as small as y ; 

3d, that the number = is ¢, of a number as small as y; and 

Ath, that whatever is not as great as a number that is ¢, of a number as 
small as y is not a. 

These four propositions taken together satisfy the definition of the number 
of numbers as small as y counting up to a. 

Hence, since the number of numbers as small as one cannot in any count 
be greater than one, it follows that the number of numbers as small as any 
number greater than one cannot in any count be one. 


Suppose that there is a count in which the number of numbers as small as 
1 + m is found to be 1+ 2, since we have just seen that it cannot be 1. In this 
count, let m’ be the number which is ¢ of 1+ 7, and let n’ be the number which 
is c’'d by 1+ m. Let us now consider a relative, e, which differs from ¢ only 
in excluding the relation of m' to 1 + 7 as well as the relation of 1 + m to vw’ 
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and in including the relation of m’ ton’. Then e will be a relative of single 
correspondence; for ¢ is so, and no exclusion of relations from a single corres- 
pondence affects this character, while the inclusion of the relation of m’ to 7’ 
leaves m' the only e of n’ and an e of n’ only. Moreover, every number as small 
as m is e of a number, since every number except 1 + m that is ¢ of any- 
thing is e of something, and every number except 1+ m that is as small as 
1+ m is as small as m. Also, every number as small as a number e’d by a 
number is itself ¢’d by a number; for every number e’d is e’'d except 1+ m, and 
this is greater than any number e’d. It follows that e is the basis of a mode of 
counting by which the numbers as small as m count up ton. Thus we have 
shown that if in any way 1 + m™ counts up to 1+ 7, then insome way m counts 
up ton. But we have already seen that for z=1 the number of numbers as 
small as x can in no way count up to other than a. Whence it follows that the 
same is true whatever the value of a. 

If every S isa P, and if the P’s are a finite lot counting up to a number 
as small as the number of §’s, then every Pisan §. For if, in counting the 
P’s, we begin with the §’s (which are a part of them), and having counted all the 
S’s arrive at the number 7, there will remain over no P’s not S’s. For if there 
were any, the number of P’s would count up to more than x. From this we 
deduce the validity of the following mode of inference : 

Every Texan kills a Texan, 

Nobody is killed by but one person, 

Hence, every Texan is killed by a Texan, 
supposing Texans to be a finite lot. For, by the first premise, every Texan killed 
by a Texan is a Texan killer of a Texan. By the second premise, the Texans 
killed by Texans are as many as the Texan killers of Texans. Whence we 
conclude that every Texan killer of a Texan is a Texan killed by a Texan, or, 
by the first premise, every Texan is killed by a Texan. This mode of reasoning 
is frequent in the theory of numbers. 


NoTE.—It may be remarked that when we reason that a certain proposition, if false of any number, 
is false of some smaller number, and since there is no number (in a semi-limited system) smaller than 
every number, the proposition must be true, our reasoning is a mere logical transformation of the 
reasoning that a proposition, if true for n, is true for 1 + 7, and that it is true for 1. 


4 


On the Remainder of Laplace’s Series. 


By Emory McCuintock, Milwaukee, Wis. 


The remainder of Lagrange’s series has been given by Popoff and Zolota- 


reff* in the form (apt +2—t)"ft.dt, where y= z+ apy, and p = 


The corresponding expression for the remainder of Laplace’s series, where 


To prove this, it is only necessary to perform one of the n differentiations 
indicated, by the usual rule for the differentiation of definite integrals with 
variable limits. In this way we find that 


1 
whence, if m = n — 1, ; 
1 


a™ (p fz)" + I'm 41 


Since 7) = fy — fz, we have at once, by successive substitution, 
1 1 
fy = ffz + + +... + xp" + 


Comparing this result with Laplace’s theorem, we see that we have in 7, an 
expression for the remainder after n + 1 terms. 

If fz = z, or, in other words, if y = z + xpy, we have M. Popoff’s ex- 
pression for the remainder in Lagrange’s theorem. The above method of proof 
resembles in principle that by which Zolotareff proves the latter expression. 

It must not be thought that the reasoning here employed constitutes a proof 
of Laplace’s theorem, for evidence is still needed that 7.. = 0 when the series 


is convergent. In other words, the series is not thus proved to be necessarily the 


true development of fy. Suppose s, = , so that 


1—z 
+ 


this would not furnish the true development of — 1 in terms of a. 


*See Williamson’s Integral Calculus, 3d ed.; Jahrbuch iiber die Fortschritte der Math. VIII; these 
referring to Popoff (Comptes Rendus, 1861, pp. 795-8,) and Zolotareff (Nouv. Annales, 2d series, XV, 422-3). 
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The consent of the family of the late Professor Benjamin Peirce has been kindly given to 
the publication in the American Journal of Mathematics, of his valuable and unique memoir on 
Linear Associative Algebra, of which only a small number of copies in lithograph were taken 
in the author’s lifetime, for distribution among his friends. This publication will, it is believed, 
supply a want which has been long and widely felt, and bring within the reach of the general 
mathematical public a work which may almost be entitled to take rank as the Principia of the 
philosophical study of the laws of algebraical operation. 


Linear Associative Algebra, 
A Memoir read before the National Academy of Sciences in Washington, 1870. 
By Bernsamin PEIRCE. 


WITH NOTES AND ADDENDA, BY C. S. PEIRCE, SON OF THE AUTHOR. 


1. Mathematics is the science which draws necessary conclusions. 

This definition of mathematics is wider than that which is ordinarily given, 
and by which its range is limited to quantitative research. The ordinary 
definition, like those of other sciences, is objective ; whereas this is subjective. 
Recent investigations, of which quaternions is the most noteworthy instance, 
make it manifest that the old definition is too restricted. The sphere of mathe- 
matics is here extended, in accordance with the derivation of its name, to all 
demonstrative research, so as to include all knowledge strictly capable of dog- 
matic teaching. Mathematics is not the discoverer of laws, for it is not 
induction ; neither is it the framer of theories, for it is not hypothesis; but it is 
the judge over both, and it is the arbiter to which each must refer its claims; 
and neither law can rule nor theory explain without the sanction of mathematics. 
It deduces from a law all its consequences, and develops them into the suitable 
form for comparison with observation, and thereby measures the strength of the 
argument from observation in favor of a proposed law or of a proposed form of 
application of a law. 

Mathematics, under this definition, belongs to every enquiry, moral as well 
as physical. Even the rules of logic, by which it is rigidly bound, could not be 
deduced without its aid. The laws of argument admit of simple statement, but 
they must be curiously transposed before they can be applied to the living speech 
and verified by observation. In its pure and simple form the syllogism cannot 
be directly compared with all experience, or it would not have required an 
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Aristotle to discover it. It must be transmuted into all the possible shapes in 
which reasoning loves to clothe itself. The transmutation is the mathematical 
process in the establishment of the law. Of some sciences, it is so large a 
portion that they have been quite abandoned to the mathematician,—which 
may not have been altogether to the advantage of philosophy. Such is the 
case with geometry and analytic mechanics. But in many other sciences, as in 
all those of mental philosophy and most of the branches of natural history, the 
deductions are so immediate and of such simple construction, that it is of no 
practical use to separate the mathematical portion and subject it to isolated 


discussion. 
2. The branches of mathematics are as various as the sciences to which they 


belong, and each subject of physical enquiry has its appropriate mathematics. 
In every form of material manifestation, there is a corresponding form of human 
thought, so that the human mind is as wide in its range of thought as the 
physical universe in which it thinks. The two are wonderfully matched. But 
where there is a great diversity of physical appearance, there is often a close 
resemblance in the processes of deduction. It is important, therefore, to separate 
the intellectual work from the external form. Symbols must be adopted which 
may serve for the embodiment of forms of argument, without being trammeled 
by the conditions of external representation or special interpretation. The 
words of common language are usually unfit for this purpose, so that other 
symbols must be adopted, and mathematics treated by such symbols is called 
algebra. Algebra, then, is formal mathematics. 

3. All relations are either qualitative or quantitative. Qualitative relations 
can be considered by themselves without regard to quantity. The algebra of 
such enquiries may be called logical algebra, of which a fine example is given 


by Boole. 
Quantitative relations may also be considered by themselves without regard 


to quality. They belong to arithmetic, and the corresponding algebra is the 


common or arithmetical algebra. 
In all other algebras both relations must be combined, and the algebra must 


conform to the character of the relations. 
4. The symbols of an algebra, with the laws of combination, constitute its 


language ; the methods of using the symbols in the drawing of inferences is its 
art ; and their interpretation is its scientific application. This three-fold analysis 
of algebra is adopted from President Hill, of Harvard University, and is made 
the basis of a division into books. 
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Boox I.* 
THe LANGUAGE OF ALGEBRA. 


5. The language of algebra has its alphabet, vocabulary, and grammar. 

6. The symbols of algebra are of two kinds: one class represent its 
fundamental conceptions and may be called its /etters, and the other represent 
the relations or modes of combination of the letters and are called the signs. 

7. The alphabet of an algebra consists of its letters; the vocabulary defines 
its signs and the elementary combinations of its letters; and the grammar gives 
the rules of composition by which the letters and signs are united into a 
complete and consistent system. 


The Alphabet. 


8. Algebras may be distinguished from each other by the number of their 
independent fundamental conceptions, or of the letters of their alphabet. Thus 
an algebra which has only one letter in its alphabet is a single algebra; one 
which has two letters is a double algebra; one of three letters a triple algebra; 
one of four letters a quadruple algebra, and so on. 

This artificial division of the algebras is cold and uninstructive like the 
artificial Linnean system of botany. But it is useful in a preliminary investiga- 
tion of algebras, until a sufficient variety is obtained to afford the material for a 
natural classification. 

Kach fundamental conception may be called a wnit; and thus each unit has 
its corresponding letter, and the two words, unit and letter, may often be used 
indiscriminately in place of each other, when it cannot cause confusion. 

9. The present investigation, not usually extending beyond the sextuple 
algebra, limits the demand of the algebra for the most part to six letters; and 
the six letters, 7, 7, k, 7, m and n, will be restricted to this use except: in 
special cases. 

10. For any given letter another may be substituted, provided a new letter 
represents a combination of the original letters of which the replaced letter is a 
necessary component. | 

For example, any combination of two letters, which is entirely dependent 
for its value upon both of its components, such as their sum, difference, or 
product, may be substituted for either of them. 


* Only this book was ever written. [C. 8. P.] 
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This principle of the substitution of letters is radically important, and is a 
leading element of originality in the present investigation ; and without it, such 
an investigation would have been impossible. It enables the geometer to 
analyse an algebra, reduce it to its simplest and characteristic forms, and 
compare it with other algebras. It involves in its principle a corresponding 
substitution of units of which it is in reality the formal representative. 

There is, however, no danger in working with the symbols, irrespective of 
the ideas attached to them, and the consideration of the change of the original 
conceptions may be safely reserved for the book of interpretation. 

11. In making the substitution of letters, the original letter will be preserved 
with the distinction of a subscript number. 

Thus, for the letter ¢ there may successively be substituted 7,, 2, 73, etc. In 
the final forms, the subscript numbers can be omitted, and they may be omitted 


. at any period of the investigation, when it will not produce confusion. 


It will be practically found that these subscript numbers need scarcely ever 
be written. They pass through the mind, as a sure ideal protection from erro- 
neous substitution, but disappear from the writing with the same facility with 
which those evanescent chemical compounds, which are essential to the theory 
of transformation, escape the eye of the observer. 

12. A pure algebra is one in which every letter is connected by some 
indissoluble relation with every other letter. 

13. When the letters of an algebra can be separated into two groups, which 
are mutually independent, it is a mixed algebra. It is mixed even when there 
are letters common to the two groups, provided those which are not common to 
the two groups are mutually independent. Were an algebra employed for the 
simultaneous discussion of distinct classes of phenomena, such as those of sound 
and light, and were the peculiar units of each class to have their appropriate 
letters, but were there no recognized dependence of the phenomena upon each 
other, so that the phenomena of each class might have been submitted to 
independent research, the one algebra would be actually a mixture of two 
algebras, one appropriate to sound, the other to light. 

It may be farther observed that when, in such a case as this, the component 
algebras are identical in form, they are reduced to the case of one algebra with 
two diverse interpretations. 
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The Vocabulary. 


14, Letters which are not appropriated to the alphabet of the algebra * 
may be used in any convenient sense. But it is well to employ the small letters 
for expressions of common algebra, and the capital letters for those of the algebra 
under discussion. 

There must, however, be exceptions to this notation; thus the letter D will 
denote the derivative of an expression to which it is applied, and > the summa- 
tion of cognate expressions, and other exceptions will be mentioned as they 
occur. Greek letters will generally be reserved for angular and functional 


notation. 
15. The three symbols J, ©, and © will be adopted with the signification 


© =the ratio of circumference to diameter of circle = 3.1415926536 = 
6 = the base of Naperian logarithms = 2.7182818285, = e 


which gives the mysterious formula 
JS4= 6° =4.810477381. 


16. All the signs of common algebra will be adopted; but any signification 
will be permitted them which is not inconsistent with their use in common 
algebra; so that, if by any process an expression to which they refer is reduced 
to one of common algebra, they must resume their ordinary signification. 

17. The sign =, which is called that of equality, is used in its ordinary sense 
to denote that the two expressions which it separates are the same whole, 
although they represent different combinations of parts. 

18. The signs > and < which are those of inequality, and denote ‘‘ more 
than” or ‘less than” in quantity, will be used to denote the relations of a whole 
to its part, so that the symbol which denotes the part shall be at the vertex: of 
the angle, and that which denotes the whole at its opening. This involves the 
proposition that the smaller of the quantities is included in the class expressed 
by the larger. Thus 

B<Aor AD>B 


denotes that A is a whole of which B is a part, so that all B is A.+ 


* See 2 9. 
+ The formula in the text implies, also, that some A is not B. [C. 8. P.] 
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If the usual algebra had originated in qualitative, instead of quantitative, 
investigations, the use of the symbols might easily have been reversed; for it 
seems that all conceptions involved in A must also be involved in B, so that B 
is more than A in the sense that it involves more ideas. 

The combined expression 

B>C<A 
denotes that there are quantities expressed by C which belong to the class A 
and also to the class B. It implies, therefore, that some B is A and that some A is 
B.* The intermediate C might be omitted if this were the only proposition 
intended to be expressed, and we might write 


<A. 
In like manner the combined expression 


B<C>A 


denotes that there is a class which includes both A and B,+ which proposition 
might be written 


Be >A. 
19. A vertical mark drawn through either of the preceding signs reverses its 
signification. Thus 
A B 
denotes that B and A are essentially different wholes ; 
ApBor BLA 


denotes that all B is not A,{ so that if they have only quantitative relations, 
they must bear to each other the relation of 


A= B or AZZ. 


20. The sign + is called p/vs in common algebra and denotes addition. It 
may be retained with the same name, and the process which it indicates may be 
called addition. In the simplest cases it expresses a mere mixture, in which 


* This, of course, supposes that C does not vanish. [C. 8. P.] 

+ The universe will be such a class unless A or B is the universe. [C. S. P.] 

{The general interpretation is rather that either A and B are identical or that some B is not A. 
[C. S. P.] 
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the elements preserve their mutual independence. If the elements cannot be 
mixed without mutual action and a consequent change of constitution, the mere 
union is still expressed by the sign of addition, although some other symbol is 
required to express the character of the mixture as a peculiar compound having 
properties different from its elements. It is obvious from the simplicity of the 
union recognized in this sign, that the order of the admixture of the elements 
cannot affect it; so that it may be assumed that 


A+B=B+A4 
and 


(A+ 


21. The sign — is called minus in common algebra, and denotes subtraction. 
Retaining the same name, the process is to be regarded as the reverse of 
addition; so that if an expression is first added and then subtracted, or the 
reverse, it disappears from the result; or, in algebraic phrase, it is canceled. This 
gives the equations 

A+ B—B=A—B+B=A 


and 
B—B=0. 

The sign minus is called the negative sign in ordinary algebra, and any term 
preceded by it may be united with it, and the combination may be called a 
negative term. This use will be adopted into all the algebras, with the provision 
that the derivation of the word negative must not transmit its interpretation. 

22. The sign X may be adopted from ordinary algebra with the name of 
the sign of multiplication, but without reference to the meaning of the process. 
The result of multiplication is to be called the product. The terms which are 
combined by the sign of multiplication may be called factors ; the factor which 
precedes the sign being distinguished as the multipler, and that which follows it 
being the mu/tiplicand. The words multiplier, multiplicand, and product, may 
also be conveniently replaced by the terms adopted by Hamilton, of /facvent, 
faciend, and factum. Thus the equation of the product is 


multiplier x multiplicand = product; or facient x faciend = factum. 


When letters are used, the sign of multiplication can be omitted as in ordinary 
algebra. 
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23. When an expression used as a factor in certain combinations gives a 
product which vanishes, it may be called in those combinations a nilfactor. 
Where as the multiplier it produces vanishing products it is ni/facient, but where 
it is the multiplicand of such a product it is ni/faciend. 

24. When an expression used as a factor in certain combinations over- 
powers the other factors and is itself the product, it may be called an idem/factor. 
When in the production of such a result it is the multiplier, it is idem/facient, 
but when it is the multiplicand it is tdemfaciend. 

25. When an expression raised to the square or any higher power vanishes, 
it may be called nilpotent; but when, raised to a square or higher power, it gives 
itself as the result, it may be called idempotent. 

The defining equation of nilpotent and idempotent expressions are respec- 
tively A*=0, and A”= A; but with reference to idempotent expressions, it 
will always be assumed that they are of the form 


Pan A, 


unless it be otherwise distinctly stated. 

26. Division is the reverse of multiplication, by which its results are verified. 
It is the process for obtaining one of the factors of a given product when the 
It is important to distinguish the position of the given 


other factor is given. 
This can be readily indicated by com- 


factor, whether it is facient or faciend. 
bining the sign of multiplication, and placing it before or after the given 
factor just as it stands in the product. Thus when the multiplier is the given 
factor, the correct equation of division is 


dividend 
quotient = 
divisor 
and the equation of verification is 
divisor X quotient = dividend. 
But when the multiplicand is the given factor, the equation of division is 


dividend 
quotient = —,...— 
x divisor 


and the equation of verification is 


quotient X divisor = dividend. 


27. Exponents may be introduced just as in ordinary algebra, and they 
may even be permitted to assume the forms of the algebra under discussion. 
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There seems to be no necessary restriction to giving them even a wider range 
and introducing into one algebra the exponents from another. Other signs will 
be defined when they are needed. 

The definition of the fundamental operations is an essential part of the 
vocabulary, but as it is subject to the rules of grammar which may be adopted, 
it must be reserved for special investigation in the different algebras. 


The Grammar. 


28. Quantity enters as a form of thought into every inference. It is 
always implied in the syllogism. It may not, however, be the direct object of 
inquiry ; so that there may be logical and chemical algebras into which it only 
enters accidentally, agreeably to §1. But where it is recognized, it should be 
received in its most general form and in all its variety. The algebra is 
otherwise unnecessarily restricted, and cannot enjoy the benefit of the most 
fruitful forms of philosophical discussion. But while it is thus intreduced as a 


part of the formal algebra, it is subject to every degree and kind of limitation in ~ 


its interpretation. 

The free introduction of quantity into an algebra does not even involve the 
reception of its unit as one of the independent units of the algebra. But it is 
probable that without such a unit, no algebra is adapted to useful investigation. 
It is so admitted into quaternions, and its admission seems to have misled some 
philosophers into the opinion that quaternions is a triple and not a quadruple 
algebra. This will be the more evident from the form in which quaternions 
first present themselves in the present investigation, and in which the unit of 
quantity is not distinctly recognizable without a transmutation of the form.* 

29. The introduction of quantity into an algebra naturally carries with it, 
not only the notation of ordinary algebra, but likewise many of the rules to 
which it is subject. Thus, when a quantity is a factor of a product, it has the 


* Hamilton’s total exclusion of the imaginary of ordinary algebra from the calculus as well as from 
the interpretation of quaternions will not probably be accepted in the future development of this 
algebra. It evinces the resources of his genius that he was able to accomplish his investigations under 
these trammels. But like the restrictions of the ancient geometry, they are inconsistent with the 
generalizations and broad philosophy of modern science. With the restoration of the ordinary imaginary, 
quaternions becomes Hamilton’s biquaternions. From this pointof view, all the algebras of this research 
would be called bi-algebras. But with the ordinary imaginary is involved a vast power of research, and 
the distinction of names should correspond ; and the algebra which loses it should have its restricted 
nature indicated by such a name as that of a semi-algebra. 


Vou. IV. 
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same influence whether it be facient or faciend, so that with the notation of 


§ 14, there is the equation 
Aa=aA, 


and in such a product, the quantity a may be called the coefficient. 
In like manner, terms which only differ in their coefficients, may be added 


by adding their coefficients ; thus, 
(a+ JDA= Aat AD=Al(at dD). 


30. The exceeding simplicity of the conception of an equation involves the 


identity of the equations 
A= Band B=A 


and the substitution of B for A in every expression, so that 


MA+ C= MB+ 


or that, the members of an equation may be mutually transposed or simultaneously 
increased or decreased or multiplied or divided by equal expressions. 


31. How far the principle of §16 limits the extent within which the | 


ordinary symbols may be used, cannot easily be decided. But it suggests limi- 
tations which may be adopted during the present discussion, and leave an ample 
field for curious investigation. 

The distributive principle of multiplication may be adopted; namely, the 
principle that the product of an algebraic sum of factors into or by a common 
factor, is equal to the corresponding algebraic sum of the individual products of 
the various factors into or by the common factor; and it is expressed by the 


equations 


(A+ B)O=— ABs BOC. 
O(A + B)= CAs CB. 

32. The associative principle of multiplication may be adopted; namely, that 
the product of successive multiplications is not affected by the order in which the 
multiplications are performed, provided there is no change in the relative position 
of the factors; and it is expressed by the equations 


ABC =(AB)C= A(BC). 


This is quite an important limitation, and the algebras which are subject to it 


will be called associative. 
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33. The principle that the value of a product is not affected by the relative 
position of the factors is called the commutative principle, and is expressed by the 
equation 

AB= BA. 
This principle is not adopted in the present investigation. 

84, An algebra in which every expression is reducible to the form of an 
algebraic sum of terms, each of which consists of a single /etter with a quanti- 
tative coefficient, is called a linear algebra.* Such are all the algebras of the 
present investigation. 

35. Wherever there is a limited number of independent conceptions, a. 
linear algebra may be adopted. For a combination which was not reducible to 
such an algebraic sum as those of linear algebra, would be to that extent 
independent of the original conceptions, and would be an independent conception 
additional to those which were assumed to constitute the elements of the 
algebra. 

36. An algebra in which there can be complete interchange of its indepen- 
dent units, without changing the formulae of combination, is a completely 
symmetrical algebra ; and one in which there may be a partial interchange of its 
units is partially symmetrical. But the term symmetrical should not be applied, 
unless the interchange is more extensive than that involved in the distributive 
and commutative principles. An algebra in which the interchange is effected in 
a certain order which returns into itself is a cyclic algebra. 

Thus, quaternions is a cyclic algebra, because in any of its fundamental 
equations, such as 


there can be an interchange of the letters in the order 7, 7, &, 7, each letter 
being changed into that which follows it. The double algebra in which 


yor 


*In the various algebras of De Morgan’s ‘‘ Triple Algebra,’’ the distributive, associative and com- 
mutative principles were all adopted, and they were all linear. [De Morgan’s algebras are ‘‘ semi- 
algebras.’’ See Cambridge Phil. Trans., viii, 241.] [C.S. P.] . 
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is cyclic because the letters are interchangeable in the order 7, 7, 7. But neither 
of these algebras is commutative. 

37. When an algebra can be reduced to a form in which all the letters are 
expressed as powers of some one of them, it may be called a potential algebra. 
If the powers are all squares, it may be called quadratic ; if they are cubes, it 
may be called cubic ; and similarly in other cases. 


Linear Associative Algebra. 


38. All the expressions of an algebra are distributive, whenever the distributive 
principle extends to all the letters of the alphabet. 
For it is obvious that in the equation 


yl 
each letter can be multiplied by an integer, which gives the form 
(at + b7j)(ck + dl) = acik + bejk + adil + bdjl, 


in which a, 6, c,and d are integers. The integers can have the ratios of any 
four real numbers, so that by simple division they can be reduced to such real 
numbers. Other similar equations can also be formed by writing fora and b, a 
and 6,, or for c and d, c, and d,, or by making both these substitutions simulta- 
neously. If then the two first of these new equations are multiplied by J and 
the last by — 1; the sum of the four equations will be the same as that which 
would be obtained by substituting for a, b, candd, a+ Ja, 6+ Jb, c+ Je, 
andd+ Jd, Hence a, 6, cand d may be any numbers, real or imaginary, and in 
general whatever mixtures A, B, C and D may represent of the original 
units under the form of an algebraic sum of the letters 7, 7, k, &c., we shall 


have 
(A+ B)\(C+ D)= AC+ BC+ AD+ BD, 


which is the complete expression of the distributive principle. 

39. An algebra is associative whenever the associative principle extends to all the 
letters of its alphabet. 

For if A= 


ci) +ak+ Xe. 
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it is obvious that AB= X (ab,ij) 
BC = (bet7) 
(AB)C = & (ab,c,jk) = A(BC)= ABC 

which is the general expression of the associative principle. 

40. In every linear associative algebra, there is at least one idempotent or one 
nilpotent expression. 

Take any combination of letters at will and denote it by A. Its square 
is generally independent of A, and its cube may also be independent of A 
and A’, But the number of powers of A that are independent of A and of. 
each other, cannot exceed the number of letters of the alphabet; so that there 
must be some least power of A which is dependent upon the inferior powers. 
The mutual dependence of the powers of A may be expressed in the form of an 
equation of which the first member is an algebraic sum, such as 


= 0. 
All the terms of this equation that involve the square and higher powers of A 


may be combined and expressed as BA, so that B is itself an algebraic sum of 
powers of A, and the equation may be written 


BA+aA=(B+a,A= 0. 
It is easy to deduce from this equation successively 


(B+a,)A™= 0 
(B+a)B= 


| 
@ 


so that — — is an idempotent expression. But if a, vanishes, this expression 
ay 


becomes infinite, and instead of it we have the equation 
so that B is a nilpotent expression. 

41. When there is an idempotent expression in a linear associative algebra, it 
can be assumed as one of the independent units, and be represented by one of 
the letters of the alphabet ; and it may be called the basis. 

The remaining units can be so selected as to be separable into four distinct groups. 

With reference to the basis, the units of the first group are idemfactors ; those of 
the second group are idemfaciend and nilfacient ; those of the third group are idem- 
facient and nilfaciend ; and those of the fourth group are nilfactors. 
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First. The possibility of the selection of all the remaining units as idem- 
faciend or nilfaciend is easily established. For if 7 is the idempotent base, its 
definition gives 
Pond. 

The product by the basis of another expression such as A may be represented 
by B, so that 
2, 
which gives 
1(A— B)=1A—iB= B—B=0, 


whence it appears that B is idemfaciend and A— B is nilfaciend. In other 
words, A is divided into two parts, of which one is idemfaciend and the other is 
nilfaciend ; but either of these parts may be wanting, so as to leave A wholly 
idemfaciend or wholly nilfaciend. 

Secondly. The still farther subdivision of these portions into idemfacient and 
nilfacient is easily shown to be possible by this same method, with the mere 
reversal of the relative position of the factors. Hence are obtained the required 
four groups. 

The basis itself may be regarded as belonging to the first group. 

42. Any algebraic sum of the letters of a group is an expression which 
belongs to the same group, and may be called factorially homogeneous. 

43. The product of two factorially homogeneous expressions, which does not 
vanish, is itself factorially homogeneous, and its faciend name is the same as that 
of its facient, while its facient name is the same as that of tts faciend. 

Thus, if A and B are, each of them, factorially homogeneous, they satisfy 
the equations 

= (tA)B, 
(AB)i= A(Bi), 


which shows that the nature of the product as a faciend is the same as that of 
the facient A, and its nature as a facient is the same as that of the faciend B. 
44, Hence, no product which does not vanish can be commutative unless both tts 


factors belong to the same group. 
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45. Every product vanishes, of which the facient is idemfacient while the faciend 
is nilfaciend ; or of which the facrent is nilfacient while the faciend is idemfaciend. 
For in either case this product involves the equation 


AB=(AiI) B= A(iB)=0. 


46. The combination of the propositions of §§ 43 and 45 is expressed in the 
following form of a multiplication table. In this table, each factor is expressed 
by two letters, of which the first denotes its name as a faciend and the second as 
a facient. The two letters are d and n, of which d stands for idem and n for nil. 
The facient is written in the left hand column of the table and the faciend in the 
upper line. The character of the product, when it does not vanish, is denoted 
by the combination of letters, or when it must vanish, by the zero, which is 
written upon the same line with the facient and in a column under the faciend. 


dd din nd nn 


da| 0 | 0. 


dn 0 0 | dd | dn 


ad | nd | an | 0 | 0 


| O | m 


47. It is apparent from the inspection of this table, that every expression 
which belongs to the second or third group is nilpotent. 

48, It is apparent that all commutative products which do not vanish are 
restricted to the first and fourth groups. . 

49. It is apparent that every continuous product which does not vanish, has 
the same faciend name as‘its first facient, and the same facient name as its last 
faciend. 

50. Since the products of the units of a group remain in the group, they 
cannot serve as the bond for uniting different groups, which are the necessary 
conditions of a pure algebra. Neither can the first and fourth groups be con- 
nected by direct multiplication, because the products vanish. The first and fourth 
groups, therefore, require. for their indissoluble union into a pure algebra that there 
should be units in each of the other two groups. 
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51. In an algebra which has more than two independent units, it cannot 
happen that all the units except the base belong to the second or to the third group. 
For in this case, each unit taken with the base would constitute a double algebra, 
and there could be no bond of connection to prevent their separation into 
distinct algebras. 

52. The units of the fourth group are subject to independent discussion, as if they 
constituted an algebra of themselves. There must be in this group an idempotent 
or a nilpotent unit. If there is an idempotent unit, it can be adopted as the 
basis of this group, through which the group can be subdivided into subsidiary 
groups. 

The idempotent unit of the fourth group can even be made the basis of the 
whole algebra, and the first, second and third groups will respectively become 
the fourth, third and second groups for the new basis. 

53. When the first group comprises any units except the basis, there is besides 
the basis another idempotent expression, or there is a nilpotent expression. By a 
process similar to that of § 40 and a similar argument, it may be shown that for 
any expression A, which belongs to the first group, there is some least power 
which can be expressed by means of the basis and the inferior powers in the 


form of an algebraic sum. This condition may be expressed by the equation 


+ bt = 0. 
If then A is determined by the ordinary algebraic equation 
Ym (Anh) + b= 0, 


and if 
A, — A —hi 


is substituted for A, an equation is obtained between the powers of A, from 
which an idempotent expression, B, or else a nilpotent expression, can be 


deduced precisely as in § 40.* : 
54. When there is a second idempotent unit in the first group, the basis can be 


changed so as to free the first group from this second idempotent unit. 
Thus if 7 is the basis, and if 7 is the second idempotent unit of the first 


group, the basis can be changed to 


* The equation in h may have no algebraic solution, in which case the new idempotent or nilpotent 
would not be a direct algebraic function of iand A. [C. 5S. P.] 
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and with this new basis, 7 passes from the first to the fourth group. For 
First, the new basis is idempotent, since 


P— AW + 
and secondly, the idempotent unit 7 passes into the fourth group, since 


Sh =jJ—j=o. 


5d. With the preceding change of basis, expressions may pass from idemfacient 
to nilfacient, or from idemfaciend to nilfaciend, but not the reverse. 

For first, if A is nilfacient with reference to the original basis, it is also, by 
§ 45, nilfacient with reference to the new basis; or if it is nilfaciend with 
reference to the original basis, it is nilfaciend with reference to the new basis. 

Secondly, all expressions which are idemfacient with reference to the 
original basis, can, by the process of § 41, be separated into two portions with 
reference to the new basis, of which portions one is idemfacient and the 
other is nilfacient ; so that the idemfacient portion remains idemfacient, and the 
remainder passes from being idemfacient to being nilfacient. The same process 
may be applied to the faciends with similar conclusions. 

56. It is evident, then, that each group* can be reduced so as not to contain 
more than one idempotent unit, which will be its basis. In the groups which 
bear to the basis the relations of second and third groups, there are only 
nilpotent expressions. | 

57. In a group or an algebra which has no idempotent expression, all the 
expressions are nilpotent. 

Take any expression of this group or algebra and denote it by A. If no 
power.of A vanished, there must be, as shown in § 40, some equation between 


the powers of A of the form 
== 0, 


in which a, must vanish, or else there would be an idempotent expression as is 
shown in § 40, which is contrary to the present hypothesis. If then m, denote 


* That is, the first group as well as each of the subsidiary groups of 352. [C.S. P.] 
VoL. 1V. 
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the exponent of the least power of A that entered into this equation, and m, +h 
the exponent of the highest power that occurred in it, the whole number of 
terms of the equation would be, at most, h+1. If, now, the equation were 
multiplied successively by A and by each of its powers as high as that of which 
the exponent is (m—1)h, this highest exponent would denote the number of 
new equations which would be thus obtained. If, moreover, 


B= A™, 
then the highest power of A introduced into these equations would be 


(m—Dk+m, Am (h+]1) — Pr+l 
A = = Br’, 


The whole number of powers of A contained in the equations would be mA +1, 
and h+ 1 of these would always be integral powers of B; and there would 
remain (m,—1)h in number which were not integral powers of B. There 
would be, therefore, equations enough to eliminate all the powers of A that 
were not integral powers of B and still leave an equation between the integral 
powers of B; and this would generally include the first power of B. From 
this equation, an idempotent expression could be obtained by the process of § 40, 


which is contrary to the hypothesis of the proposition. 

Therefore it cannot be the case that there is any equation such as that here 
assumed ; and therefore there can be no expression which is not nilpotent. The 
few cases of peculiar doubt can readily be solved as they occur; but they 
always must involve the possibility of an equation between fewer powers of B 
than those in the equation in A.* 

58. When an expression is nilpotent, all its powers which do not vanish are 
mutually independent. 

Let A be the nilpotent expression, of which the n™ power is the highest 
which does not vanish. There cannot be any equation between these powers 


of the form 
== 0, 


*In saying that the equation in B will generally include the first power of B, he intends to waive 
the question of whether this always happens. For, he reasons, if this is not the case then the equation 
in B is to be treated just as the equation in A has been treated, and such repetitions of the process must 
ultimately produce an equation from which either an idempotent expression could be found, or else A 


would be proved nilpotent. [C. S. P.] 
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For if m, were the exponent of the lowest power of A in this equation, the 
multiplication of the equation by the (n— m,)™ power of A reduces it to 


On, A” =0, a, =0, 


that is, the m,'" power of A disappears from the equation, or there is no least 
power of A in the equation, or, more definitely, there is no such equation. 

59. In a group or an algebra which contains no idempotent expression, any 
expression may be selected as the basis; but one is preferable which has the 
greatest number of powers which do not vanish. All the powers of the basis which 
do not vanish may be adopted as independent units and represented by the 
letters of the alphabet. 

A nilpotent group or algebra may be said to be of the same order with the number 
of powers of its basis that do not vanish, provided the basis is selected by the 
preceding principle. Thus, if the squares of all its expressions vanish, it is of 
the first order ; if the cubes all vanish and not all the squares, it is of the second 
order, and so on. 

60. It is obvious that i a nilpotent group whose order equals the number 
of letters which it contains, all the letters except the basis may be taken as the 
successive powers of the basis. 

61. In a nilpotent group, every expression, such as A, has some least 
power that is nilfacient with reference to any other expression, such as B, and 
which corresponds to what may be called the facient order of B relatively to 
A; and in the same way, there is some least power of A which is nilfaciend with 
reference to B, and which corresponds to the faciend order of B relatively to A. 
When the facient and faciend orders are treated of irrespective of any especial 
reference, they must be referred to the base. 

The facient order of a product which does not vanish, is not higher than that of 
its factent ; and the faciend order is not higher than that of its faciend. | 

62. After the selection of the basis of a nilpotent group, some one from 
among the expressions which are independent of the basis may be selected by the 
same method by which the basis was itself selected, which, together with all its 
powers that are independent of the basis, may be adopted as new letters ; and again, 
from the independent expressions which remain, new letters may be selected by the 
same process, and so on until the alphabet is completed. In making these selections, 
regard should be had to the factorial orders of the products. 


| 
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63. In every nilpotent group, the facient order of any letter which is indepen- 
dent of the basis can be assumed to be as low as the number of letters which are 
independent of the basis. 

Thus, if the number of letters which are independent of the basis is denoted 
by n’, and if n is the order of the group (and for the present purpose it is suffi- 
cient to regard n’ as being less than n), it is evident that any expression, A, with 
its successive products by the powers of the basis 7, as high as the n'™”, and the 
powers of the basis which do not vanish, cannot all be independent of one 
another ; so that there must be an equation of the form 


+ = 0. 
1 0 


Accordingly, it is easy to see that there is always a value of A, of the form 


A, = 
which will give 
which corresponds to the condition of this section. 

There is a similar condition which holds in every selection of a new letter by the 
method of the preceding section. 

64. In a nilpotent group, the order of which is less by unity than the number of 
letters, the letter which is independent of the basis and its powers may be so selected 
that its product into the basis shall be equal to the highest power of the basis which 
does not vanish, and that its square shall either vanish or shall also be equal to the 
highest power of the basis that does not vanish. Thus, if the basis is 7, and if the 
order of the algebra is n, and if 7 is the remaining letter, it is obvious, from § 63, 
that 7 might have been assumed such that 

y= 0, 
which gives 
ji= 
and therefore, ji=ai* +57, 
=v, 
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a a 
Ji =i, 


we have 
= =Ji, 

and 7, and 7; can be substituted for 7 andj, which conforms to the proposition 
enunciated. 

It must be observed, however, that the analysis needs correction when the 
group is of the second order. 

65. In a nilpotent group of the first order, the sign of a product is merely 
reversed by changing the order of its factors. Thus, if 


+ BP = 0 
it follows by development, that 


(A+ BY = AB+ BA+ B=AB+ BA=0 
BA=—AB, 


which is the proposition enunciated. 
66. In general, in any nilpotent group of the n™ order, if (A*%, B‘) denotes the 
sum of all possible products of the form 


A? BY AP’ BY Av" Bw 


in which 
2p=s, 
and if 
it will be found that 
(4°, B= 0. 
For since (A + =0 


whatever be the value of x, the multiplier of each power of « must vanish, which 
gives the proposed equation 
=0. 

67. In the first group of an algebra, having an idempotent basis, all the expres- 
sions except the basis may be assumed to be nilpotent. For, by the same argument 
as that of §53, any equation between an expression and its successive powers 
and the basis must involve an equation between another expression which is 
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easily defined and its successive powers without including the basis. But it 
follows from the argument of §57, that such an equation indicates a corres- 
ponding idempotent expression ; whereas it is here assumed that, in accordance 
with §56, each group has been brought to a form which does not contain any 
other idempotent expression than the basis. It must be, therefore, that all the 
other expressions are nilpotent. 

68. No product of expressions in the first group of an algebra having an idem - 
potent basis, contains a term which is a multiple of the basis. 

For, assume the equation 


AB=—aw+C, 


in which A, B and C are nilpotents of the orders m, n and p, respectively. 


Then, 
0 A*™+1B = —7A" + 


that is, the term — ai vanishes from the product AB. 

69. It follows, from the preceding section, that 7f the idempotent basis were 
taken away from the first group of which it is the basis, the remaining letters of the 
Jirst group would constitute by themselves a nilpotent algebra. 

Conversely, any nilpotent algebra may be converted into an algebra with an 
idempotent basis, by the simple annexation of a letter idemfaciend and idemfacient 
with reference to every other.* 

70. However incapable of interpretation the nilfactorial and nilpotent 
expressions may appear, they are obviously an essential element of the calculus 
of linear algebras. Unwillingness to accept them has retarded the progress of 
discovery and the investigation of quantitative algebras. But the idempotent 
basis seems to be equally essential to actual interpretation. The purely nilpotent 
algebra may therefore be regarded as an ideal abstraction, which requires the 
introduction of an idempotent basis, to give it any position in the real universe. 
In the subsequent investigations, therefore, the purely nilpotent algebras must 
be regarded as the first steps towards the discovery of algebras of a higher 
degree resting upon an idempotent basis. 


* That every such algebra must be a pure one is plain, because the algebra (a,) isso. [C. 8S. P.| 


4 
= 
a 
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71. Sufficient preparation is now made for the 


INVESTIGATION OF SPECIAL ALGEBRAS. 


The following notation will be adopted in these researches. Conformably with 
§9, the letters of the alphabet will be denoted byi, 7, &, 1, m and n. To 
these letters will also be respectively assigned the numbers 1, 2, 3, 4, 5 and 
6. Moreover, their coefficients in an algebraic sum will be denoted by the 
letters a, b, c, d, e and f. Thus, the product of any two letters will be 
expressed by an algebraic sum, and below each coefficient will be written in 
order the numbers which are appropriate to the factors. Thus, 


Jl = + Dag Cag dag m + fy 
fy n. 


In the case of a square, only one number need be written below the coefficient, 
thus 


while 


fn. 


The investigation simply consists in the determination of the values of the 
coefficients, corresponding to every variety of linear algebra; and the resulting 
products can be arranged in a tabular form which may be called the multipli- 
cation-table of the algebra. Upon this table rests all the peculiarity of the 
calculus. In each of the algebras, it admits of many transformations, and much 
corresponding speculation. The basis will be denoted by 7. 

72. The distinguishing of the successive cases by the introduction of 
numbers will explain itself, and is an indispensable protection from omission 
of important steps in the discussion. 


SINGLE ALGEBRA. 


Since in a single algebra there is only one independent unit, it requires no 
distinguishing letter. It is also obvious that there can be no single algebra 
which is not associative and commutative. Single algebra has, however, two 


cases : 
[1], when its unit is idempotent ; 


[2], -when it is nilpotent. 
[1]. The defining equation of this case is 


“9 


} 


2 
7 4 
i 
| 
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This algebra may be called (a,) and its multiplication table is * 


(a,) 


[2]. The defining equation of this case is 


This algebra may be called (4,) and its multiplication table is + 
(d;) @ 


0 


DouBLE ALGEBRA. 


There are two cases of double algebra: 
[1], when it has an idempotent expression ; 
[2], when it is nilpotent. 
[1]. The defining equation of this case is 
4. 
By §§ 41 and 50, there are two cases: 


[1°], when the other unit belongs to the first group ; 
[12], when it is of the second group. 


The hypothesis that the other unit belongs to the third group is a virtual 
repetition of [12]. 
[17]. The defining equations of this case are 


It follows from §§ 67 and 69, that there is a double algebra derived from (6,) 
which may be called (a,), of which the multiplication table is f 


* This algebra may be represented by i= 4: A in the logic of relatives. See Addenda. [C.S. P.] 
t This algebra takes the form i= A: B, in the logic of relatives. [C. 8. P.] 
t This algebra may be put in the formi=A:A+B:B, j=—A:B. [C.S. P.] 


€ 
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(@) J 
t 


[12]. The defining equations of this case are, by § 41, 
whence, by § 46, 
A double algebra is thus formed, which may be called (6,), of which the multi- 
plication table is * 


(2) 


[2]. The defining equation of this case is 
== 0, 


in which v is the least power of ¢ which vanishes. There are two cases: 


[21], when x= 


bo 


[27], when 
[21]. The defining equation of this case is 


6, 
and by § 60, 


d 


Yay, 


This gives a double algebra which may be called (¢,), its multiplication 
table being + 


*This algebra may be put in the form i= A:A,j=A:B. [C. 8. P.] 
relative form, i= A:B+B:C, j=A:C. [C. 58. P.] 


Vou. IV. 
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[27]. The defining equations of this case are 
and it follows from §§ 64 and 65 that 
so that there is no pure algebra in this case.* 


TRIPLE ALGEBRA. 


There are two cases: 


[1], when there is an idempotent basis ; 


[2], when the basis is nilpotent. 


[1]. The defining equation of this case is 
There are, by §§ 41, 50 and 41, three cases: 
[1*], when 7 and £ are both in the first group ; 
[12], when / is in the first, and / in the second group ; 
[13], when 7 is in the second, and / in the third group. 
The case of 7 being in the first, and / in the third group, is a virtual 
repetition of [12]. 
[1°]. The defining equations of this case are 


*This case takes the form i= A: B, 7=—C:D. 


122 
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It follows from §§ 67 and 69, that the only algebra of this case may be derived 
from (¢,); it may be called (a;), and its multiplication table is * 


(a) 


ki {| 0 


[12]. The defining equations of this case are 
whence, by §§ 46 and 67, 


p=P=h=—0, jk=ceuk, 


Prk = 0 = ey jh = yh = ey 


and there is no pure algebra in this case.+ 
[13]. The defining equations of this case are 
0; 
whence, by § 46, 
fruewk=0, jemayi, 
Jly = 0 = = ay = 


and there is no pure algebra in this case. 
[2]. The defining equation of this case is 


in which n is the lowest power of ¢ that vanishes. 
There are three cases: 
[21], when n = 4 
[27], when 3; 
) 


[23], when n = 2. 


*In relative form, i= A:A+B:B4+C:C, j=A:B+B:C, k=A:C. [C.S. P.] 

Tt That is to say, i and j by themselves form the algebra a, , and i and k by themselves constitute the 
algebra b, , while the products of j and k& vanish. Thus, the three letters are not indissolubly bound 
together into one algebra. In relative form, this case is, i= A:A+B:B, Jj=A:B, kK=A:C. 
[C. S. P.] 


{In relative form, i= A:A+D:D,j=A:B,k=C:D. [C.8.P.] 


| 
k 
j| j | 0 | 
, | | 
| 
| 
| 
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[21]. The defining equation of this case is 


and by § 60 


ark. 


This gives a triple algebra which may be called (0,), the multiplication table 
being * 
k 


and by §§ 59 and 64, observing the exception, 


There is no pure algebra when 0., vanishes,+ and there are two cases: 
31 


[271], when 6, does not vanish ; 
[2°], when vanishes. 


[2?1]. The defining equation of this case can, without loss of generality, 
be reduced to 


This gives a triple algebra which may be called (ec,), the multiplication table 
being ft 


*In relative form, A:B+B:C+C:D,j=A:C+B:D,k=A:D. [C.8.P.] 
This case takes the relative form, i= A:B+B:C,j=A:C,k=b,A:D+D:C. [C.8. P.] 
{In relative [C.8.P.] 


| 
| 
0 | 0 | 
k| 0 | 0 0 
[27]. The defining equation of this case is ' 
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(¢3) a J k 


@ 


An interesting special example of this case is afforded by a = —2, when 


=—J 
. 
6, 
so that 4 + ¢ might be substituted for %, and in this form, the multiplication 
table of this algebra, which may be called (cs), is * 


(es) k 


| 
O 0 | 
| —— — 
ki} —j| 9 | 
*In relative form, i= A:B+B:C,jJ=A:C, k=—A:B+B:0+A:D+D:C. 
When a= -+ 2, the algebra equally takes the form (c’;), on substituting k—i for k. On the other 


hand, provided a is neither 2 nor —2, the algebra may be put in the form 


(c3)i j &k 


1 
b 


jforj. Thus the algebra (c,) has two distinct and intransmutable species, (¢;) and (c3). [C.S. P.] 


To effect the transformation, we write a = —b—-~< and substitute i+ bk and i+ i for 7 and k, and i 
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[27]. The defining equation of this case is 


and 6, may be reduced to unity without loss of generality, giving a triple 
algebra which may be called (d;), the multiplication table being 


(d;) 4 J k 


Tn this case («—k)k =0 
k(t—k) =1 
=0, 
so that ¢—z may be substituted for 7, and in this form the multiplication 
table is * 
(d,) k 


0 


[23]. The defining equations of this case are 
and by the principles of §§ 63 and 65, it may be assumed that 


of alio-relations in its 
typical form. [C.S. P.] 


126 
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We thus get a triple algebra which may be called (e;), its multiplication table 
being * 


(e;) k 


0 
| 


ki 09 | 0 


QUADRUPLE ALGEBRA. 
There are two cases : 


[1], when there is an idempotent basis ; 
[2], when the base is nilpotent. 


[1]. The defining equation of this case is 
There are six cases : 
[17], when J, &, and Z, are all in the first group; 
[12], when 7 and / are in the first, and 7 in the second group ; 
[13], when 7 is in the first, and & and 7 in the second group; 
[14], when / is in the first, & in the second, and 7 in the third group ; 
[15], when 7 and & are in the second, and 7 in the third group ; 
[16], when 7 is in the second, & in the third, and 7 in the fourth group. 


The other cases are excluded by §§$ 50 and 51, or are obviously virtual repeti- 
tions of those which are given. 
[1?]. The defining equations of this case are 


and from §§60 and 69, the algebras (,), (¢;), (d;), and (¢3), give quadruple 
algebras which may be named respectively (a4), (;), (¢,), and (d,), their 
multiplication tables being 


numbers. [C. 8. P.] 


| O | 
| 
| 
| | 
E *Tn relative form,i=A:D,j=A:B-C:D.k=A:C+B:D. This is the algebra of alternate 
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k (by) 


k / 


The special case (c's) gives a corresponding special case of (,), which may 
be called (4’,), of which the multiplication table is 


j k 
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The second form of (d;) gives a corresponding second form of (c¢,), of which 
the multiplication table is 


J k l 


i| j | 


[12]. The defining equations of this case are 
isi, 
and it follows from §§ 67 and 69, that (c) gives 
fuk, 0; 
and from § 46, 
whence 
and there is no pure algebra in this case.* 
[13]. The defining equations of this case are 
which give by §§ 46 and 67 
and it may be assumed that 
jk=1, whence gi= 0. 


This gives a quadruple algebra which may be called (e,), its multiplication 
table being + 


*In relative form, i= A:A+B:B+C:C+D:D, j=A:B+B:C, k=A:C, 1I=D:C. 
[C. S. P.] 

In relative form, i= A:A+B:B,j=A:B,k=B:0C,1=A:C. [C.8.P.] 
Vou. IV. 


| 


Linear Associative Algebra. 


k 


k 


l 0 


[14]. The defining equations of this case are 


kh=k, hal, 


which give, by §§ 46 and 67, 

Boag + 6), 
0 = = = =O; = jh, 
0 = dy J = Ags, 


and 6, cannot be permitted to vanish,* so that it does not lessen the generality 


to assume 


This gives a quadruple algebra which may be ealled (A), its multiplication 


table being + 
(fi) k 1 


8. P.] 
(C8. 


* For then the algebra would split up into three double algebras. 
In relative form, i= A:A+B:B,j=A:B,k=A:C,1=C:B 
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[15]. The defining equations of this case are 
yYy=j, 
which give, by § 46, 
mag, 
= JY = = yy = 
Hi =a, k =a, =H, 


and there is no pure algebra in this case.* 
[16]. The defining equations of this case are 


Bok, 
which give, by § 46, 
hej ke = Agghk = kyl = dyd,l = bidyl, 
dg 


0 = (C43 — = (O24 — = Age — dy) = (C4g — dg) — 


There are two cases: 


[161], when d,. does not vanish ; 
[162], when ds. vanishes. 


[161]. The defining equation of this case can be reduced to 


d,=1, 
which gives 
= boy = = Ay. 
There are two cases: 
[161°], when d, does not vanish ; 
[1612], when d, vanishes. 


[161*]. The defining equation of this case can be reduced to 


which gives 
jaunt, bak, 


*TIn relative form, i= A:A,j=A:B,k=A:C,l1=D:A. There are three double algebras of 
the form (b,). [C. 8S. P.] 
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and there is a quadruple algebra which may be called (g,), its multiplication 
table being 


4 k 


This is a form of quaternions.* 
[1612]. The defining equation of this case is 


0, 


which gives 


*In relative form, i= A:A,j=A:B,k=B:A,1=B:B. This algebra exhibits the general 
system of relationship of individual relatives, as is shown in my paper in the ninth volume of the 
Memoirs of the American Academy of Arts and Sciences. In a space of four dimensions, a vector may 
be determined by means of its rectangular projections on two planes such that every line in the one is 
perpendicular to every line in the other. Call these planes the A-plane and the B-plane, and let v be 
any vector. Then, iv is the projection of v upon the A-plane, and lv is its projection upon the B-plane. 
Let each direction in the A-plane be considered as to correspond to a direction in the B-plane in sucha 
way that the angle between two directions in the A-plane is equal to the angle between the correspond- 
ing directions in the B-plane. Then, jv is that vector in the A-plane which corresponds to the projection 
of v upon the B-plane, and kv is that vector in the B-plane which corresponds to the projection of v upon 
the A-plane. 

Professor Peirce showed that we may take 7, , j;, k,, as three such mutually perpendicular vectors 
in ordinary space, that i= 3 (1— yi,), j= (j— ge), (1— yi). [See, also, 
Spottiswoode, Proceedings of the London Mathematical Society, iv, 156. Cayley, in his Memoir on the 
Theory of Matrices (1858), had shown how a quaternion may be represented by a dual matrix.] Thus 
j,k, 1, have all zero tensors, and j and k are vectors. In the general expression of the algebra, 
if and we have if e=—w=V/—yz, then 
q?=0. The expression i+ / represents scalar unity, since it isthe universal idemfactor. We have, also, 
Sq= (e+ w) Va= ui 2k-+ (w—w)l, Ta — (i +1). 

The resemblance of the multiplication table of this algebra to the symbolical table of 746 merits 
attention. [C.S. P.] 


& 0 
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and there is a quadruple algebra which may be called (A,), its multiplication 
table being * 


etal 


[162]. The defining equation of this case is 


0, 
which gives 
Ang = 0, 


and there can be no pure algebra for it.+ 
[2]. The defining equation of this case is 


There are four cases: [21], when n=5; 
[27], whenn=4; 


[23], when n= 3; 
[24], whenn=2. 


[21]. The defining equation of this case is 


and by § 60, 


This gives a quadruple algebra which may be called (7), its multiplication table 
being ft 


*In relative foem, (== 4:4, j= A:B, k= C:A,t=C (CB 

t In thie case, {= A: A, Il=d,(B: B+ C:0), j= A: 

tIn relative form, i= A:B+B:C+C:D+D:£, j=A:C+B:D+C:£E, k=A:D+B:E, 


jj 9 | | O | 
0 | 0 
1] 0 | 0 | 0 | 0 
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) l 
J | O 


and by § 59, 
There are then, by § 64, two quadruple algebras, which may be called (j,) and 
(4), their multiplication tables being * 

Gi) jf bk and (ky) 


i| j | 0 i| 


0 0 


| 


uct 


| 
| 
| 
0 | 0 | 


k | 0 


[23]. The defining equation of this case is 
and by § 59 


and it may be assumed from the principle of § 63 that 
tkh=0, 


which gives 
0. 


*In either of these algebras, i= A:B+B:C+C:D, j=A:C+B:D, k= A:D; 
in (j4) LMA: while in (k,)1=A:C. [C.S8. P.] 
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[27]. The defining equation of this case is 
f= 0, 
| 
| 0 | 0 | 
& | ji ok | 0 |) 0 | W | 

| 0 0 | O | 0 | | 
— | l k | 0; 0; 0 | 

and 
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There are two cases: [231], when =k; 
[232], when 0. 


[231]. The defining equation of this case is 


which gives 
= agyt + + Cak + dal, 


So, because i? = 0, 


But 4/7 contains no term in /, so that d, = 0. 


ty, 


thi ay=0, dy=0, ki=byj + 


and because thi = 0, kl=byj tek, hj = hit = cyki = 7 + 


4? =alit+ + elk + dl. 


tegk, k=hi=0. 


There are two cases: 
[2317], when cy does not vanish ; 
[2312], when cy vanishes. 


[231?]. The defining formula of this case is 
Co $0, 
and if p is determined by the equation 
Cy + (C4 — bg) p = 


pi)=k+py, 
(0+ pi) = + pen) (& + py), 


we have 


the same as to make 


so that 7+ pi and k+ pj may be substituted respectively for 7 and &, which is 
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and there are two cases: 
[231%], when c,* does not vanish ; 


[231°2], when c, vanishes. 
[221%]. The defining equation of this case can be reduced to 
This gives a quadruple algebra which may be called (/,), its multiplication 


table being + 
(4) k 


ki} | 0 | O O 


| 


0 0 k 


[231°2]. The defining equation of this case is 


* T, e. the new c,, or what has been written c,-+pc,,. In all cases, when new letters of the alpha- 
bet of the algebra are substituted, the coefficients change with them. [C. S. P.] 

+Whenb=0, c=—1, we have/(i—/) = 1)1=0; so that by the substitution of i—/ fori, the 
algebra is broken up into two of the form (e,). When b=0, ec+1, on substituting 7, =i—l, 
ji mj—ck, =(e—1)?k, 1,=(e—1)l, we have i?=/j,, so that the 
algebra reduces to (74). When b=1, c=0, on putting?, j, =j—k, we have tj =i,1=0, 
li, =j, , =k; so that the algebra reduces to (q,). When b=1, c+0, on putting i, — (i— 1), 
ji zjt+(e—1)k, we have =k, U, =j,; so that the algebra reduces to (p,). 
When b(b — 1) (be- +b—1) +0, on putting 7; —(1—b) b}—(1—b)l, (1—b)?2(1—b—be)k, 
k, = b? (1—b) (1— b — be) j db) (1 —b—c+c’b)k, 1, =b(1—b)i—bel, we get the multipli- 
cation table of (0,). Whenb(b—1)+0, bec+b=1; on putting —b(i—1), 7, =b? (1—b) j—b’ck, 
k, =b(1—b—c)k, 1, =bi--1, we get the following multiplication table, which may replace that in 
the text: 


li 
j}ofolo|o 


In relative form,t= HE, eC=A:B+D:E. [C.8. P.] 


| 
i 
i 
— 
i} | j 
| | 
j) 9 | 0/0] 0 
| | | 
q 
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There are two cases: 
[231°21], when by, does not vanish ; 
[23127], when d, vanishes. 
[231°21]. The defining formula of this case is 
by + 0. 
There are two cases : 
[231°21?], when cy + 1 does not vanish ; 
[231°212], when ce, + 1 vanishes. 


[231217]. The defining formula of this case is 
tg 0 


Pat bij + bacul 


byi + Cyl Cyl by en Ong + euk 


+ Cx1 +1 Cu + 1* ty +1 
rte + byenk 
so that the substitution of but , and 


Cy +1 Cy +1 


7,7, andk, isthe same as to assume 


so that 


Cn +1? 


Cy = 0, by 


which reduces this case to [2312]. 
[231212]. The defining equation of this is easily reduced to 


hk=j—k. 


This gives a quadruple algebra which may be called (m,), its multiplication 


table being 


VoL. IV. 


respectively, for 
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The substitution of ~—/ and y—A, respectively, for ¢ and j transforms this 
algebra into one of which the multiplication table is * 


(m;,) 4 4 k l 


if ac 


ji 09} 0,0) 0 


[231°2?]. The defining equation of this case is 
egk. 


This gives a quadruple algebra which may be called (n,), its multiplication 


table being + 
(m,) J k 


9 | 0} 0 | 0 


1| ck | 10 


[2312]. The defining equation of this case is 


which gives 
0, 


so that the substitution of 7— byi for 7 passes this case virtually into [232]. 


[C.8.P.] 
In relative Whenc=0 
the algebra reduces to (q,). [C.S. P.] 


4 
| 
| | | 
| 
| 
1} 
| | 
| ki 0 | 0 | 0 | 
| 


When b= 0, this algebra reduces to (7,). When b=-~1, the substitution of i—/ for 7 reduces it to (7,). 
[C. S. P.] 
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[232]. The defining equation of this case is 
w= 0, 
and it may be assumed that 
i= 0, 
t+ egk+ dyl, 
There are two cases : 
[2521], when c,, does not vanish ; 
[232], when cy, vanishes. 
[2321]. The defining equation of this case is easily reduced to 
=ajt+ds, 
(=a boas = fi, 


it. 


There are two cases : 
[25217], when c, does not vanish ; 
[23212], when c, vanishes. 
[23217]. The defining equation of this case can be reduced to 
1 
which gives a quadruple algebra which may be called (o,), its multiplication 


table being * 


| | 
| 


*In relative form, i= A:E + E:D+B:C, j=A:D, k=A:C, 
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[23212]. The defining equation of this case is 


i - There are two cases: 


[232121], when 0, does not vanish ; 
[23212*], when 0, vanishes. 


[232121]. The defining equation of this case can be reduced to 


[? 


Hi 


This gives a quadruple algebra which may be called (),), its multiplication 
table being * 


i| j | O | O| 


0) 


F [23212*]. The defining equation of this case is 
This gives a quadruple algebra which may be called (q,), its multiplication 


table being + 
(qs). J 


| 0} 0 


| 


0 


& 0) 0) 0 


| 
| 
| 
| 
| 
| 


relative form,i = [C.8. P.] 
In relative form, i= A:C+C:D,j=A:D,k=B:D,1=B:C. [C.8. P.] 


| 
| 
0 | 0 | 0 | 
| 
| | | | | 3 
— | 
| 
| 
| 
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[2327]. The defining equation of this case is 


and we have 


so that there can be no pure algebra in this case if by vanishes,* and it may be 


4= baj 


P=b7 +d 


assumed without loss of generality that 


There are two cases: 


[23271]. The defining equation of this case can be reduced to 


which gives 


b=). 


[23271], when d, does not vanish ; 
[2327], when d, vanishes. 


and there is no pure algebra in this case.+ 
[232°]. The defining equation of this case is 


which gives 


There are two cases: 


[232°1]. The defining equation of this case can be reduced to 


which gives 


d, =0, 


12 = 


Pi =¢, + fl = dy = bey, 
o,f + dtd —dyg= beg. 


O = C3, = , 


i: (1 — = 0, 


]2 =j, 


hil — 


271], when does not vanish ; 
2*], when 6, vanishes. 


Uk: = bys J, 


*In this case, 7, k and 7, might form any one of the algebras (b,), (¢;), (d3) or (e3). 
+ The case is impossible because ki=0 and k7i=7. 


[C. S. P.] 


[C. 8. P.] 


4 
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so that 7— 63,7 can be substituted for 7 without loss of generality, which is the 


same as to assume 


and this gives 
Padf 
so that there is no pure algebra in this case.* 

[232]. The defining equation of this case is 


which gives 


0 — — = C24 kl = bes 
0 — Ph — C43 Ih 


and there can be no pure algebra if c, vanishes, so that it may be assumed, 


without loss of generality, that 
Pond, 


which gives 
Om Pm 
This gives a quadruple algebra which may be called (7,), its multiplication 


table being + 


(r,) 


[24]. The defining equations of this case are 


* Substituting for7, this case [C. 8. P.] 
4:B+ 8: D+-C:D, {= A:D; B, P.] 


| 
| 
| 
{ 
| 
| | 
i} | 0] 0] 0 | 
0 | 0/0! 0 
0 | 0 
| | | 
| 
| 
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and it may be assumed, from §§ 63 and 65, that 
which give 
= —ak +d, dy = ay, 


so that there is no pure algebra in this case.* 


QUINTUPLE ALGEBRA. 
There are two cases: 


[1], when there is an idempotent basis ; 
[2], when the algebra is nilpotent. 


[1]. The defining equation of this case is 
There are eleven cases: 


fl*], when 7, 4, Zand m are all in the first group ; 

[12], when y, / and / are in the first, and m in the second group ; 

[13], when 7 and &# are in the first, and 7 and m in the second group ; 

[14], when 7 and / are in the first, 7 in the second, and m in the third group ; 

[15], when 7 is in the first, and 7%, 7 and m in the second group; 

[16], when 7 is in the first, & and 7 in the second, and m in the third group ; 

[17], when 7 is in the first, / in the second, / in the third, and m in the fourth 
group ; 

[18], when 7, /% and 7 are in the second, and m in the third group ; 

[19], when 7 and /: are in the second, and / and m in the third group ; 

[10°], when 7 and /: are in the second, / in the third, and m in the fourth group ; 

[11"], when 7 is in the second, / in the third, and 7 and m in the fourth group. 


[1?]. The defining equations of this case are 


The algebras deduced by §69 from algebras (7) to (7,) may be named (a;) to (/;), 
and their multiplication tables are respectively 


cD: [C.8.P.] 
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[12]. The defining equations of this case are 


which give, by § 46, 


and if A is any expression belonging to the first group, but not involving 7, we 
have the form 
Am=am, 


and by § 67, A is nilpotent, so that there is some power n which gives 


O= = = tm; 


and there is no pure algebra in this case.* 


[13]. The defining equations of this case are 
which give, by § 46, 
and it may be assumed from (a;), by § 69, that 


f=o. 


It may also be assumed that 


jl=m, whencet A=jm=0. 


We thus obtain a quintuple algebra which may be called (/;), its multiplication 


table being this : 


*In fact «7 and m, by themselves, form the algebra (b,), while 7, 7, k, 1, by themselves form 
one of the algebras (a,), (b;), (¢4), (dy), the products of m with7, k and/ vanishing. [C. S. P.] 

This is proved as follows: 0= (dz, + e:4)m. Thus d,;e,; 
=Oand d,,+-¢3,=—0; ord,, =0, ¢,,=0, jm [C.8. P.] 


146 
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(ks) 4 k l m 


m 0 0 0 0 | O 


[14]. The defining equations of this case are 
Y=f=j, k=kh=—k, d=l, 


which give, by § 46, 


It may be assumed from § 69 and (as) that 


whence 


0= = mj = mk = dg] + —ag— bg. Im=cgk, 


and there is no pure algebra in this case.* 
[15]. The defining equations of this case are 


k=—k, t=l, m=m, 


which give, by §§ 46 and 67, 


It may be assumed that je=l, jm=0,t 
whence, 0, 


and there is no pure algebra in this case. 


*{= A: 44+B:B+C:C, j= A: B+B:C, A:C, A: Dy CaP] 

+ We cannot suppose jk =k, because j?k=0. We may, therefore, put! forjk. Thenjl=0. Then, 
0O=j2m =e, It follows that jn=—d,,l, and substituting m—d,,k for 
m, wehavejm=0. The algebra thus separates into (b,) and (e,). [C.S. P.] 
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[16]. The defining equations of this case are 
k=—k, d=1l, m=m, 
which give, by §§ 46 and 67, 
kim = Ast + , Im = ays + bys J, 
and it may be assumed that 
Jk =a yl, jl=0, 
and d,, cannot vanish in the case of a pure algebra,* so that it is no loss of 
generality to assume 
which gives 
= lm = digg) 
There are two cases : 


[161], when a;; does not vanish ; 
[162], when a,; vanishes. 


[161]. The defining equation of this case can be reduced to 


a3 =1, 
which gives lIm=j, km =1 + dg], 
and 7+ 6,,7 can be substituted for 7, and this gives a quintuple algebra which 
may be called (/;), of which the multiplication table is 


(5) J 


i) j 


* But 0= mk= Hence —0and either d,; or 
and in either case there is no pure algebra. The two algebras (/;) and (m,) are incorrect, as may be seen 
by comparing k. mk withkm.k. [C.S. P.] 


| Se | k | l | 0 | | 

ite 

m 
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[162]. The defining equation of this case is 


A35 0 ’ 
which gives 
km = by7, Im=0; 


and b,; cannot vanish in the case of a pure algebra, so that it is no loss of 
generality to assume 

km =). 
This gives a quintuple algebra which may be called (m;), of which the multipli- 
cation table is 


(m;) k l m 


| 
m 


[17]. The defining equations of this case are 
which give, by §§ 46 and 67, 


kel = + km=cyk, lk=cgm, ml=d,l, 
0 = = = 
= by = 0 = cgml =cydy, kk =byjk= 0 = = 
== = eget = egg gm == 
keml = = —Co5) = 90, km? =e, km=cgkm, — = 0, 
=e,ml = dyml, — dy) ds, = 0. 
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There are two cases: 
[171], when e, = 1 ;* 


[172], when e, = 0. 
[171]. The defining equation of this case is 


which gives 
Om = &. 


There can be no pure algebra if either of the quantities 6,,, ¢,; or d;, vanish, 
and there is no loss of generality in assuming 


ki=j, km=k, mi=l. 


This gives a quintuple algebra which may be called (;), its multiplication table 


being 
(ms) 4 


which gives 
= = al; 


* But on examination of the assumptions already made, it will be seen that if e, is not zero, and 
consequently c,, =0, the algebra breaks up into two. Accordingly, the algebra (m;) is impure, for 7, 
j, kand 1, alone. form the algebra (f,), while m, 1, k. j, alone, form the algebra (h4), and tm = mi 


=0. [C.S. PJ 


| 
| | | 
0 0 | 0 | 
| | 
0 
m| 0 | 0 i l | | 
[172]. The defining equation of this case is 
i 
| 
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and there can be no pure algebra if either 6,, or c vanishes, and it may be 
assumed that 

k=m. 
This gives a quintuple algebra which may be called (o0,), its multiplication table 
being as follows : * 


O 0 0 0 0 


[18]. The defining equations of this case are 
which give, by § 46, 
But if A is any expression of the second group, 


Am = ai; 
which gives 
0 = Any = aj =a = Am = jm = in, 
and there is no pure algebra in this case. 
[19]. The defining equations of this case are 


which give, by § 46, 


B+ D: D+F: K=B: C+D: [C.8.P.] 


| 
i) jf k 0 | 
| | 
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But if A is an expression of the second group and B one of the third, 


AB= ai, 
which gives 
and there is no pure algebra in this case. 
[10’]. The defining equations of this case are 


which give, by § 46, 
and it is obvious that we may assume 
jl=0. 
We have, then, 
Jm = + Cok, =agi, km = + cask, 
Y=egn, k=egn, ml=d,!, m'=em, 
0 = jl = Jml = Cog kel = = 
There are two cases : 
[10'1], when a,, does not vanish ; 
[10’2], when as, vanishes. 


[10’1]. The defining equation of this case can be reduced to 


¢, 


which gives 
Cop = 0, gm = bys). 


There are two cases: 
whene, = 1; 


[10/12], when e, vanishes. 
[10’1?]. The defining equation of this case is 
and we assume 
jm=j, mi=il, 
because otherwise this case would coincide with a subsequent one. We get, then, 


0 = =, 0 =jlh = eg jm = = lh, 


which virtually brings this case under [10/2].* 


* This does not seem clear. Buti =i? =—klkl=0, which is absurd. [C.S. P.] 


* 
a 
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[10/12]. The defining equation of this case is 
m= 0, 
which gives 
jn’ = b, =a, = al, 


which is impossible, and this case disappears. 
[10’2]. The defining equation of this case is 
0,* 
There are two cases: 
(10'21], when = 1; 
[10’27], when e,; vanishes. 


[10’21]. The defining equation of this case is 


and if we would not virtually proceed to a subsequent case, we must assume 


jm km = m= 


and there is no loss of generality in assuming 
g=0, 
so that there is no pure algebra in this case.+ 
[10'2?]. The defining equation of this case is 
m= 0, 
which gives 


O= wl = ddl = d,, 
and we may assume 
which gives 
0 = jm’ = b, jm = by = jm, kr’ ka 
0O=egm? = Tem = = 


* In this case, the algebra at once separates into an algebra between j7, k, 1 and m, and three double 
algebras between i and j, iand k, andiand/, respectively. [C. 8. P.] 

Tt In fact, 0=—lklk =e2,m—=e,,—lk. So that the algebra falls into six parts of the form (b,). [C.S. P.] 

t The author omits to notice that 0=kik=e,,km—=e,,b,,. Thus, eitherkm=0orlj=lk=0. The 
algebra (p;) involves an inconsistency in regard to klk. [C.S. P.] 


IV. 
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and we have without loss of generality 


This gives a quintuple algebra which may be called ();), of which the multipli- 


cation table is 


[11’]. The defining equations of this case are 


G=j, fe Komi = 0; 


which give, by § 46, 


There are two cases : 
(11’1], when / is the idempotent base of the fourth group ; 
[11'2], when the fourth group is nilpotent. 
[11'1]. The defining equation of this case is 
There are two cases : 


[11’1?], when m is in the second subsidiary group of the fourth group ; 
[11/12], when m is in the fourth subsidiary group of the fourth group. 


[11’1?]. The defining equations of this case are 


im=m, mi=0; 


| 
(ps) 4 j k l m 
| 
ki 0} 0/0/04) | 
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which give 0 = m’ = jm’ = by, jm = = jm, 
0 = wk = ogmk == == mk; 


and «,, cannot vanish in a pure algebra, so that we may assume 


jk 
which gives 
kjk =k = J = 1 = = , 
jla=jPl =byjl, by=by=1, k=Pk=eglk, cg =eg=1= dy, 


and there is no pure algebra in this case.* 
[11/12]. The defining equations of this case are 


lm=ml= 0, 
which give 
O = = by = 7 = 0 = link = = = , 
kyl — — by key = by +- ool — Cyght) + 
There are two cases : 
[11'121], when m is idempotent ; 
[11/127], when m is nilpotent. 


{11'121]. The defining equation of this case is 


which gives 
and it may be assumed that 


But if the algebra is then regarded as having / for its idempotent basis, it is 
evident from § 50 that the bonds required for a pure algebra are wanting, so 
that there is no pure algebra in this case. 


*In fact, i, 7, k, form the algebra (g,). and/7, m, the algebra (b,). [C. 8. P.] 

+ The last equation holds by 268. [C. 8. P.] 

tNamely, d,,—0, and either e,,=1, when / forms the algebra (a,), andi, 7, k, m the algebra 
(g4), or else e;, = 0, when by [13] of triple algebra a,, —0, andj and k each forms the algebra (b,) with 
each of the letters i, 7, m. [C.S. P.] 
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[11/12?]. The defining equation of this case is 
== 
which gives 
jim, ek, 
and there is no pure algebra in this case. * 
[11’2]. The defining equation of this case is 
P= 0, 
in which n is 2 or 8. We must then have 


= al 


which give 


and there is no pure algebra in this case. + 
[2]. The defining equation of this case 1 

There are five cases: 
[21], when n= 6; 
[27], whenn=5; 
[23], when n= 4; 
[24], when n= 8; 
[25], when n = 2. 


[21]. The defining equation of this case is 


ao 


and by § 60, 


This gives a quintuple algebra which may be called (g;), its multiplication table 


being 


* Here, m forms the algebra (b,) . and the other letters form (g,). [C. 8S. P.] 

Namely, if n= 2, 7,7, form the algebra (d;) (second form), 7, 7, andi, k, the algebra (b,), and 
m the algebra (c,). But ifn—3,j, k. land m form an algebra transformable into (j,) or (k,), while 7, 
j-. andi, k form, each pair, the algebra (bz). [C. 8S. P.] 
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(qs) 2% k l m 


i} | t | 0 


[2°]. The defining equation of this case is 


and by § 59, 
There are then by § 64 two quintuple algebras which may be called (7;) and (s;), 
their multiplication tables being 


(5) 4 j k l m (s;) 4 a k l m | 
i] j | el | 
j) Bi ti & 
ki t| 0/10/01] 0 ki o 0 0 
ol ololole | 0 0 0 
mor 0 0 0 1 mi 0 


and by § 49, 
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and it may be assumed, from the principle of § 63, that 


d=, 
which gives 
+dylteym, P=ek+dltem, Im=cgk + dygl + egm. 
There are two cases: 
[231], when im = /; 
[232], when im= 0. 


(231]. The defining equation of this case is 


um 
whence 

Sad?f, Ames, Pend, 
m=cy(lt+dy)k, mk=0, 
ami =P =ek, ml=aj + + 

im? =Im=cyk + + 6k + + dgm, 

(= min = dja=d2,, 0 dw 

There are two cases: 
[2317], when c, does not vanish ; 
[2312], when cy vanishes. 


(231?]. The defining equation of this case is reducible to 


There are two cases : 
[231°], when c¢,, does not vanish ; 


[251°2], when vanishes. 
[2317]. The defining equation of this case can be reduced to 
im =<, 
which gives 
d;=ds + 
m=k+dyk + dsdyk =dk, di =—1; 


* To these equations are to be added the following, which is taken for granted below: ml=mim = 
[C.8. P.] 


{ 
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and if ry is one of the imaginary cube roots of — 1, there are two cases : 


[231*], when d, 
[2312], when d, = — 1. 


[2314]. The defining equation of this case is 


which gives 
i(m — Cyl) = 1, I(m—egl) =k, 
(m—elJ= 
(m—cyl)k=0, (m—e,l)l=rk, 
(m — eyl)P + en (1 + (2e— 1) 1; 


so that the substitution of m — c¢,,/ for m is the same as to make 


sz 0. 
There are two cases: 
[231°], when ¢, does not vanish ; 
[23142], when ¢, vanishes. 


[231°]. The defining equation of this case can be reduced to 


sel. 


There is then a quintuple algebra which may be called (¢,), its multiplication 
table being * 


* The author has overlooked the circumstance that (¢,) and (w;) are forms of the same algebra. If in 
(¢;) weput?, =i—rj, k, m,=—xr*j+m, we get (u;). The struc- 
ture of this algebra may be shown by putting 7, ri, Jj, ky ——k. 1, = m, =ri—m, 
when we have this multiplication table (where the subscripts are dropped): 


| 
rk 0';0;0);0 


mi th | etki | 


In relative form. i= Jj=A:DtA: E+B:G, k=A:G4, 
l= vA: [C.8. P.] 
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(t;) k l m 

i ) k 0 | 0 l 

j 7 0 4 | 0 0 

k 0 0 0 | 0 0 

l 0 0 oO | 
m i+ rl (14 vk 


[23142]. The defining equation of this case is 


There is then a quintuple algebra which may be called (ws), its multiplication 
table being 

(u;) k l m 

i} j k | 0 1 

| 

0 | 0 0 

ki 0 0 | 0 0 | 0 

l h 0 0 0 k 


[23172]. The defining equation of this case is 


which gives 
d,=0, t(m—egl)=1, U(m—egl) 
so that the substitution of m — c¢,/* for m is the same as to make 


Cy = 0. 


* The original text has m —c,,k throughout these equations, but it is plain that m—c,,/ is meant. 
[C. S. P.] 
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There are two cases : 
[23121], when c, does not vanish ; 


[231°27], when ce, vanishes. 
[231°21]. The defining equation of this case can be reduced to 
There is a quintuple algebra which may be called (v;), its multiplication table 


being * 
(vs) 4 k l m 


m\j7—l 0 0 —k tk 


[231°2”]. The defining equation of this case is 


This gives a quintuple algebra which may be called (w;), its multiplication table 
being * 


9 
* The algebra (v,) reduces to (w,;) on substituting 7, =itgstgl. 


n= sit x? +m. To exhibit the structure of this algebra, we may put p and p’ for imaginary cube 
roots of 1, and substitute in (w,)%, =i+p’m, =3k, 1; =(1—- 
JS —3l, m,=i+pm. Then, dropping the subscripts, we have this multiplication table. 


j im 


0 


m| 0) 0 


In relative form, i= j=3pA:C+3)'D: F, k=8A:D, 1=8)'A:E 
[C.8. P.] 
Vou. IV. 
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ojo. 
0] 0] 0) 0 


m|\j—l| 0 | j+k 


[23172]. The defining equation of this case is 
lm= 0, 
which gives 
m=0, M=ck+dl, d=1+ dy, 
and c;, may be made to vanish without loss of generality. 
There are three cases : 


[231221], when neither dj, nor dy, + 1 vanishes ; 
[231°2?], when d;, + 1 vanishes ; 
[231°23], when ds, vanishes. 


231721]. The defining formulae of this case are 


dy +0, dy +—l1. 
There are two cases: 


[231*21*], when c, does not vanish ; 
[231°212], when ¢, vanishes. 


[231°217]. The defining equation of this case can always be reduced to 


1, 


This gives a quintuple algebra which may be called (z;), its multiplication table 


*In relative form, {= A:B+A:E+B:D+D:F, j=A:D+B:F. k=A:F, 1=A:D. 
[C.S. P.] 


(ws) J k 1 
| 
k | 0 | 0 | 0 | 
| | | 
| 
| 
| 
being * 
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(as) 4 k l m 

a ) k 0 0 l 

sh alo) 

k 0 0 0 

& 0 0 0 0 

m| jtal (l+a@ak 0 0 


[2317212]. The defining equation of this case is 


0. 
This gives a quintuple algebra which may be called (y;), its multiplication table 
being * 
(Ys) k m 
i 
i} J k | 0 0 l 
j\ 0 0 0 
| | 0 | 0 
l k 0 0 0 0 
m|j+al (1+ ak 0 0 (1 + 
_ (231°2?]. The defining equation of this case is 
=— 1, 
which gives 
mi=j—l, 


There are two cases: 
[231°271], when ¢; does not vanish ; 


[231°2*], when e, vanishes. 


* The relative form is the same as that of (a,): omitting from m the terms A: Hand £:F. [C.S. P.]. 
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(231°271]. The defining equation of this case can be reduced to 
m= k. 
This gives a quintuple algebra which may be called (z,), its multiplication table 
being * 


(%) 


[231°2?]. The defining equation of this case is 
=f. 
This gives a quintuple algebra which may be called (aa;), its multiplication 
table being + 
(aa;) 


0 


| 


*in gelative form, B4-B:C+C:D, g=A: C+ b=A C 
[C.8.P.] 
t In relative form, the same as (z,), except thatm=B:C. [C. 8. P.] 
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[231723]. The defining equation of this case is 
| mi =j, 
which gives 
so that, by the substitution of /—j for / and m—di for m, this case would 
virtually be reduced to [232]. 
[2312]. The defining equation of this case is 


&= 0, 
which gives 
dg=0, Cy = 
mi =dyml=cyk, Cs =dycy, m=dlm=dml, 


There are two cases : 
[23121], when d,; does not vanish ; 
[23127], when d; vanishes. 
[23121]. The defining equation of this case can be reduced to 


which gives 


and it may be assumed without loss of generality that 


== 


There are two cases: 
[231217], when ¢,, does not vanish ; 


[231212]}, when ¢,, vanishes. 
[23121*]. The defining equation of this case can be reduced to 


im = mi = 
which gives 4 


There are two cases: 
(23121*], when ¢, does not vanish ; 


[23121°2], when c,, vanishes. 
[23121*]. The defining equation of this case can be reduced to 


* Namely. by putting 7, = ¢,k+1, m,;=m—ce,j. [C.S. P.] 
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This gives a quintuple algebra which may be called (ad;), its multiplication 
table being * 


k| O 0 0 0 0 
0 | 0 | & 
0: 0 | k 


[23121°2]. The defining equation of this case is 
Cn = 0. 


This gives a quintuple algebra which may be called (ac;), its multiplication 
table being + 


*The structure of this algebra is best seen on making the following substitutions: Let }, and h, 
represent the two roots of the equation w*=a-+1. That is, §, =Z(Itv 5) and — (1—S 5). 


+ bok + (1+ 3h.) 1}, m,—= (i+b,m). Then. we have the multiplication table : 


j k 0 0 | ) 

9} 0] 0) 0 

1} & 


| 
m | 0 0 | k l 


In relative form, i= A:B4+B:C+C:D+5 tea: D, i= 


+E:D, [C.8.P.] 
+ On making the same substitutions for i and m as in the last note, this algebra falls apart into two 
algebras of the form (b,). [C. 8. P.] 


(ab;) 4 k l m 
Jj 
| | | | 
j\ &k 0 
| 
a 4 k l m 
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(ac;) k l m 


m| 0 0 k jgt+l 


[231212]. The defining equation of this case is 
im == 0. 
There are two cases: 
(2312121], when c,, does not vanish ; 
[2312127], when c,, vanishes. 
[2312121]. The defining equation of this case can be reduced to 
This gives a quintuple algebra which may be called (ad;), its multiplication 
table being * 


(ads) k l m 


1} 0} 0/0/00 
| j 
m\k+al 0 0 0 l 


*In relative form,i—A:B+B:C+C:D+ EF: k=A:D. 
m=A:C+E: F+F:4. [C.8: P-] 


i| j | ez | 
| 

= 
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[2312127]. The defining equation of this case is 
Cp == 0. 
This gives a quintuple algebra which may be called (ae,), its multiplication 


table being * 
j k l m 


i} |e] oO} 2 


m| al | 0 | 0 0 l 


[23127]. The defining equation of this case is 
= 0. 
There are two cases : 
(231271], when c,, does not vanish; 
[2312*], when c,, vanishes. 


[231271]. The defining equation of this case can be reduced to 


Im=k, 
which gives 
Cy = dyes, dy = 1. 
There are two cases: 
[231271?], when d,, = 1; 


[2312712], when d,, =—1. 
[2312717]. The defining equation of this case is 


dy 1, 
which gives 


* In relative form, the same as (ad,) except thatm=E:F+F:G. [C.S. P.] 


ji a2 0 0 
ki} 0; 0/0/90), 0 | 
11 /0/ 0 
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There are two cases : 
[231271°], when ¢,, does not vanish ; 
[23127172], when c;, vanishes. 


(2312°1°]. The defining equation of this case can be reduced to 
wel. 


This gives a quintuple algebra which may be called (a/,), its multiplication 
table being * 
(af;) j k l m 


Ll} O 0 0 0 k 


m\|k+l 0 0 k j+ek 


. *To show the construction of this algebra, we may substitute 7, —i+m, j, = 2j+ (a+1)k+2l, 
k, = 4k, 1, =24+(a—1)k—2l, m,; =i—m. This gives the following multiplication table : 


k l m 
i| 0 0 
j| 0 0 4 
ki 0 1 4 0 0 0 
1} 0 | 0 0 k 
m 0 | 0 | 1 


This algebra thus strongly resembles (ab,). In relative form, i=A:B+B:C+C:D+A:G 
1 _— 
4:p, k= Az :F+E:D—S a:D, m—A:E 


4 


+E: F+F: D+ A:G— 


Vou. IV. 


ki 0 0 0 
= 


e 
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[231271°2]. The defining equation of this case is 


= 0. 
There are two cases: 


[231271721], when ¢, does not vanish ; 
when ¢, vanishes. 


[231271721]. The defining equation of this case can be reduced to 


This gives a quintuple algebra which may be called (ag;), its multiplication table 
being * 
(ag;) 7 ) k l m 


& 


0 k gtk 


m l 0 


[231271°2?]. The defining equation of this case is 
| 


This gives a quintuple algebra which may be called (a/;), its multiplication 
table being + 


*On substituting 7; —i+ =f +m, m,=it+t 4 sige this algebra falls apart into two of the form 
(b,). [C. 8. P.] 

+ On substituting i; =i+m, m,=i—m, j,=j+l, 4,=j—l. this algebra falls apart into two of 
the form (b,;). [C.S. P.] 


| 
ji @\a | 
zk} 0, 0/0) 
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(ah;) 4 j k l m 


| | | 


i) j | 0} 2 


tl} 0 0 0 0 k 


m| j 
| 


[2312712]. The defining equation of this case is 


de 
which gives 
mM=—k. 
There are two cases: 
[23127121], when c,, does not vanish ; 
[23127127], when vanishes. 


[23127121]. The defining equation of this case can be reduced to 


Og 
This gives a quintuple algebra which may be called (ai;), its multiplication 
table being * 


(ais) 4 k l 


l 


| 
| 
| 


m\k—t 0 —k jtek 


| 


*In relative form, i=~A:C—B:F+C:E+D:G+E:G, k=A:G, 
[C.8. P.] 


| 
0:0 
ki 0| 
| 
| 
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2312712?]. The defining equation of this case is 
q 


mi =—l. 
There are two cases: 


[2312712*1], when c,; does not vanish ; 
[23127127], when c, vanishes. 


[231271271]. The defining equation of this case can be reduced to 


This gives a quintuple algebra which may be called (aj;), its multiplication 
table being * 


(a5) 4 j k l m 


| | | | 


i} jf |} 2 


m 0 | 0 


[2312712°]. The defining equation of this case is 


This gives a quintuple algebra which may be called (a/;), its multiplication 
table being + 


*In relative form, i= A:C+C:E+E:G—B:F k=A:G,1=A:F—B:G, 
[C.S. P.] 

In relative form, i= k=A:F, I=A:E—B:F, 
m=A:B+B:D+C:E+E:F. [C.8. P.] 


| 
| 
| j) 
| 
| 0 
1} & 
j+k 
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(ak;) k l m 
k 0 0 
ki 0 | 0 | 0 
ti @ | @ | @ @ 
m| —t| 0 | 0 


There are two cases: 


which gives 


m — | (1 — dy) l—eyk, 


ml = 0, 


[2312*]. The defining equations of this case are 


[(1 — m—en 7 | = 0, 


[(1 — m — eg, 7 ]? = (1 — ; 
so that the substitution of (1 for m, and of (l1—d;,)/— ek for 


7, is the same as to make 


There are now two cases: 


[2312717], when ¢, does not vanish ; 
[2312712], when vanishes. 


[231231°]. The defining equation of this case can be reduced to 


Cy = 0. 


m =k. 


m = 


[231271], when d,, is not unity; 
[2312], when d,, is unity. 


[231271]. The defining equation of this case is 
+ 


= 0, 
(1 m —en ]i = dy [(1 — 
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This gives a quintuple algebra which may be called (a/;), its multiplication 


table being * 


(al;) 4 j k l m 
ji ke 0 0 0 0 
0 0 0 0 
0 0 0 0 
m| dl 0 0 0 k 


[2312°12]. The defining equation of this case is 


m = 0. 


This gives a quintuple algebra which may be called (am;), its multiplication 


table being 


(ams) k l m 

ji 
k 0) 0 0 

O 0 0 
al 0 0 0 


*In relative form, i= A:B+B:C0+C:D+dE:F., 
m=A:E+B:F+E:D. [C.S. P.] 


| 
| 
i | 
| 
| 
| 
| 
| 
| 
| 
| 
| | 
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[2312*]. The defining equation of this case is 


dy zal. 
There are two cases : 
[23121], when ¢,, does not vanish ; 


[23125], when vanishes. 
[2312*1]. The defining equation of this case is easily reduced to 


Cy 1. 
There are two cases: 
[231217], when c, does not vanish ; 
[2312412], when ¢, vanishes. 


[23121*]. The defining equation of this case is easily reduced to 


This gives a quintuple algebra which may be called (an;), its multiplication 


table being * 
(ans) ) k l m 


[2312412]. The defining equation of this case is 
This gives a quintuple algebra which may be called (ao,), its multiplication 
table being + 


*In relative form, i= A: E+ A:B+B:C+C:D+E:F, j=A:C+B: D+ A:F,k=A:D, 
I= A:F, m=A:C+A:E+E:D. [C. 8. P.] 

+In relative form, i= A:B+B:C0+C:D+E:F. j=A:C+B:D, k= A:D. I=A:F, 
m=A:C+A:E+B:F. [C.S. P.] 


| 
| 
ji ki 0. 0 | 
0 0 0 0 


176 Peirce: Linear Associative Algebra. 


(ao;) k l m 


{ 
| 


i} j | 2 


mlt+E| 0 


| 
| | | 
| | 
| 


[2312°]. The defining equation of this case is 


mi = l. 
There are two cases: 
[2312°2], when ec, does not vanish ; 


[2312°], when ¢, vanishes. 
[2312°1]. The defining equation of this case can be reduced to 
w= 
This gives a quintuple algebra which may be called (ap;), its multiplication 


table being * 
(ap;) k l m 


jf oj, 0 
0 00/0) 0 
m) 


*In relative form, i= A:B+B:C+C:D+E:F, j=A:C+B:D, kK=A:D, I=A:F, 
m—A:E+B:F+E:D. [C.8.P.] 


| — 
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[2312°]. The defining equation of this case is 


This gives a quintuple algebra which may be called (aq;), its multiplication 


table being 
(aq) k l m 


0 


mi 2/0 | 0 0] 0 


[232]. The defining equation of this case is 


im== 
which gives 
= jm = km, 
. and it may be assumed that 
&= 0. 
This gives 
There are two cases : 
[2321], when mi = 1; 
[2327], when mi = 0. 
[2321]. The defining equation of this case is 
mi = l, 
which gives 
0O=m=—mk, Im=egk + + egm, 


* What is meant is that every quantity not involving powers of ¢ is nilfaciend with reference to 7. 
Hence, 0, also. [C.S. P.] 
Vou. IV. 


177 
— | 0 | 0 | 0 | 
0 | | O | O 
| 
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There are two cases: 
[2321*], when ¢,, does not vanish ; 


[23212], when c,, vanishes. 
[2321*]. The defining equation of this case can be reduced to 
in =k ,* 


which gives 
m’=ck, 


so that the substitution of m— c,/ for m is the same as to make 
0. 
This gives a quintuple algebra which may be called (ar;), of which the multipli- 


cation table is 
(ar;) k l m 


0 0 0 0 


[23212]. The defining equation of this case is 


0. 


There are two cases : 
[232121], when d,; does not vanish ; 


[232127], when d, vanishes. 
[232121]. The defining equation of this case can be reduced to 


. 
There are two cases: 
[232121*], when ¢, does not vanish ; 


[2321212], when ¢, vanishes. 
[232121]. The defining equation of this case can be reduced to 


G1. 


* But 0O=im=mim=lm. Thus, this case disappears, and the algebra (ar) is incorrect. [C. 8S. P.]} 


k 0 0 0 
| 0} 0/0] 0 
| ki} 0 | 
& 
| 


table being* 


table being 


[23212°]. 


(as;) 
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This gives a quintuple algebra which can be called (as;), its multiplication 


m | 0 


[2321212]. The defining equation of this case is 


o, == 


(at;) 4 m 


This gives a quintuple algebra which may be called (a#;), its multiplication 


m| | 0 | 0 | O| 


yy 


he defining equation of this case is 


There are two cases: 


[2321271], when c, does not vanish ; 


[23212*], when vanishes. 


*In relative form, i= A:B+B:C+C:D+E2:F. j=A:C+B:D, k= A:D, I=A: F, 
m=A:E+E:F+£:D. Omitting the last term of m, we have (at;). 


[C. 8. P.] 


179 
& 0 0) 0 0 | 
| 
j| 0 
0 | 0 0] 0 
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[2321271]. The defining equation of this case can be reduced to 
} This gives a quintuple algebra which may be called (az;), its multiplication 
4 table being * 
(au;) 4 k l m 
i| j | k | O O 
| 0} 0] 0 
| | 
| | 
ki 0 | 0 0 | 0 0 
0; 0 | 0 | 0 
| 
| 


[232127]. The defining equation of this case is 
This gives a quintuple algebra which may be called (wv;), its multiplication 


table being 
(av;) k m 


j | | | O 


j| 0/0 0 


0 


*In relative form, i= A:B+B:C+C:D, j=A: C+B:D, k=A:D,1I=E:D, 
+A:F+F:D. The omission of the last two terms of m gives (av;). [C.S. P.] 


i] 
ko | 0) | 
1} 0} O} O} O 0 | 
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[2327]. The defining equation of this case is 
m= 0, 
which gives 
0= m= mk = = mi, 
and there is no pure algebra in this case. 
[24]. The defining equation of this case is 


and by § 59, 
There are three cases: 
[241], when ck=/, =™m; 
[242], when 
[243], when = = im = 0. 
[241]. The defining equations of this case are 
mat, dam, 
which give 
P= ml=byj, = ml, 
imi=0, mi=baj tem, 
hh = mi = A= byt + + eam, 
i? ‘ik=mk=em, lk=P=aym, 
0= = =o, = 
ky = ke? = ay + dali = ay (1 + Gym , 
kil=km =ay(1+dy)m, 0=hm=az (1 + dy)km=ay(1 + dy) =km, 
kj=@m, =a,l + bm + djlk = a; = b; + di = + 
kl = + (b3, + dydy)m, kk =aglk = day = lhl = ay? = ay =P, 
0 = = bad; + dda + 
lym, 


(ki + pt)t = by + dal + + pj = + p— pds) + da py) + em, 
(2 + py) = dam, 


* This line and the first equation of the next can be derived from 0= (i+ Jk)*. [C. 8. P.] 


181 

e=0, 
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so that if p satisfies the equation 
P (dy — 1) = ba, 

the substitution of 4+ pi for k and of /+ )j for / is the same as to make 

There are four cases : 


[241*], when neither e,, nor e; vanishes ; 
[2412], when es, does not vanish but e,; vanishes ; 
[2413], when es, vanishes and not e; ; 
[2414], when e,, and e; both vanish. 
[2417]. The defining equations of this case can be reduced, without loss of 
generality, to 
We thus obtain a quintuple algebra which may be called (aw,), its multiplication 


table being * 


i} jf | O | mi] O 


k m rn | O 0 


0) 


mi 0} 0 0) 0] 0 


[2412]. The defining equations of this case can be reduced to 


éy=1, 


*In relative formi= k= A:C+B:E 
+ D:F+A:G64G46:F I=A:E+B:F,m=A:F. To obtain (ax;), omit the last term of k. To 
obtain (ay;), omit, instead, the last term of 7. To obtain (az;), omit both these last terms. [C. S. P.]| 


(aw;) k l m 

j) m 0 O 
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We thus obtain a quintuple algebra which may be called (aa;), its multiplication 
table being 


(ax;) 4 k m 


0 | | m | 0 


m 0 


[2413]. The defining equations of this case can be reduced to 


éy=—0, 
We thus obtain a quintuple algebra which may be called (ay;), its multiplication 
table being 
(ay;) 4% j k l m 


0 | 0 | 0 | 0 | 0 


[2414]. The defining equations of this case are 
Cg 
We thus obtain a quintuple algebra which may be called (az,), its multiplication 
table being 


— 
0} 0 | | | 
| 0 0 | 0 
| | | 
0 m | 0 
vl | | Mm | 0 0 
| | | 
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(az) 4 j k l m 


| 0 | om | 0 

d| O | 0 m | 0 | 0 

k} vl | rm | 0 | 0 | 0 
| | | | 

Ll} vm | 0 | 0 | 0 | 0 
| | | 

"| 0 0 lolol o 


[242]. The defining equations of this case are 


which give 
Mj 0= = = mj, 
thn = tn = ay + cyl, 
+ thi + kh? = = + + 
= hy = li = 
mik = ml = adj, kik = kl = + + = 0, 


There are two cases: 
[2421], when e,, does not vanish ; 


[2427], when es, vanishes. 


[2421]. The defining equation of this case can be reduced to 


ki=m, 


| 
| 
| 
| 


bu == nk = ki = mk, 


There are three cases: 
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0= m= ni’, 
0 = ih? + kik + Pi = 2a, 4+ 


which is the same thing as to make 


which, by the aid of the above equations, gives 


and if » is determined by the equation 
p? + + p— = 0, 
hk+ pi, 6+ pj, and m+ pj can be respectively substituted for &, / and m, 


== 


[24217], when neither d; nor e; vanishes ; 
[24212], when d; vanishes and not e; ; 
[24213], when d; and e, both vanish. 


[24217]. The defining equation of this case can be reduced to 


This gives a quintuple algebra which may be called (6a;), its multiplication 


table being * 
(ba;) 1 j k l m 
i | j 0 l 0 0 
0. 0 
ki m 0 
t| 0 0 0 | 0 0 
| 
| relative form, i= k=D:B4 


l= A:F. m=D:C. By omitting the last term of k and putting e—1 we get (bb,). and by omitting the 
last two terms of k we get (be,). [C.S. P.] 


VoL. IV. 
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>, 
| 

id 
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[2421]. The defining equation of this case can be reduced to 


This gives a quintuple algebra which may be called (64;), its multiplication 


table being 
(bb;) k l m 


| 
| 


[24213]. The defining equation of this case is 


This gives a quintuple algebra which may be called (bc,;), its multiplication 
5 


table being 
(bce;) k l m 


| 
| 


| 
| 
| 
j| 0 0 0 | 0 0 | 
| 
ki m 0 |) 0 | 
| 
| | | 
mi 0 | 0,0 0. 0 | 
j 0 0 0 0 | 
0 
m| 0 0 0 0 0 | 
| 
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[242]. The defining equation of this case is 
= 0. 


There are two cases : 
[24271], when e, does not vanish ; 


[242], when e, vanishes. 
[24271]. The defining equation of this case can be reduced to 


+ m, 
which gives 


#=k=aj, 


tk + kik + dy +1), mi=a;(dyl—1)7, ml=mik=0, 


0= + mk=a,ki + km, 


mk km Im=O0. 


There are two cases: 
[242717], when a; does not vanish ; 


[242712], when a, vanishes. 


[24271*]. The defining equation of this case can be reduced to 


which gives 
—t, 
ki= —km=byj + rl, m=("—1)7, 


There are two cases: 
[242717], when b,, does not vanish ; 


[24271°2], when 6,, vanishes. 


[242717]. The defining equation of this case can be reduced to 
kt = 7 + 1. 


This gives a quintuple algebra which may be called (éd;), its multiplication 


table being * 


*In relative form, i= tB:C-+D:E——D:F 


+E:F, A:F+B:F,m=r?A:C—A:D—B:E—C:F. [C.8.P.] 


| 

} 

4 
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(bd;) J k l m 
a j 0 | l | 0 | 0 | 
jh | ol o o 


(242°1°2]. The defining equation of this case is 


ki = vi. 


This gives a quintuple algebra which may be called (e;), its multiplication 


table being * 


(be;) 1 j k l m 
i 0 l 0 | 0 
jj o | o | o | 0 | 0 
k rl 0 | | t) | —rl 
0 0 


[242712]. The defining equation of this case is 
Pom, 


which gives 


There are two cases: 
[2427121], when 4, does not vanish ; 


[242712?], when vanishes. 


* On adding to the expression for k in the last note the term — A : C. we have this algebra in relative 
form. [C.S. P.] 


| | 
| 
| 
| kl 0 | Hj—el 
1} 0 o | 0 0 
| 0 | 0 | | | 
| 
= 
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[2427121]. The defining equation of this case can be reduced to 
ki + dal. 


This gives a quintuple algebra which may be called (4), its multiplication 
table being * 
(bf; 2 k l m 


m| 0 0 0 0 0 


[2427127]. The defining equation of this case is 
kt = dyl. 


This gives a quintuple algebra which may be called (49;), its multiplication 
table being + 


(by) i jf Lom 


‘1 | @ | 


ki dl: 0O m 0 0 


m 0 0) 0 0 0 


*In relative form, A:B+B:C0+D:E, j=A:C, k= A:Bt+dA:D+B:E+B:F. 
I=A:E,m=A:E+A:F. [C.8. P.] 

+In relative form, i=~A:B+B:C+D:£, j=A:C, k=dA:D+B:E+B:F.1=A:E, 
m=A:F. The algebra (ar,;) is what this becomes whend=0. [C.S. P.] 


| 
| 
| 
ee 189 | 

| 0 = | 
k\j+dl 0 m 0 0 { 
| 1} 0 0; 0 OF; 0 | 
| 

0 | 
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[2427]. The defining equation of this case is 


which gives * 


*It is not easy to see how the author proves that a,—0. But it can be proved thus. 0=k*= 

The algebras of the case [242*] are those quintuple systems in which every product containing j or / 
as a factor vanishes, while every product which does not vanish is a linear function of jand l. Any 
multiplication table conforming to these conditions is self-consistent, but it is a matter of some trouble 
to exclude every case of a mixed algebra. An algebra of the class in question is separable, if all 
products are similar. But this case requires no special attention ; and the only other is when two 
dissimilar expressions U and V can be found, such that both being linear functions of 7, k and m, 
UV=VU=0. It will be convenient to consider separately. first, the conditions under which 
UV — VU=0, and, secondly, those under which UV-+VU=0. To bring the subjects under a 
familiar form, we may conceive of 7. k, mas three vectors not coplanar, so that. writing 

U=avit+ yk+ zm, 
we have x, y, z, anda’, y’, 2’, the Cartesian codrdinates of two points in space. [We might 
imagine the space to be of the hyperbolic kind, and take the coéfficients of 7 and 7 as coérdinates of a 
point on the quadric surface at infinity. But this would not further the purpose with which we now 
introduce geometric conceptions.] But since we are to consider only such properties of U and V as 
belong equally to all their numerical multiples, we may assume that they always lie in any plane 


Ax-+ By + Cz=1. 


not passing through the origin ; and thena, y, z, anda’. y’, 2’. will be the homogeneous codrdinates 


of the two points U and V in that plane. Let it be remembered that, although 7, k. m are vectors. yet 
their multiplication does not at all follow the rule of quaternions. but that 

k= b,j3+d,,l, im=b,,j+d,;l. 

0359.41, k?=b,j-+ d,l, km = 

m? =b,j+d.l. 


The condition that UV — VU=0 is expressed by the equations 
— (xy’ — + (61; — (w2’ —x’z) + (y2’ —y’z) = 0. 
(d,, —d;,)(ay’ —a’y) + —d;,)(a2’ — x’z) + (d,, —d;,)(y2’ —y'z) = 0. 
The first equation evidently signifies that for every value of U. V must be on a straight line. that this 
line passes through U. and that it also passes through the point 
P=(b,,—b;,)t+ (b;, —b,;) k+ (b,, —b3,) m. 
The second equation expresses that the line between U and V contains the point 
Q=(d;,; —ds3)t+ —d,5)k+ (d,, —d3,)m. 
The two equations together signify, therefore, that U and V may be any two points on the line between 
the fixed points Pand Q. Linear transformations of j and J may shift P and Q to any other situations 
on the line joining them. but cannot turn the line nor bring the two points into coincidence. 
The condition that UV + VU=0 is expressed by the equations 
2b, 2b, yy'+ 2b,22’ + (B13 +031) + (015 +051) + (63; +055) (y2’+y’z) =0, 
2d, 2d ,yy’+ 2d + (dy 3 + + (d,; + d51)(x2’+ wz) + (ds, +d;5)(y2’+y’z) =0. 
The first of these evidently signifies that for any position of V the locus of Uisaline; that U being fixed 
at any point on that line. V may be carried to any position on a line passing through its original position : 
and that further, if U is at one of the two points where its line cuts the conic 


b,x? + bay? + + +631) +651) + (63, +653) yz=0. 


if 
| 
| 
| 
| 
{ 
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0 = kmk = ay! = ay = lm. 


then V may be at an infinitely neighboring point on the same conic. so that tangents to the conic from 
V cut the locus of U at their points of tangency. The second equation shows that the points U and V 
have the same relation to the conic 


dx? + d,y? + d;2? + (d,; +d3,) cyt yz=0. 


These conics are the loci of points whose squares contain respectively no term in j and no term inl. 
Their four intersections represent expressions whose squares vanish. Hence, linear transformations of 
j and / will change these conics to any others of the sheaf passing through these four fixed points. The 
two equations together. then. signify that through the four fixed points. two conics can be drawn 
tangent at Uand V to the line joining these last points. 

Uniting the conditions of OV— VU=0 and UV+ VU=0., they signify that U and V are on the 
line joining P and Q at those points at which this line is tangent to conics through the four fixed points 
whose squares vanish. But if the algebra is pure, it is impossible to find two such points; so that the 
line between P and Q must pass through one of the four fixed points. In other words, the necessary 
condition of the algebra being pure is that one and only one nilpotent expression in i. k. m. should be 
a linear function of P and Q. 

The two points P and Q together with the two conics completely determine all the constants of the 
multiplication table. Let Sand T be the points at which the two conics separately intersect the line 
between Pand Q. A linear transformation of j will move P to the point pP + (1— p) Q and will move 
S to the point pS-+ (1— p) T. and a linear transformation of / will move Q and Tin a similar way. The 
points P and S may thus be brought into coincidence, and the point Q@ may be brought to the common 
point of intersection of the two conics with the line from P toQ@. The geometrical figure determining 
the algebra is thus reduced to a first and a second conic and a straight line having one common intersec- 
tion. This figure will have special varieties due to the coincidence of different intersections, etc. 

There are six cases : [1], there is a line of quantities whose squares vanish and one quantity out of 
the line ; [2], there are four dissimilar quantities whose squares vanish ; [3], two of these four quantities 
coincide ; [4], two pairs of the four quantities coincide ; [5]. three of the four quantities coincide : [6]. all 
the quantities coincide. 

We may, in every case, suppose the equation of the plane to bea +y+2z=1. 

f1]. In this case. the line common to the two conics may be taken as y= 0, and the separate lines of 
the conics as z=0and «—0, respectively. We may also assume 2P—a2+yand2Q=2+2. We 
thus obtain the following multiplication table. where the rows and columns having j and / as their 
arguments are omitted : 


a k m 
0 31 —j 
— 
k | —l, 0 


[2]. In this case, we may take k as the common intersection of the two conics and the line, 7, m. 
and i— k+ m as the other intersections of the conics. We have @=k. and we may write 


P=S=pi+(1—p—q)k+qm, T—rP+(1—r)Q=rpit (1— rp —rq)k+rgqm. 


We thus obtain the following multiplication table : 


191 | 


192 
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There are two cases: 


[242°1], when d; does not vanish ; 
[242*], when d; vanishes. 


[24271]. The defining equation of this case can be reduced to 


ds 
which gives 
t(k + bt + pm) =1+ 6,7 =m’; 


and if 
= — ds — bs — — — pds — pass, 


m \[2—rp (rp — 1) + rq (rq—1)]1 


| 


[3]. Let & be the double point common to the two conics, and let i and m be their other intersections. 
Then all expressions of the form ku-+ uk are similar. The line between P and Q cannot pass through 
k, because in that case all products would be similar. We may therefore assume that it passes through 
i. Then, we have 9=7, we may assume S= P=i—k-+~m, and we may write T=rP+(1—r)Q 
=i—rk+rm. The equation of the common tangent to the conics at k may be written ha + (1—h)z=0. 
Then the equations of the two conics are 


hay + xz+ (1—h)yz = 0. 
hay + (h+r—hr)xz+ (1—h)yz= 0. 


We thus obtain the following multiplication table : 


i m 
m h(i—r)l | —h(j+l) 0 


[4]. In this case we may take i and m as the two points of contact of the conics, k as P. and 
i—k-+masT. Then writing the equations of the two tangents 


gyt+tz—0. e+hy=—0. 


gxy + xz + hyz=0. 
(gth—1)y? + gry + xz+hyz=0. 


and the multiplication table is as follows : 


the two conics become 


= 
| 
| 
| 
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the substitution of 4+ 6;¢ + pm for k and /+ 0,7 for 7 is the same as to make 
This gives 
Bunty, 
There are two cases: 
[24271*], when does not vanish ; 
[242712], when 4, vanishes. 


[242*1*]. The defining equation of this case can be reduced to 


k m 
i | (gth—1)l 21 
k | 0 hj+ (h+1) 


[5]. In this case, we may take k as the point of osculation of the conics and i as their point of inter- 
section. The line between P and Q must either, [51], pass through k, or, [52], pass through 7. 
) [51]. We may, without loss of generality, take 


Pork, 
| and the equations of the two conics are 
27 -+-raz=0, ray + 2quz + 2yz— 0. 


Then, the multiplication table is as follows : 


k mu 
F 0 0 ql 
rl 0 l 
mjrj+tgl Jj 


[52]. We have Q=i, we may take 7=m, and we may assume = 2i—m and b,; + 03;,=1.- 
Then, we may write the equations of the two conics, 


2227 + ayt wz+ryz—0, 
— ray + (2—r) r2yz=0. 


We thus obtain the following multiplication table : 
Vout. IV. 


j. 
| | 
| 
3 
| 
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This gives a quintuple algebra which can be called (/;), its multiplication 
table being * 


(bh;) k l m 


jJ| 0 0. 0 0 0 


m a) QO 


k m 
m 9j 


[6]. The conics have but one point in common. This may be taken atk. We have Q=k, we may 
take T= i and 2P=2S=i+k. Wemay also take }; ——1. Then the equations of the two conics 
may be written 

— a? + pz? + + Aquz + 2ryz=0, 
pr?) 2? + 2ay + +71) 2ryz=0. 


We thus find this multiplication table : 


a k m 
j+l 
k j+l 0 | 


If this analysis is correct, only three indeterminate coefticients are required for the multiplication 
tables of this class of algebras. [C.S. P.] 

*See last note. I do not give relative forms for this class of algebras. owing to the extreme ease 
with which they may be found. [C.S. P.] 


| 
| 
‘| 
| 
7 | 
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[242712]. The defining equation of this case is 
0. 
There are two cases : 
[2427121], when 4, does not vanish ; 
[2427127], when vanishes. 
[2427121]. The defining equation of this case can be reduced to 


sal. 


This gives a quintuple algebra which may be called (di;), its multiplication 
table being 


(bi;) 4% k l m 


a) 


} 
© | 


~ 


[2427127]. The defining equation of this case is 


ki == dyl . 
There are two cases: 
[24231271], when 0,, does not vanish ; 
[2423127], when vanishes. 


[242°1271]. The defining equation of this case can be reduced to 


This gives a quintuple algebra which may be called (4j;), its multiplication 
table being 


195 
| 
0 
k\j+tal 0 | 0 bj+el 
= 
—— 
ba sel. | 
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ki al | 0 | O djtel 


| | | 
m\j+al 0 bj+il 0 l 


[2427127]. The defining equation of this case is 
mt = dal; 
which can always, in the case of a pure algebra, be reduced to 


This gives a quintuple algebra which may be called (b4,;), its multiplication 


table being 
(bk;) 4 j k m 


kj a} 0 | 0 | 0 d+tel 


| 
Ll} O 0 0 | 0 0 
a) 
m 0 $01 0 | 


[242]. The defining equation of this case is 


a == 


j Po, 
— | 
| 
| — 
| 
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and it can be reduced to [24271] unless 
whence it may be assumed that 


and since 


dif = 0, 


p+ pba + b,= 0, 
it may also be assumed that 


when 


| 
There are two cases: 
[24241], when 6,, does not vanish ; 
[242°], when vanishes. 


[242'1]. The defining equation of this case can be reduced to 
by 


This gives a quintuple algebra which may be called (4/;), its multiplication 
table being 


(b1;) 4 k 


k\j—l 0 | 


0} 0 


—) 


m| j | 0 


[242°]. The defining equation of this case is 


kti=—l. 


There are two cases: 


[242°1], when does not vanish ; 
[242°], when 4,; vanishes. 


== 9; 
| | 
‘| j | 0 Yt | 0 | 0 
3 | | | | 
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[242°1]. The defining equation of this case can be reduced to 


This gives a quintuple algebra which may be called (bm;), its multiplication 
table being * 


(bm;) 4 k l m 


0 | 0 


"| j 0 | 
| | | 
0 0 | 0 
| | 
| | | 
ki} 0 0 | \j+al 
| 


| 
1} 0 | 0 | 0 0 | 0 


m j 0 bj—al 0 | 


[242°]. The defining equation of this case is 


35 
here are two cases: 


[242°1], when 4,, does not vanish ; 
[2427], when 6,; vanishes. 


[242°1]. The defining equation of this case can be reduced to °* 
byw 1. 


This gives a quintuple algebra which may be called (dn;), its multiplication 
table being + | 


*This algebra is mixed. Namely, if b+1, it separates on substituting i, = (1—b)i+k, 
k, = (1—b) i+ [a(1— b) +1] k—(1—b)?m; but if b=1, it separates on substituting 7, = ai — (a? +a 
+e)k+m,k,=ai+qk+m. [C.S8.P.] 
+ Substitute 7, —i—k, k, =ak-+ m, and the algebra separates. [C.S. P.] 
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(bn;) k l m 
i ) 0 l 0 0 
O 0 0 0 
m 0 0 


[2427]. The defining equation of this case is 


This gives a quintuple algebra which may be called (d0,), its multiplication 


table being * 


[243]. The defining equations of this case are 


which give 


bss 


(bo;) j k m 
0 0 0 
0 
k 3 0) ; 0 0 al 
m| 0 |—al 


* Substitute for m, ai+ m , and the algebra separates. 


199 
| 
| | 
| | 
| | 
| 
| 
| 
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There are two cases: 


[2431], when i=m, mi=0; 
[2432], when h=mi=0. 


[2431]. The defining equations of this case are 


bat, 
which give 
= kl = + , 


+ dim = b,+ d3. 


There are two cases: 


[2431*], when e, does not vanish; 
[24312], when e, vanishes. 


[2431*]. The defining equation of this case can be reduced to 


This gives a quintuple algebra which may be called (dp;), its multiplication 
table being * 


* The structure of this algebra may be exhibited by putting k, —i+a'j—a'k, l,=j—a‘, 
m,—=—a~'m, when the multiplication table becomes 


In relative form, i= B:C+C:D,j=B:D, k= A:B+C:D, 1=A:C,m=A:D. [C.5. 


a j k l m 
j| 0 0 0 
l m| m| 0 es 
| 
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(bps) 4 j k l m 
j| 0 0 0 0 0 | 
1 m 0 0 0 0 | 


[24312]. The defining equation of this case is 
== 0. 


This gives a quintuple algebra which may be called (69,), its multiplication 


table being * 
(bq5) j k m 


am 0) 


m 0 0 0 oO | 


_m| 0 (0) () 0 0 | 


[2432]. The defining equations of this case are 


Mal, 


*On substituting k,;-i—a—k, 1,=j—a-l. m,=a~'m, this algebra reduces to (bp,). in the 
form given in the last note. [C.S. P.] 
IV. 


| 
| | 
| m| 9 0 0 0 0 | | 
| 
i} jf | 0 | | | 
0:0! 0! o| 
k l | 
| 
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which give 
=F, 


and it may be assumed that 
Pom, 
which gives 


There is then a quintuple algebra which may be called (67;), its multiplication 
being * 
(br;) 4 k m 


~ 

| |] ¢ 


m 0 0 0) 0 0 | 


[25]. The defining equations of this case are 


+ + mj + mk + mi; 


and it may be assumed that 


d=m=—ih; 


*In relative form, i= j=D:F, k= A:B+B:F+C:£. I=C:F. m=A:F. 
[C. S. 


| 
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which gives 
= im = mi = km = mk = lm = mI, 
yk = kl = byk + dm = — ij =— mj =jm, 
0 = = dy jm = dy, = kP my, 
U(CosJ engl) = + 
J (Cord Cash) = (Cask + em), 
= — Cog + ; 


so that it is easy to see that there is no pure algebra in this case. 


SEXTUPLE ALGEBRA. 
There are two cases: 
[1], when there is an idempotent basis ; 
[2], when the algebra is nilpotent. 


[1]. The defining equation of this case is 
There are 19 cases: 
[17], when all the other units but ¢ are in the first group ; 
[12], when j, %, /, mare in the first and m in the second group ; 
[13], when j, & and / are in the first and m and n in the second group; 
[14], when 7, & and / are in the first, m in the second and n in the third group; 
[15], when 7 and & are in the first and /, m and x in the second group ; 
[16], when 7 and & are in the first, / and m in the second and zn in the third 
group ; 
[17], when j and / are in the first, /in the second, m in the third, and » in the 
fourth group ; 
[18], when / is in the first, and /, /, m and nm in the second group ; 
[19], when 7 is in the first, /, / and m in the second, and n in the third group ; 
[10’], when / is in the first, /; and /in the second, and m and n in the third group ; 
[11'], when 7 is in the first, / and / in the second, m in the third and n in 
the fourth group ; 
[12’], when j is in the first, & in the second, / in the third and m and » in the 


fourth group ; 


| 203 | 
| | 
| | 
| 
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(13’], when 7, &, 7, m and mare in the second group ; 

[14’], when 7, &, 7 and mare in the second and m in the third group ; 

[15’], when 7, & and / are in the second and m and » are in the third group; 

[16], when j, & and / are in the second, m in the third, and n in the fourth 
group ; 

[17’], when 7 and & are in the second, / and m in the third, and n in the fourth 
group ; 

[18], when 7 and & are in the second, / in the third, and m and n in the fourth 


group ; 
[19’], when 7 is in the second, &# in the third, and /, mand nin the fourth group. 


[1*]; The defining equations of this case are 


and the 54 algebras of this case deduced from (qg;) to (67;) may be called (a,) to 
(bb,).* 
[12]. The defining equations of this case are 


Tlie 


which give 


= nj = hn = nk = = nl = mn = = 2’, 


so that there is no pure algebra in this case. 
[13]. The defining equations of this case are 


There are four cases, which correspond to relations between the units of the 
first group similar to those of the quadruple algebras (a4), (;), (¢,) or (d,). 
[131]. The defining equations of this case are 


and, in the result, we obtain 


juan, 0. 


*The multiplication tables of these algebras, formed from the nilpotent quintuple algebras, in the 
same manner in which the first class of quintuple algebras are formed from the nilpotent quadruple 
algebras, have been omitted. [C.S. P.] 


| 
| 


Peirce: Linear Associative Algebra. 205 


This gives a sextuple algebra which may be called (bc,), of which the multipli- 


cation table is * 
(bes) k l m n 


i k l m n | 


m| 0O 0 0 0 0 0 


[132]. The defining equations of this case are 
PHk=P, 
which give 
km = kn = 0. 
There are two cases: 
[1321], when ¢,, does not vanish ; 


[1327], when vanishes. 
[1321]. The defining equation of this case can be reduced to 
jn=m, 


which gives 
0=jm= lm. 


This gives a sextuple algebra which may be called (4d,), of which the ‘multipli- 


cation table is + 


*In relative form, i= k=A:C+B:D, 

+ This algebra is distinguishable into two, in the same manner as (¢c,). Namely, if a= +2, on sub- 
stituting 7, we have /?=0, jl=k. lj =—k, and the multiplication table is otherwise un- 
changed. Otherwise, on substituting —1+ 1, where a? —4, we have 
PrP fl=(1—e?)k. Y= jn= (b+ e)k,. m= (b+ ec") k. and otherwise the multi- 
plication table is unchanged. The following is a relative form for the first variety: i= A:A+B:B 
k=A:D,1=A:C—B:D, m=—A:E. n=B: E+0C:E. 
For the second variety, i= A:A+B:B+C:C+D:D,j=A:Bt 
+(1—e")B:D. m= A:E, n=(b+c)B: E+ (b+e")C:E. [C.8. P.] 


| 
| 
| 
} 
0 0; 0 | O | 
| 
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(bd) .j &k om n 


[1327]. The defining equation of this case is 
jn=0, 


and there is no pure algebra in this case. 


[13]. The defining equations of this case are 


which give 
km =Iln= 0. 


There is a sextuple algebra in this case which may be called (be), of which the 
multiplication table is * 


*This algebra may be a little simplified by substituting j—J/forj. In relative form, i= A : A 
+B:B+C:C+ D:D, j=A:D4+B:0C, k=A:C, l= A:B, m=A: n=bB: E+ aD: E. 
iC. 
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i | i j k l m n | 
| lei oO! | | 
| ki 0 0 
| ak 0 k 0 
m | 0 0 0 0 0 0 
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k l m n 


(be,) 


[134]. The defining equations of this case are 


There is a sextuple algebra in this case which may be called (24), of which the 
multiplication table is 


0 0 0 0 0 0 


i Fj k l m n 


a) 0 0) k 0 m 
k 0 0 0 
m 0 0 0 0 0 
n| 0 0 0 0 0 0 
relative k= A:D, 1=A:C+B:D, 


m=A:E,n=B:E+aC: 


E. [C.8.P.] 
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| 
i i k m n 
J | J k 0 0 0 am | 
oo 
@ @ | @ | 
1| i k 0 0 0 bm | 
| 
am 0 0 0 0 | 0 0 | 
| 
:| j k m nm | 
| 
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[14]. The defining equations of this case are 


which give 


= = = nk = = = 2’. 


There are four cases defined as in [13]. 


[141]. The defining equations of this case are 


which give 


MN = sel . 


There is a sextuple algebra which may be called (bg,), of which the multipli- 


cation table is* 


[142]. The defining equations of this case are 


which give 


(bgs) 


a 


m 


n 


m n 
| m | 0 
| 
| 0 
i; O | O 
| 
| | 
Oo 7 
| 

0 | 0 


MN = 


the same as in [132], 


*In relative form, k=A:C+B:D, 


i= ma Ate 


[C. 8. P.] 


208 
| | | 
| j| | 0 | 
mi 0 oO 0 | 
| 
| 
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There is a sextuple algebra which may be called (bh,), of which the multipli- 


cation table is * 
(bh,) k m n 


| ak | O} | O 


0 0 | 0 0 oO k 


n n 0 0 0 


[143]. The defining equations of this case are the same as in [13*]. There 
is a sextuple algebra which may be called (i,), of which the multiplication 


table is 
(bi,) 4 k m n 


i i ) k l m 0 


« | @ | @ 


* This algebra has two varieties, analogous to those of (¢,). The first is, in relative form, i= A:A 
m= A: 
The second in relative form is the same except that j= A:B+b-'D:C,1=A:D—bB:C. [C.S. P.] 

+ This algebra may be slightly simplified by putting j—J forj. Then, in relative form,i=A:A 
m=A:D,n=D:C. [C.8.P.] 

Vou. IV. 


k m 0 | 
0 | 0 0 | 
ololololol 
| 
j\ i 0 | 
| 
| | 
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[14?]. The defining equations of this case are the same as in [134]. There 
is a sextuple algebra which may be called (dj,), of which the multiplication 


table is * 


. k l m n 


i} | j m 0 


m 0 0 | O 0 0 k 


nj » | 0 


[15]. The defining equations of this case are 


which give 


= mn al = am = 2’. 


There is a sextuple algebra which may be called (/,), of which the multipli- 
cation table is 


A: A+B: B+ C:C+ D:D, D, D, 
n—E:D. [C.8. P.] 

relative form, i= A:A+B:B+C:C, j=A:B+B:C, k=A:C,1=C:D, m=B:D, 
e=A:D. P.] 


oO] 0] 0 | 
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(bk,) k m n 
i| 4 j k | 0 | m | n 
| | 

j|} J k 0 | m n | 0 

k 0 0 n 0 0 

1; 90 0 0 0 0 0 

m| 0 0 0 0 0 0 

n) 0 | 0 | 0 | 0 0 | 0 

[16]. The defining equations of this case are 


which give 


=k, 


=r =nk=nl=nm 


=O, 


There is a sextuple algebra which may be called (64), of which the multipli- 


cation table is * 


4 k l m n 
i| k l | 0 

gj) J k 0 | m | 0 | 0 

k| & 0 0 | 0 0 | 0 

ti @ 0 0 | 0 | 0 | k 

| | | 

m| O 0 0 | 0 0 | 0 
n| n 0 0 | 0 0 0 


mSA:D, 


[C. 8. P.] 


| 
| 
i 
i 
| 
| | 
| 
| 
| 
| 
| | 
*In relative form, i= A:A+B:B+C:C, j= A:B+B:C, K=A:C, l= B:D+A:E£, 
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[17]. The defining equations of this case are 


There is no pure algebra in this case. 
[18]. The defining equations of this case are 


There is no pure algebra in this case. 
[19]. The defining equations of this case are 


There is no pure algebra in this case. 
[10’]. The defining equations of this case are 


There is no pure algebra in this case. 
[11’]. The defining equations of this case are 


There is no pure algebra in this case. 
[12’]. The defining equations of this case are 


There is no pure algebra in this case. 
[13’]. The defining equations of this case are 


There is no pure algebra in this case. 
[14’]. The defining equations of this case are 


yo=j, d=l, m=m, n=n, 


There is no pure algebra in this case. 
[15’]. The defining equations of this case are 


y=), k=k, d=l, m=m, m=n, 


There is no pure algebra in this case. 
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[16’]. The defining equations of this case are 
y=j, k=k, i=l, mi=m, 
There is no pure algebra in this case. 
[17']. The defining equations of this case are 
y=j, k=k, k=l, mi=m, 
There is no pure algebra in this case. 
[18']. The defining equations of this case are 
#=-k, 
There are six cases : 
[18/1], when m’? =m, mm=n, nm=0, 
[18/2], when m? =m, mn =0, nm=7n, 
[183], when mM’? =n, m=nm=0, 
[18’4], when m? =m, 
[185], when m’?=n, m®=0, 
[186], when =n? = 0. 
[18/1]. The defining equations of this case are 


m=m, 
There are two cases: 
[18/17], when m/=0; 
[18/12], when ml/=1. 
[18/1*]. The defining equation of this case is 


There is no pure algebra in this case. 
{18'12]. The defining equation of this case is 
mi=l. 
There are two cases : 
[18/121], when jm =); 
[18/127], when jm=0. 
[18’'121]. The defining equation of this case is 
jm=)j. 
There is a sextuple algebra which may be called (6m,), of which the multipli- 
cation table is * 


*In relative [C.8. P.] 


4 
| 
| 
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| j 
j| 0 | 0 0) a | ) k 
k| 90 0 | 0 0 | 0 0 
l l m | n 0 0 0 
m| 0 | O | 0 l m n 
n| 0 | 0 0 0 | 0 0 


| | 
i | 


[18’127]. The defining equation of this case is 
jm = 0. 
There is no pure algebra in this case. 
[182]. The defining equations of this case are 


m—=m, m=—0, nm=n. 


There are two cases: 
[18/21], when mi =1; 


[18/27], when mi= 0. 
[18’21]. The defining equation of this case is 


mli=l. 
There are two cases: 
[18/21?], when jm 


[18’212], when jm =0. 


[18’21]. The defining equation of this case is 
jm=j. 
There is no pure algebra in this case. 
[18’212]. The defining equation of this case is 
jm=0. 


There is no pure algebra in this case. 


| 

3 
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[18’2?]. The defining equation of this case is 
mi =0. 
There is no pure algebra in this case. 
[18’3]. The defining equations of this case are 
m—=m, m—=nm=—0, nt=n. 
There is no pure algebra in this case. 
[18’4]. The defining equations of this case are 
m—=m, m=nm=—r=—0. 
There are two cases: 
[18’41], when ym 
[18’42], when ym =0. 
[1841]. The defining equation of this case is 
jm 
There is no pure algebra in this case. 
[18’42]. The defining equation of this case is 
jm = 0. 
There is no pure algebra in this case. 
[18’5]. The defining equations of this case are 
waa, wad. 
‘There is no pure algebra in this case. 
[18’6]. The defining equations of this case are 
There is no pure algebra in this case. 
[19']. The defining equations of this case are 
There is no pure algebra in this case. 
[2]. The algebras belonging to this case are not investigated, because it is 
evident from § 69 that they are rarely of use unless combined with an idempo- 
tent basis, so as to give septuple algebras. 


NATURAL CLASSIFICATION. 
There are many cases of these algebras which may obviously be combined 
into natural classes, but the consideration of this portion of the subject will be 
reserved to subsequent researches. 
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ADDENDA. 
I. 


On the Uses and Transformations of Linear Algebra. 
By BENJAMIN PEIRCE. 


[Presented to the American Academy of Arts and Sciences, May 11, 1875.] 


Some definite interpretation of a linear algebra would, at first sight, appear 
indispensable to its successful application. But on the contrary, it is a singular 
fact, and one quite consonant with the principles of sound logic, that its first and 
general use is mostly to be expected from its want of significance. The interpre- 
tation is a trammel to the use. Symbols are essential to comprehensive argument. 
The familiar proposition that all A is B, and all B is C, and therefore all A is C, 
is contracted in its domain by the substitution of significant words for the 
symbolic letters. The A, B, and C, are subject to no limitation for the purposes 
and validity of the proposition; they may represent not merely the actual, but 
also the ideal, the impossible as well as the possible. In Algebra, likewise, the 
letters are symbols which, passed through a machinery of argument in accord- 
ance with given laws, are developed into symbolic results under the name of 
formulas. When the formulas admit of intelligible interpretation, they are 
accessions to knowledge; but independently of their interpretation they are 
invaluable as symbolical expressions of thought. But the most noted instance 
is the symbol called the impossible or imaginary, known also as the square root 
of minus one, and which, from a shadow of meaning attached to it, may be 
more definitely distinguished as the symbol of semi-inversion. This symbol is 
restricted to a precise signification as the representative of perpendicularity in 
quaternions, and this wonderful algebra of space is intimately dependent upon 
the special use of the symbol for its symmetry, elegance, and power. The 
immortal author of quaternions has shown that there are. other significations 
which may attach to the symbol in other cases. But the strongest. use of the 
symbol is to be found in its magical power of doubling the actual universe, and 
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placing by its side an ideal universe, its exact counterpart, with which it can be 
compared and contrasted, and, by means of curiously connecting fibres, form 
with it an organic whole, from which modern analysis has developed her 
surpassing geometry. The letters or units of the linear algebras, or to use the 
better term proposed by Mr. Charles 8. Peirce, the vids of these algebras, are 
fitted :to perform a similar function each in its peculiar way. This is their 
primitive and perhaps will always be their principal use. It does not exclude 
the possibility of some special modes of interpretation, but, on the contrary, a 
higher philosophy, which believes in the capacity of the material universe for 
all expressions of human thought, will find, in the utility of the vids, an indica- 
tion of their probable reality of interpretation. Doctor Hermann Hankel’s 
alternate numbers, with Professor Clifford’s applications to determinants, are a 
curious and interesting example of the possible advantage to be obtained from 
the new algebras. Doctor Spottiswoode in his fine, generous, and complete 
analysis of my own treatise before the London Mathematical Society in Novem- 
ber of 1872, has regarded these numbers as quite different from the algebras 
discussed in my treatise, because they are neither linear nor limited. But there 
is no difficulty in reducing them to a linear form, and, indeed, my algebra (e;) is 
the simplest case of Hankel’s alternate numbers ; and in any other case, in which 
n is the number of the Hankel elements employed, the complete number of vids 
of the corresponding linear algebra is 2"—1. The limited character of the 
algebras which I have investigated may be regarded as an accident of the mode 
of discussion. There is, however, a large number of unlimited algebras 
suggested by the investigations, and Hankel’s numbers themselves would have 
been a natural generalization from the proposition of §65 of my algebra.* 
Another class of unlimited algebras, which would readily occur from the 
inspection of those which are given, is that in which all the powers of a vid: are 
adopted as independent vids, and the highest power may either be zero,-or unity, 
or the vid itself, and the zero power of the fundamental vid, 7. e. unity itself, 
may also be retained as a vid. But I desire to draw especial attention to that 
class, which is also unlimited, and for which, when it was laid before the math- 
ematical society of London in January of 1870, Professor Clifford proposed the 
appropriate name of quadrates. 


* This remark is not intended as a foundation for a claim upon the Hankel numbers, which were 
published in 1867, three years prior to the publication of my own treatise.—B. P. [They were given 
much earlier under the name of clefs by Cauchy, and (substantially) at a still earlier date by Grassmann. 
—C. S. P.] 

Von. IV. 
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Quadrates. 


The best definition of quadrates is that proposed by Mr. Charles 8. Peirce. 
If the letters A, B, C, etc., represent absolute quantities, differing in quality, 
the vids may represent the relations of these quantities, and may be written in 
the form 

(A:A)(A:B)(A:C)...(B:A)(B:B)... (€:A), ete. 

subject to the equations 

(A: B) (B: C)=(A: C) 

(A: B)(C:D)=0. 
In other words, every product vanishes, in which the second letter of the multi- 
plier differs from the first letter of the multiplicand; and when these two letters 
are identical, both are omitted, and the product is the vid which is compounded 
of the remaining letters, which retain their relative position. 

Mr. Peirce has shown by a simple logical argument that the quadrate is the 
legitimate form of a complete linear algebra, and that all the forms of the 
algebras given by me must be imperfect quadrates, and has confirmed this 
conclusion by actual investigation and reduction. His investigations do not 
however dispense with the analysis by which the independent forms have 
been deduced in my treatise, though they seem to throw much light upon their 
probable use. 

Unity. 

The sum of the vids (A: A), (B: B), (C: C), ete., extended so as to include 
all the letters which represent absolute quantities in a given algebra, whether it 
be a complete or an incomplete quadrate, has the peculiar character of being 
idempotent, and of leaving any factor unchanged with which it is combined as 
multiplier or multiplicand. This is the distinguishing property of unity, so that 
this combination of the vids can be regarded as unity, and may be introduced 
as such and called the vid of unity. There is no other combination which 
possesses this property. 

But any one of the vids (A: A), (B: B), etc., or the sum of any of these 
vids is idempotent. There are many other idempotent combinations, such as 


(A:A)+a(A:B), y(A:B)+(B:B), 
which may deserve consideration in making transformations of an algebra 
preparatory to its application. 
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Inversion. 


A vid which differs from unity, but of which the square is equal to unity, 
may be called a vid of inversion. For such a vid when applied to some other 
combination transforms it; but, whatever the transformation, a repetition of the 
application restores the combination to its primitive form. A very general form 
of a vid of inversion is 


(A:A)+(B:B)+(C:C) ete, 


in which each doubtful sign corresponds to two cases, except that at least one of 
the signs must be negative. The negative of unity might also be regarded as a 
symbol of inversion, but cannot take the place of an independent vid. Besides 
the above vids of inversion, others may be formed by adding to either of them 
a vid consisting of two different letters, which correspond to two of the one- 
lettered vids of different signs; and this additional vid may have any numerical 
coefficient whatever. Thus 


(A:A) + (B:B)—(C: 0) +a(A: C0) +y(B: C) 


is a vid of inversion. 
The new vid which Professor Clifford has introduced into his biquaternions 


is a vid of inversion. 


Semi-Inversion. 


A vid of which the square is a vid of inversion, is a vid of semi-inversion, 
A very general form of a vid of semi-inversion is 


(A: A) + (B: B) + J(C: C) s ete. 


in which one or more of the terms (A: A), (B: B), ete. have J for a coeffi- 
cient. The combination 


(A: A) + J(B: B) + B) + ete. 


is also a vid of semi-inversion. With the exception of unity, all the vids of 
Hamilton’s quaternions are vids of semi-inversion. 


The Use of Commutative Algebras. 


Commutative algebras are especially applicable to the integration of 
differential equations of the first degree with constant coefficients. If i, 7, k, 
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etc., are the vids of such an algebra, while x, y, z, etc. are independent 
variables, it is easy to show that a solution may have the form F(x + yj + 2k 
+ etc.), in which an arbitrary function, 7, etc., are connected by 
some simple equation. This solution can be developed into the form | 


F (ai + yj + zk + ete.) = M+ Nj + Pk + ete. 


in which M, N, P, etc., will be functions of x, y, z, etc., and each of them is a 
solution of the given equation. Thus in the case of Laplace’s equation for the 
potential of attracting masses, the vids must satisfy the equation 


The algebra (a,) of which the multiplication table is 


4 k 


may be used for this case. Combinations 7,, 7,, 4, of these vids can be found 


which satisfy the equation 


F(x + yi + 2h) 
is developed into the form of the original vids 
M+ Nj+ Pk, 


M, N, and P will be independent solutions, of such a kind that the surfaces for 
which WN and P are constant will be perpendicular to that for which WM is 
constant, which is of great importance in the problems of electricity. 


and if the functional solution 


The Use of Mixed Algebras. 


It is quite important to know the various kinds of pure algebra in making 
a selection for special use, but mixed algebras can also be used with advantage 


q 7 

i oj ok 

} j 
k k 0 0 
| 
| 


Peirce: Linear Asscciative Algebra. | 221 


in certain cases. Thus, in Professor Clifford’s biquaternions, of which he has 
demonstrated the great value, other vids can be substituted for unity and his 
new vid, namely their half sum and half difference, and each of the original 
vids of the quaternions can be multiplied by these, giving us two sets of vids, 
each of which will constitute an independent quadruple algebra of the same 
form with quaternions. Thus if 7,7, %, are the primitive quaternion vids and 
w the new vid, let 


a =3(1+w). a, = 3(1—w). 
== ays. i, = ag. 
j= uJ. = 
k, = a,k. = afk. 
Then since 
at == aa. 
{=fi=h=—a, B= h=—y 
— te Ja = hy = — 
Joy = h =— yy, 
ky =f = — 4h, = Jo = — toh 


M,N, = 0= 
in which JY, denotes any combination of the vids of the first algebra, and N, any 
combination of those of the second algebra. It may perhaps be claimed that 
‘these algebras are not independent, because the sum of the vids a, and a, is 
absolute unity. This, however, should be regarded as a fact of interpretation 
which is not apparent in the defining equations of the algebras. 


Il. 


On the Relative Forms of the Algebras. 
By C. S. PEIRce. 
Given an associative algebra whose letters are 7, 7, k, 1, etc., and whose 


multiplication table is 
P= ayt + by 7 + + ete.* 


— Aygt + + Ck + etc. 
Jt = + + + ete., 
etc., etc. 


I proceed to explain what I call the relative form of this algebra. 


*I have used a,,, etc., in place of the a, , etc., used by my father in his text. 


4 

. 
i 
i 
= 0 = 
i 
| 


229 Perce: Linear Associative Algebra. 


Let us assume a number of new units, A, J, J, K, L, etc., one more in 
number than the letters of the algebra, and every one except the first, A, 
corresponding to a particular letter of the algebra. These new units are sus- 
ceptible of being multiplied by numerical coefficients and of being added 
together ;* but they cannot be multiplied together, -and hence are called non- 
relative units. 

Next, let us assume a number of operations each denoted by bracketing 
together two non-relative units separated by a colon. These operations, equal in 
number to the square of the number o non-relative units, may be arranged as 


follows : 
(A:A) (A:L) (A:J) (A:K), ete. 
(2:1) (1:8), ete. 
(J:A) (J:1) (J:J) (J: K), ete. 


Any one of these operations performed upon a polynomial in non-relative units, 
of which one term is a numerical multiple of the letter following the colon, gives the 
same multiple of the letter preceding the colon. Thus, (J: J)(al+6bJ+cK)=bL+ 
These operations are also taken to be susceptible of associative combination. 
Hence (1: J)(J:K) = (J: K); for (J: K) K= Jand (I: J) J= J, so that 
And (:J)(K:L)=0; for (K:L)L=K and (I: J) K 
= (I:J)(0.J+KH)=0.7=0. We further assume the application of the 
distributive principle to these operations ; so that, for example, 


\I:J)+(K:J)+ (K:L)}(aJ+ bL)=aJ + (a + 


Finally, let us assume a number of complex operations denoted by 7’, 9’, #, 
I’, etc., corresponding to the letters of the algebra and determined by its multi- 


_ plication table in the following manner : 


(I: A) + ay(L: + 2) + (K: + ete. 

+ ay(L: J) + by(J:J) + J) + ete. 

b,(J:K) + o(K: K) + ete. + ete. 
(JT: A) Hay (LT: + L) + + ete. 

+ J) + J) + J) + ete. 

+ K) + K) + + ete. + ete. 
ete. 


* Any one of them multiplied by 0 gives 0. TIf b=0, of course the result is 0. 
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Any two operations are equal which, being performed on the same operand, 
invariably give the same result. The ultimate operands in this case are the non- 
relative units. But any operations compounded by addition or multiplication 
of the operations 7’, 7’, #, etc., if they give the same result when performed 
upon A, will give the same result when performed upon any one of the non- 
relative units. For suppose = KIA. We have 


= + + + etc. 
KYA = L=ayl + + cy K + ete. 


so that a, = dg, b= by, Cy = Cy, ete., and in our original algebra = 
Hence, multiplying both sides of the equation into any letter, say m, ym = kim. 
But 


ym = a + bos) + Cosh + etc.) = (ayy + + 3Co5 etc.)z 
(bites + + ete.) + ete. 


But we have equally 
A — (Gy) + + A13Co5, + etc.) I + + + by + etc.) J + ete. 


So that 7j’m'A = klm'A. Hence, 77’/M=kIM. It follows, then, that if 7j’A 
’ = &#UA, then 77’ into any non-relative unit equals #7 into the same unit, so that 
wj'= kV. We thus see that whatever equality subsists between compounds of 
the accented letters 7’, 7’, ’, etc., subsists between the same compounds of the 
corresponding unaccented letters 7, 7, &, so that the multiplication tables of the 
two algebras are the same.* Thus, what has been proved is that any associ- 
tive algebra can be put into relative form, 7. e. (see my brochure entitled 
A brief Description of the Algebra of Relatives) that every such algebra may be 
represented by a matrix. 

Take, for example, the algebra (dd;). It takes the relative form 
t= (1:A) + (J:1)+(L:K), g=(:A), 
k=(K:A)4+ (UU: + +t: L)— M)—r(L:), 
I=(L:A)+(J:K), 


* A brief proof of this theorem, perhaps essentially the same as the above, was published by me in 
the Proceedings of the American Academy of Arts and Sciences, for May 11, 1875. 


i 
faq 
{ 
it 
| 
it 
tit 
f 
if 
if 
i 
| 
{ 
{ 


Peirce: Linear Associative Algebra. 


This is the same as to say that the general expression x? + yj + 2k + ul + um 
of this algebra has the same laws of multiplication as the matrix 


0, 0, 0, 0, 0, 0, 

0, 0, «, 0, 0, 
y, 0, wu, 

Z, 0, 0, oO. 0, 

YZ, 0, «—v, 0, 

v, 0, 0, Z, 0, 0. 


Of course, every algebra may be put into relative form in an infinity of 
ways ; and simpler ways than that which the rule affords can often be found. 
Thus, for the above algebra, the form given in the foot-note is simpler, and so is 
the following : 
t= j=(C:A), 
k=(D:A)+ F), 

I= (F:A)+(C:D), m=(£:A)+(t?—1)(C: B)— (B: A)—(F: D)—(C: £). 
These different forms will suggest transformations of the algebra. Thus, the 
relative form in the foot-note to (dd;) suggests putting 


when we get the following multiplication table, where p is put for r—’ : 


m| py 0 pl 0 j 


| 
| 
| i j | 
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Ordinary algebra with imaginaries, considered as a double algebra, is, in 
relative form, 
J=(X: 


This shows how the operation J turns a vector through a right angle in the 
plane of X, Y. Quaternions in relative form is 


1=(W: W)+(X:X)+(¥: Y)+(Z:2), 
(X: W) —(W:X) + (Z: Y)—(Y¥: J), 
J=(VY: W) —(2:X) —(W: Y)+(X:2Z), 
k=(Z:W) +(Y:X) —(X: Y)—(W:2Z). 


We see that we have here a reference to a space of four dimensions corres- 
ponding to X,Y, Z, W. 
I. 


On the Algebras in which Division is Unambiguous. 
By C. 8. PErRce. 


1. In the Linear Associative Algebra, the coefficients are permitted to be 
imaginary. In this note they are restricted to being real. It is assumed that 
we have to deal with an algebra such that from AB= AC we can infer that 
A=0or B= (C. It is required to find what forms such an algebra may take. 

2. If AB=0, then either A=0orB=0. Forifnot, AC=A(B+ C), 
although A does not vanish and (C is unequal to B+ C. 

3. The reasoning of § 40 holds, although the coefficients are restricted to 
being real. It is true, then, that since there is no expression (in the 
algebra under consideration) whose square vanishes, there must be an expression, 
z, such that 7? =7. 

4, By §41, it appears that for every expression in the algebra we have 

A= A. 

5. By the reasoning of §53, it appears that for every expression A there is 

an equation of the form 

in (Gn A”) + bt = 0. 
But 7 is virtually arithmetical unity, since 1A = Ai = A; and this equation may 
be treated by the ordinary theory of equations. Suppose it has a real root, a; 
then it will be divisible by (A — a), and calling the quotient B we shall have 

(A—ai)B=0. 


Vou. IV. 
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But A— ai is not zero, for A was supposed dissimilar toi. Hence a product of 

finites vanishes, which is impossible. Hence the equation cannot have a real 

root. But the whole equation can be resolved into quadratic factors, and some 

one of these must vanish. Let the irresoluble vanishing factor be 
(A—s?+?=0. 

Then 


or, every expression, upon subtraction of a real number (7. e. a real multiple of 2), 
can be converted, in one way only, into a quantity whose square is a negative 
number. We may express this by saying that every quantity consists of a scalar 
and a vector part. A quantity whose square is a negative number we here call 


a vector. 
6. Our next step is to show that the vector part of the product of two 


vectors is linearly independent of these vectors and of unity. That is, 7 and 7 
being any two vectors,* if 

where s is a scalar and v a vector, we cannot determine three real scalars 
a, 6, ec, such that 

vo=atht+g. 
This is proved, if we prove that no scalar subtracted from 7 leaves a remainder 
bi+cj. If this be true when 7 and j-are any unit vectors whatever, it is true 
when these are multiplied by real scalars, and so is true of every pair of vectors. 
We will, then, suppose 7 and 7 to be unit vectors. Now, 


y=—t. 


If therefore we had 
yrath+gq, 
we should have 
by —ce=ab—c4+ (at 


whence, 7 and 7 being dissimilar, 


—i= bru, 
and } could not be real. 


* The idempotent basis having been shown to be arithmetical unity, we are free to use the letter i to 
denote another unit. 
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7. Our next step is to show that, i and 7 being any two vectors, and 
yY=st+, 
s being a scalar and v a vector, we have 
ji=r(s—v), 


where 7 is a real scalar. It will be obviously sufficient to prove this for the case 
in which 7 and 7 are unit vectors. Assuming them such, let us write 


where s and s” are scalars, while v and v’ are vectors. Then 


jt = (s+ v) (i+ v7) = 89+ s+ + 8". 
But we have 


Hence, 
v'= 1 — ss'— — 8'v. 


But v" is the vector of vv’, so that by the last paragraph such an equation cannot 
subsist unless v’ vanishes. Thus we get 


0 =1 — ss'— 


or 


s’= 1 — 


But a quantity can only be separated in one way into a scalar and a vector part ; 
so that 


— 


That is, 
ji=—(s—v). QED. 


8. Our next step is to prove that s=s’; so that if 7=s-+v then i= 
s—v. It is obviously sufficient to prove this when 7 and 7 are unit vectors. Now 
from any quantity a scalar may be subtracted so as to leave a remainder whose 
square is a scalar. We do not yet know whether the sum of two vectors is a 
vector or not (though we do know that it is not ascalar). Let us then take such 
a sum as ai + 07 and suppose x to be the scalar which subtracted from it makes 
the square of the remainder a scalar. Then, C being a scalar, 
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But developing the square we have 
(—a2+ai+ — — abs + abs! — 2axi + 2bay + ab(1 — 0; 
of 

ab(1 = C— a +a? +  —abs — abs! + + 2ba7. 
But v being the vector of 2, by. the last paragraph but one the equation must 
vanish. Hither then v = 0 or 1— =0. Butifv=0, and multiply- 
ing into 

—i=9, 
which is absurd, ¢ and 7 being dissimilar. Hence 1 — = = 0 and 


9. The number of independent vectors in the algebra cannot be two. For 
the vector of wis independent of i and 7. There may be no vector, and in that 
case we have the ordinary algebra of reals; or there may be only one vector, 
and in that case we have the ordinary algebra of imaginaries. 

Let 7 and 7 be two independent vectors such that 


Let us substitute for 7 
Then we have 
=v, 
Y=yi=—7, 
w= 


Thus we have the algebra of real qguaternions. Suppose we have a fourth unit 
vector, /, linearly independent of all the others, and let us write 


Jk + v, 


ki = 
Let us substitute for & 


sit oj, +h, . 


th=sv—v'’. 


and we get 
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Let us further suppose 


(ih =a 


ki=— th, 


because both products are vectors. 


Then, because 7, is a vector, 


But 


Hence 
= — = — thy. yy. 
Hence 


or /”=0, and the product of the two unit vectors is a scalar. These vectors 
cannot, then, be independent, or & cannot be independent of =v. Thus it is 
proved that a fourth independent vector is impossible, and that ordinary real 
algebra, ordinary algebra with imaginaries, and real quaternions are the only 
associative algebras in which division by finites always yields an unambiguous 
quotient. 
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On Tchebycheff’s Theory of the Totality of the Prime 
Numbers comprised within given Limits. 


By J. J. SyLvEstEr. 


If it be admitted that Legendre’s approximate formula for the num- 
ber of prime numbers inferior to a given number, which has been con- 
firmed by direct enumeration of the number of prime numbers contained 
in the first few millions, can be extended to those remote regions of num- 
ber which transcend the limits and even the possibilities of human experience, 
it will follow as a consequence that the average density of the distribution of 
prime numbers in the neighborhood of a large quantity « approximates to 
nw’ and consequently that the number of primes included between x and 
(1+ or if we like to say so, between x + A and (1+<«)x+ B, will be 
approximately equal to i: and therefore will become indefinitely great, 


however small ¢ may be taken. Although there can hardly be a doubt that 
such is the fact, no step had been taken previous to Tchebycheff’s researches 
towards establishing this proposition demonstratively. Tchebycheff has suc- 
ceeded in proving it, not, it is true, in an absolute sense, but for all values 
of « exceeding the fraction < He has done more, inasmuch as he has given 
formulae for actually ascertaining a number ~ for all values superior to which 
there will be at least any specified number FX of primes included between x + A 


and (1 + e) a + B when « has any positive value superior to a and A and B 


are any quantities positive or negative. He may not perhaps have actually 
stated this proposition in so many words, but it is an immediate inference 
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from the limits (expressed in terms of a2, x3 and log x) which he has 
obtained to the number of prime numbers not exceeding x. The object of 
what follows is to make a little further advance in the same direction, and 
to show upon Tchebycheff’s own principles that the proposition remains true 


when ¢ is conditioned no longer to be inferior to the fraction 5? but to the 


1 
fraction = + so that the excess above unity (the region so to say of 


1 
6 ' 46422’ 
darkness) is scarcely more than five-sixths of what it is for the first named fraction. 
This conclusion is arrived at by aid exclusively of Tchebycheff’s own formulae. 
Tchebycheff’s method may be regarded as the first approximation to the 


inferior and superior limits of a quantity Jax subject to the conditions 


Va > Ax + F log x, 
Va < Ax + F, log a, 


where Ve = ete. (see Serret’s Cours d’Algebre supéri- 
eure, 4th Ed., Vol. 2, pp. 230-233), and to the further conditions that Ya is not 
less than Wa’ if > 2’, and that = 0 whena<l. 
The limits obtained for ~a depend exclusively on these definitions, and 
would be applicable to any function Ya whatever that satisfied them. 
' The advance made in this article consists in pursuing the approximation 
through an indefinite number of steps, so as to bring the superior and inferior 
limits to Yx continually nearer and nearer to each other as regards the principal 
term (a multiple of x) which enters into each of them: the remaining terms 
over and above this multiple of x in the expressions for the limits always 
continue to be positive integer powers of log x, and consequently the ratio of 
the limits becomes as nearly as we please identical with the ratio of the principal 
terms (7. e. of their coefficients) when = is taken sufficiently great: this ratio as 


given in the first approximation is =. but as the approximation is continued 
7 1 
continually converges to but never reaches the fraction 7 - 46423" 
Such, and such only, is the small but not unimportant contribution here sup- 
plied to Tchebycheff’s remarkable theory. As no allusion is made to the possibility 
of this contraction of the limits in a work published so recently as 1879, by an 


& 
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author so competent as M. Serret, I presume that it has hitherto remained 
unnoticed; but of this 1 cannot speak with certainty, inasmuch as it was enough 
for M. Serret’s purpose to obtain for the ratio of the principal terms a number 
less than 2; that being sufficient for the object he had in view, which was to 
prove M. Bertrand’s celebrated postulate that at least one prime number must 
be included (for all values of x greater than 5) between x and 2a — 2. 
Although I might confine myself exclusively to the determination of the 
limits to Ya which flow from the conditions above given, it is, I think, desirable 
to supply a brief summary of M. Tchebycheff’s method, so as to point out the 
connexion between the determination of these limits and the limits to ‘the 


totality of the prime numbers comprised within a given range.” ‘In so doing I 
shall adopt for the convenience of reference the notation which I find in M. 


Serret’s able exposition of the subject (Alg. sup., Vol. 2, pp. 225-239). 
6x stands for the sum of the logarithms of all the prime numbers not 


exceeding x. 
Wa = Ox + + Oak + + + 


t+... 


and, as a consequence founded on purely arithmetical considerations, 7x is 
the sum of the logarithms of al/ the numbers not exceeding x, and therefore, as 
an easy deduction from Stirling’s theorem, it follows that for all values of x 


superior to unity, 
Tx <a lo x + (lo + 
108 2 g 12 
Tx > log log « + log W/2z. 
If then Vx (a notation not in Serret) be used to denote 
x x 


1 1 1 1 
(where it should be noticed that 1 — ae a + 5 = 0), limits for Vax 


can be found in which x log x will not appear, and expressed solely in terms of 
x and log x: it may in fact be shown that for all values of x superior to unity, 


Ve > A(z—1)— > loge 


Ve < A(w@—1) + loge 


‘ 
. . . 
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1 1 1 1 
where A = 3 log a log 3 + 5 log 5 — 9 log 30 = .92129202 ... 
The limits actually employed, however, are the slightly wider ones, 


Va > Ac — > log 


Va < Aw + log a. 


If now we take an infinite succession of numbers separable into batches of 
sixteen, such that every (2 + 1)™ batch may be got by adding 30: to each of the 
numbers in the first batch, those numbers being 

1, 6, 7, 10, 11, 12, 13, 15, 17, 18, 19, 20, 23, 24, 29, 30 
(where it is perhaps worth noticing that leaving out the last number 30, the 
remaining 15 consist of a middle term 15 and pairs of numbers whose sum is 
always 30, disposed symmetrica]ly about that middle term), it will readily be 
seen to follow from the expression for V in terms of the 7’s and of 7 in terms 
of the that 


. 


just in the same way as if supposing on = Ya — we should find ox = 


ts; ...3 or asif supposing = ya — 


Vou. IV. 
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From the limits to which Vz is subject (Vx being now regarded as representing 
the series of ¥’s above written) limits can be found to Ya of the form mx+ 
R, (log x), nw + R, (log x), where the R’s signify rational integer forms of func- 
tion. In the first approximation, for the inferior and superior limits respectively, 


m=A,n=6 4; R, is a linear and R, a quadratic form of function. In the 


approximation of the 7 order m and n will become functions of 7, and R,, R, 
will be of the ¢ and (i + 1) orders respectively in log a. 

The limits of Yxe being supposed to be given (say Ya the superior. and yyw 
the inferior limit), Wx will serve as a superior and yx — 2W/z? as an inferior 
limit to Oz. But instead of Wx we may use (although not at all necessary for 
the object in view) the slightly closer limit Ya — y,x?, which is what M. Serret 
employs, and equally instead of y,% — 2W/xt we might use the slightly closer 
limit 

— Vai — Yat — Pat + 
which, probably as leading to calculations needlessly complicated (as regards the 
object in view), M. Serret does not employ. In any case, following the same 
notation as before to distinguish the two limits, we shall obtain 


= nx + log x) 
FC... log 2), 


where F’, F” are rational integer forms of function, and the dots in the F’ may 
be filled in either with x? or with a}, x3, x3, 20; and we shall have 


= nx (1 + «,) 0,2 = ma(1 + 7,), 


where and y, vanish when x = 

To come to our ultimate object, it is obvious that the number of primes 
between and (1+ )a will be greater than [6,(1+ + log zx. 
[m(1 + p)—n]x + 0, 

log x 
Hence we may find a value of x so great that the number of primes shall be at_ 
least K by finding a number 2 sufficiently large to make 6,(1 + p)x — Oa 
—(K—1) log az >0, which it must always be possible to do provided that 


It will therefore be greater than , where d, = 0 whenz=o. 


m(1+p)>7, we. thatp > ( — Hence the importance of diminishing 
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what I call the asymptotic ratio = , 1. e. the ratio of the coefficients in the prin- 


cipal terms of the superior and inferior limit to dw. That is what I shall now 
proceed to accomplish, but first it is necessary to establish a certain easy lemma. 
Suppose the equation fa — f= = Az” is to be satisfied; this can be done by 


m 


writing fe = A — x, and in particular if m=1, the only case that the 


—] 
present theory demands, fe = — Ax. Again if the equation fe —// = = 
P (log x)" is to be satisfied, this may be done by making fx = P, (log x)*t? + 
P, (log + P, ... + P,loga, for since log — = (logx — loge), 
im tf 5a will then obviously become a function of log of the u™ order, which 


may be identified with P (log x)“ by properly assigning the values of the (u + 1) 
disposable constants P,, P,, P,, ... P,. In fact the equation might easily 
(if it were worth while to do so) be turned into an equation of differences, and 
the general values of the P’s be expressed once for all in terms of Bernoulli’s 
numbers for any value of uw. Hence it follows thatthe equation 


= Nx + R,* log 


where &, is a rational integer form of function of the u™ order, may be satisfied 
by making 


fr=— Na + &, 4, log x, 


where the second term on the right hand side of the equation is a known function 
of log x of the (w+ 1)™ order. . 


Suppose now that the inequality Ya — < Na+ R, logz, wherec > 1, is 
given, and it is desired to extract from this inequality aninferior limit toya. It 


is only necessary to get a solution of the equation fe — f = = Nz + R, log x. 


* The reader’s attention is called to the fact that Ry is used throughout to denote a form of function, 
and not, like Pu, a coefficient. ; 
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We shall then have 
— < fo — f= 


and consequently fa—f 


If then g be supposed to be taken such that 2 , say z, lies between Vand 1, we 


shall have 
> fa, 

and & fortiori > R,4, log z (if N be positive, as is the case throughout the 
present investigation), where the right hand side of the inequality is a*known 
rational integer function of log z. If then Mbe a number less than the least 
value that R,,,& can assume between the limits § = 0, § =— loge, we shall 
have Ya < fx — M, and an inferior limit will have been obtained to Ya. 

In the first approximation (Serret, p. 234), where w= 1 andc=6, 


R~E = Tis g? + 3 &, the minimum value of which is got by taking 2 = — log 6 
or § =— log s/6 (which happens to lie between the limits of log 1 and — log 6) 
and gives M= so that ya fa+ = The actual value em- 


ployed for the superior limit, as sufficiently near and more convenient for 
use, is fe +1. 

So in the general case we shall have fa — Ya > M where Mis any number 
less than the least value of R,,,& for values of & lying between 0 and — log c. 
It may or may not be the absolute minimum of F#,,,& that has to be taken 
according as the value of & which gives this absolute minimum does or does not 
lie between 0 and—loge. In the latter case it may be either some other 
minimum, or one of the values of R,,,& corresponding to the extreme values 
& = 0 and & = — loge, which might be found by trial. But a method practi- 
cally better and sufficient for the demands made by the present investigation, 


i 

| 
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would be to substitute zero in place of any term in the function of & of the form 
+ or — and for any term of the form KE" or + to 
substitute — K (log c)’" and — (log respectively. 

For instance, in the case just considered we might have written M= 


— = log 6, and the superior limit instead of being fr +1 would have been 


Sart - log 6, which would practically have been just as good. Witha view toa 


remark which will subsequently be made it is well to notice that the inequality 
ve — — > Na+ R, log x 


may also be solved precisely in the same manner, and will give for an inferior 
limit to Ya (using fx to signify the very same function as before) fa — M,, where 
(N being supposed positive) M, = — N log e+ any quantity not less than the 
greatest value of a known rational integer function of a variable conditioned to 
lie between 0 and — log ce, which may either be found by an exact algebraical 
process or by substituting 0 in those two cases where previously — log c, and 
— log c in those other two cases where previously 0 was to be substituted for 
the variable. 

The lemma needful for our purposes may now accordingly be stated in the 


following terms: Jf Ya—y < is less or greater than Nx + a given rational integer 

(and easily determinable) rational integer function of log x of the order next 
superior. 


Junction of log x of any given order, yx is less or greater than Nx + a known 


If the coefficients of x in the superior and inferior limit to yx at any stage 
of the investigation be called wu and v, I shall show that these values will serve to 
give (step by step) other superior and inferior limits where u and v are replaced 
by quantities w’, ’, such that u’ << u, v > v; w, v being known linear functions of 
u,v. We shall thus be led to a system of two simultaneous linear equations of 
differences in order to obtain the effect of those changes repeated any number, 
finite or infinite, of times: but for greater clearness I shall begin with supposing 
that one of the two expressions w, v, viz. v (which undergoes far less modification 
than the other) is kept constant. There will then result a single scheme of 
successive substitutions leading to the construction of a single linear equation in 
differences. 
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The first step will then be as follows: 


Ar +5 log — (AF — —1)+ 55 +4 


or writing 
A= log 6, uw=log7, v= log 10, 
1026 


Hence ve << 375 


Ax + P (log x)? + Q (log x) + Ra — M, 


where first to find P, Q@, R, we have the three equations 


5 
8PA= 
5 5 
+ kA = 7 5 
5 15 By 5 1 & , 64 Su, 1 
Here P is positive ; Q, whose sign depends on that of 3 — ed , is also positive ; 
—2 65 
= 3.33333 .. + .10160..— 2.1570. . — 1.25 
= 3.43493 .. — 3.4070.., which is also positive. 
Hence we may make 
M= -— Pr? — Ri, 


It is quite possible, and even most likely, that the minimum of Pa’ — Qa’ 
+ Ra (within the prescribed limits) would be found to exceed —1 were it worth 
while to go through the arithmetical calculations necessary to obtain it, but it is 


iF 
: 
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quite sufficiently near for all practical purposes to use the value above determined, 
or even to take — M as great as 2 and to adopt for our new superior limit 


+ P (log x)? + Q (log + Rloga+2. 


In like manner this new limit will enable us to find another, and it is obvious 
that the general form of the limit obtained after 7 of these steps have been gone 
through will be Ax + R,.,log x, where 


Putting 
th 
and making 
22 36 90 
we have 
3 
— = 0. 
Hence 


3\i 90 
u = (=) 


The ultimate value of wu; is therefore 90 and accordingly, by repeating the 


77’ 
—— indicated a sufficient number of times, we shall have for a superior limit 


& Ax + R; 4, log a, where ¢, may be made as small as we please by taking 


a ieee agent and thus the ultimate asymptotic ratio of the two limits is 


— instead ofS 


Another mode of approximation may be used, as shown in what follows. 


Since 
We — < Aw — + 


if we have found 
we shall have 


te — < Ax + log x, 
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and therefore 
log az, 


where 
10 1 
1. 
5 . 20 
U1 97 = 
or 
w= K +h 
where 
00 
22 21 


Thus 4’ = A and consequently also, if we suppose each of the two sorts of 
approximation to start from the same point, K = C. 

Hence the ultimate value of wu, and w; is the same, but the former method of 
approximation is to be preferred, as the same number of steps, 7. e. the same value 


of 7, makes C (=) + halways >C (=) +h. The corresponding values of 
u,, u, have the same initial and final values, but for every intermediate value 
of 1, u; <.u;. In fact u,, uw; are ordinates to the same abscissa of two non- 
intersecting curves, having a common starting point and a common asymptote. 
The maximum value of uw; — u, is found by making (=) — (=) a maxi- 
mum, which takes place when 7 is the integer next above or next below the 


value 


25 27 
log log log log 
35 97» Which is obviously less than unity. 
log log 
Hence after the first approximation u, and wu; are always drawing closer 


together. 

We may now proceed to the more (but only very slightly more) advanta- 
geous method of approximation, viz. that in which the principal terms in both 
limits are simultaneously varied, decreasing as before in the superior, and now 
at the same time increasing in the inferior limit. 
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Suppose then that we have found 


de <u, log a 
ve >v, Ax + log 2; 


observing that ai _ 5 is always positive, we shall succeed in increasing the 
principal term of the inferior limit by writing > Ax + AS, — 


+ R; 4, log a, and slightly more than previously diminishing the principal term in 
the superior limit by writing Ve < Ax — + loge. 
We shall thus easily derive 


da > Ax + log x 
< Ui 44 Ax Ri +5 log 


where 


or, making +f,u4,= u, +e, 


1 , 1 


3 4 6 4 
So that calling p,, p, the roots of 
35’ P~ 95 


Ci pi + C; 
The equation for finding p,, p, is 


600? 40600 — 


241 7 
a 7) 
V; U; | 
a9 j 
6 , 6 3 
| 
| 
| 
Vou. IV. | 


242 SytvesTeR: On Tehebycheff’s Theory of the Totality of the 


whence 
a= .167253... ps = .005637... 


Also the equations in e, f give e, f (the values of u,, v,) as follows: 
59595 51072 
50999 50999 
If there were any use in obtaining the values of the disposable constants 


they could of course be obtained from the equations 


6 1026 
O,+e=H=; Cpt op +e=m = 


5 
The asymptotic ratio of the two limits is 
_ 59595 6 11 
f 510727 +7 51072 

Various other modes of approximation may be adopted, but it will be 
found that no smaller value can be obtained for the asymptotic ratio than that 


59595 
above given: the value of w, cannot be made less than 50999’ BOF the value of 
51072 
greater than 50999 


Thus ex. gr. making use of the inequality 
wv 
Ya — > Ax + — + (log a), 
we might by the lemma obtain 


and consequently 
combining which with the previous equation for u;,, we should have for 
finding u., v, say ¢, f’ the two equations, 
+ 393° = 1 


| 
i 
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and consequently 
_ 331905 __ 284424 


/ 
~~ 284029 f 284069 


Reduced to decimals 
e= 1.16855... f=1.00143... 


= 1.16856... 1.00125... 


It may be noticed that eA = 1.006774 .., fA = .992619 . . of which the 
sum is nearly 1.999394, and their mean nearly .999697, whereas the 


mean of A and = (the original coefficients of x in the limits) is nearly 1.01342. 


Thus the new mean is more than 44 times nearer than the latter to the true 
asymptotic value deducible from the empirical formula. 

Were it desired merely to find superior and inferior limits to Ya in the form 
obtained in Tchebycheff’s method, it would (as already indicated) have been 


sufficient to have taken for Vx, Tx — 25, which would have led to the in- 


equalities 


vx > (log 2) 2+ R, log x 
da < 2(log R, log x 


but the asymptotic ratio being here 2, these limits could not have conducted 
to a proof of M. Bertrand’s postulate. If, however, we were to take Va = 


Tx — we should obtain 
Va > Be + R, log x 


Va < Bu + log x 
where 


B= log2+ 8 + log 6 = 1.014048 


and 
x 


xv x 
when we should obtain 


— Yo < Bu + log 
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and again 
> Bat R, log a 
6 , 
te > loge 
Here the asymptotic ratio of the two limits is 4 which being less than 2, 
the formulae above indicated would suffice to prove M. Bertrand’s postulate, and 
would lead to an equation somewhat simpler in form than that led to by 
M. Tchebycheff’s process, but whose greatest root would be considerably larger 
than that found by the established method; so that there would be a larger 
number of verifications of the postulate to be made for the lower numbers: 
this, however, is really a matter of very triflmg importance, as the needful 
verifications could be made even up to 100,000 if necessary, by throwing a 
rapid glance over a few leaves of Burckhardt’s tables. 
It is noticeable that the limits above found by giving Vx the form 


Tz — 275 are the only limits that can be got in such case; no process of suc- 
cessive approximation being here possible, on account of the too close conti- 
guity of the successive denominators in ya — Vs + + sili 


Such, however, would not be the case were we to use Vx to signify 


x x x x 
Va= Ya + — 2, +47 +4, 


— Te, and consequently 


The limits expressed by the inequalities 
Ba+... 
te >v, Bat+... 

would lead to the narrower limits 


But... 
de> %41 But... 


where 


Tx 
Uy; v; 
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that is to say 


Hence, using as before e, f to indicate the ultimate value of w;,, v;, we 
should have 
2le + 4f— 28= 0, 
96e + 275f— 330 = 0. 
and consequently 


__ 6380 fm 4242 
5391’ ~ §391’ 
and 
e 6380 3 1 
= = + 


which is the ultimate value of the asymptotic ratio, of which the initial value 


wa that could be found by this method. 


In every such kind of series as I have denoted by Va, it is obvious that 
the sum of the multiples of x under the sign of ~ in Va is equal to the 
coefficient of x in either limit to Vz. Thus ex. gr. in Tchebycheff’s series, if we 
take na multiple of 30, and make S,=1+ the sum of 


1 1 1 1 


and the multiplier of S, being — 0, it ene that sie sum of an — 
number of the consecutive terms = log 2+> 3+ — log 5 — — log 30 
=A, 


} 
| 4 
U; 60; 6 @ 
U; U; v; 
| 
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It may not unreasonably be conjectured that whilst nothing more can be 
done with the Tchebycheffian Vx, it may be possible to-find such other form of 
function in lieu of it, or such infinite succession of different forms of function, as 
may either directly or by successive approximation bring the coefficients of x in 
the two limits as near as we please to one another, at the expense, of course, of 
proportionally lengthening out the residues, or tails as they might be termed, of 
the two limits. Could this be done, it is easy to demonstrate that the limit 
thus continually approached from opposite sides must be unity, as indicated 
in advance by Legendre’s empirical formula. For this purpose it will be suffi- 


cient to use the simplest form of Vz, viz. Tx — 27, whence we obtain 
> log 2.0(1+s,) 
+45. < log 2.a(1+%,) 


being known logarithmic quantities which vanish when «= © . 


For suppose it possible to prove that 


de> Gz 
de< Q(1l+h)a+ Fe 


where sod , 3 may be made as small as we please by taking 2 sufficiently large, 


(I mean by taking x greater than some certain value £). Then 


(1+ ¢,) +45 ~ 
1 \ 
3 
x 
+ Fe— + FZ ™ 


Let & be taken so great that for all values of x greater than, = shall 


be less in absolute numerical value than =, where & is an arbitrary positive 


quantity: then, if we take a >£, the sum of the absolute values of Fx, 


, is less than ka; and & fortiori 


x x 
Fz + — < ke. 
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Therefore 
Q (1 +h) log 2.%> (1+¢,) log 2.2— ke. 


‘ 1+¢, k 
Hence, @ being greater than i and ¢,, h, k being all 


three capable of becoming indefinitely small, 1 — @ cannot be a finite positive 
quantity ; which amounts to saying that 1 — Q cannot be positive. 
In precisely the same manner, dealing with the other limit to Vx and stop- 


ing in its development at the term iri instead of stopping at the term 
ping Pp Im + 1 pping al 


—— ) it may be proved that 1 — Q cannot be negative. Hence 1 — Q must 
y be p 


be zero,t.e Q=1. Q.#.D. 

We have thus determined what is the common limit to which the principal 
term in the superior and in the inferior limit of ya are bound to approximate, 
on the supposition of the possibility of formulae being discoverable admitting of 
the interval between these principal terms being capable of being made as small 
as we please. But to pronounce with certainty upon the existence of such 
possibility, we shall probably have to wait until some one is born into the 
world as far surpassing Tchebycheff in insight and penetration as Tchebycheff 
has proved himself superior in these qualities to the ordinary run of mankind. 
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Specimen of a Literal Table for Binary Quantics, 
otherwise a Partition Table. 


By Proressor CAYLey. 


The Table, commencing 1; 0; 8’; d, bc, . . ., is in fact a Partition 
Table, viz. considering the letters 4, c, d, . . . as denoting 1, 2, 3,.. . respectively, 
it is 1°; 1; 2,11; 3,12, 111; ...a table of the partitions of the numbers 0, 1, 
2, 3..., expressed however in the literal form, in order to its giving the literal 
terms which enter into the coefficients of any covariant of a binary quantic. 
The table ought. to have been made and published many years ago, before the 
calculation of the covariants of the quintic; and the present publication of it 
is, in some measure, an anachronism: but I in fact felt the need of it in some 
calculations in regard to the sextic; and I think the table may be found useful 
on other occasions. I have contented myself with calculating the table up to 
s=18, that is, so as to include in it all the partitions of 18: it would, I think, 
be desirable to extend it further, say to z= 26; or even beyond this point, but 
perhaps without introducing any new letters, (that is, so as to give for the higher 
numbers only the partitions with a largest part not exceeding 26): the question 
of the space which such a table would occupy will be considered presently. 

As to the employment of the table, observe that in applying it to the case 
of a quantic(a, b, c, dix, y)*, the terms containing the letters e, f, etc., pos- 
terior to the last coefficient d of the quantic are to be disregarded; and that the 
terms are to be rendered homogeneous by the introduction of the proper power 
of the first coefficient a, rejecting any term for which the exponent of a 
would be negative (or what is the same thing, any term of too high a degree in 
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the coefficients 6, c, d); thus, for the cubicovariant, where the coefficients are 
of the degree 3, and of the weights 3, 4, 5, 6 respectively, from the portion of 


the table we at once copy out the terms 
de fq ad | abd | acd | ad’ 
be bd be bf abe | ac Bd | bed 
cd ce B | Be | 
bic bid & which compose the coefficients in question. 
bt be’ Be 
bed 
bd 
ete. 


As regards the formation of the table, this is at once effected, and the suc- 
cessive terms are obtained cwrrente calamo, by Arbogast’s rule of the last and 
the last but one: observing that each term is to be regarded as containing im- 
plicitly a power of a, so that operating on any term such as 5‘, the operation 
on the last letter gives b’c, and that on the last but one letter gives 6°. There 
is little risk of error except in the accidental omission of a term; but of course 
any one omission would occasion the omission of all the subsequent terms deriv- 
able from the omitted term, and would so be fatal: to remove this source of 
error, observe that for the successive numbers 0, 1, 2, 3, etc., the number of par- 
titions should be 


1123 5 7 11 15 22 30 42 56 77 101 135 176 231 297 385... 


and we can thus, for each partible number successively, verify that the right 
number of partitions has been obtained. 
But as the number of partitions becomes large, a further control is conve- 
nient, and even necessary—say we have the 176 partitions of 15, we have by . 
the rule to derive thence the 231 partitions of 16, and it is not until the whole h 
of this derivation is gone through, that we could by counting the number of the 
new terms ascertain that the right number of 231 terms has been obtained. To 
break up the verification, it is convenient to know that for the partitions of 16 | 
into 1 part, 2 parts, 3 parts, 4 parts, etc., the numbers of partitions are 1, 8, 21, _ i 
34, etc., respectively: we can then as soon as the derivations giving the partitions . 
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into 1 part, 2 parts, 3 parts, etc., respectively, have been performed, verify that 
the right numbers 1, 8, 21, 34, etc., of terms have been obtained. The numbers 
are contained in the following table, each column of which is calculated from 
the preceding columns according to a rule which is easily obtained, and which 
is itself verified by the condition that the sums of the numbers in the several 
columns give the before mentioned series of numbers 1, 1, 2, 3, 5, 7, ete. 


No. of PARTIBLE NUMBER. 

Parts| 0 1 2 8 4 5 6 7 8 9 10 11 12 18 14 15 16 17 18 
1/2) 2| 8| 4 4/5 7| 7] 8! 8| 9 
1/19) 8 4) 5) 14/ 16/19/21 24 | 27 
6) | 15 | 18 | 28 | 97 | 34/39 | 47 
5 1/1) 2] 8/5 7/10 | 18 | 18| 28/30 | 87. 47 | 57 
6 5) 7/11 14/20/26 85 44 
7 1/1] 5| 7) 1 15 | 21 | 28 | 38 | 49° 

9 1] 1] 7/11 15 | 22 | 80° 
10 3) 5| 7/11) 15/22 
17 | | | | ila 
11 2 8 5 7 11 15 22 80 42 56 77 101 135 176 281 297 385 


The practical rule for the construction of the table thus is:— On a sheet of 
paper ruled in squares, and which is read as a continuous column from the bot- 
tom of one column to the top of the next column, form the terms by Arbogast’s 
method as already explained ; writing down in pencil a batch of terms, and count- 
ing them to see that the right number has been obtained, then, at the same time 


j 
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verifying the derivations, mark these over in ink; and so on with another batch 
of terms, until the whole number of the partitions of any particular number is 
obtained. 

The foregoing series 1, 1, 2, 3, .. . 385, for the number of the partitions of 
the successive numbers 0, 1, 2, 3... 18 is carried by Euler up to the number of 
partitions of 59, = 831820, see the paper De Partitione Numerorum, Op. Arith. 
Coll. I., bottom line of the table pp. 97-101: the continuation from the number 
385 and for the partible numbers 19 to 30 is as follows: 


19 20 21 22 23 224 2% 26 22% 28 2 30. 
490 627 792 1002 1255 1575 1958 2436 3010 3718 4565 5604’ 


the whole number of terms 1, 1, .. . 5604 amounts to 28629, which at the rate 
of 500 to a page would occupy somewhat under 60 pages; or, at the rate here 
employed of 369 to a page, somewhat under 78 pages. 


THE PARTITION TABLE, O To 18. 
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l | bee |e of cdf bia? | 
1 | bd cd Bf bg | Bet 
1 ce b’e | Bee bdf Bre Oh 
Bc Bed =| be* Beg Bed || 
| 6 Be b? bed |b 
| bed bd cde | led | 
| | Bee 
| | | bef | bd3 
f b*e | | bd Bde | ce 
| | 7 i | dh Bef | 
be? 15 bh eg Bde | 
| d bc cg | | | Bice Bete 
be h | | | Bed? 
bg é | j Bed | bch. bed | 
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4 
cdg | bie? bch cd’ f b’ceg 
ct be? é Bede 
Bch cdf in cg’ 3 
Bee dh be*h we 
m BeBe bof deh be'dg Bete 
i be bl bc®f dik | a beef | Bed? 
ck betde Beh | bee 2 g bed? f hed | 
dj bed* Bedg | bede? ci * 
of 2 Bede bck 
4 Cc ce 
ere 
Bee bic? eg 34 
Bet bite Bet beedf 135 | Big 
| Pdi | | bie 
be? | 2 ce 4 
| cdg ek bet f Bie'd 
4 bedh bet df bed 
ce fi ie cde 
be*d3 
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| | 
14.15 15 15 15 | 15 . 16 16 16 16 16 | 
Bed Pgh | bedef | |cef? |ede | 
beet | Beef | Bef cgi | Beeg | if 
bc befh | ch | Bde ch? déf bic f? 
adi ef =| Bg Bled? | | f 
bdfg |cd? |b |dgh | Bch 
cn =| BaP eg beefg | bed’ f 
dm edi Bede bed | fg | Bede 
el bdi Dic ben Bedj | bdeg | 
Sk Cfg | beh | Bem | | df? | Betg 
bifg | bed? bed Bal Befh | 
hi cdeg cfd Bek Bee \q 
cdf? | bedh | bu Pdi | 
bem b’ceg | be bgt |B eeq | 
dé Bdef | | bedk | Bef? | Bedef | 
cl Bedg | Bde | begh | | by 
cdk Bei | Beef | Bf | bp befg | Bei 
eft | Bed? | bied® | dn bdfh | bedeg | | beg iH 
cgh Bey em | bdg? bed f? | | bef 
Bedi | | Bed | fl beh | beef |bede | Beh 4 
dei b?ceh | | Bed | gk befg bed’e | b®edg 
adfh Befg | be’ hj | bf? | bd? beef || 
dg’ BPA | bede | bh ck cg iF | 
Bef | cde | bdm | de bed f 
Bel bedh | by Bede | bfk cdg | bk b'cd*e 
Bey ledfg | Bai | Bef | 
bed?g | | ce*g cd3f bch bc*de 
| 
| 
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Bed 
ct 
cd 
b¥d 
b” 
be 
| 17 


| 297 


| 
7 
16 | 17 17 17 17 17 17 | 17.18 
efi def? edeg | bee’ bf? bed? 
egh éf Cdf? | | be'df | beth 
cd’g bd*e | | bYg 
Bdm | bf7 clef cde b°c*e 
b'dg bel de ef | cd’ Bed f | bcd? 
| | Paz bel | Bie’ 
bcd f Bhi Bedk | | ‘| Od! 
bem | Beef | be | bictf 
Bde Ir bedl Bcfi Bek bie'de | 
bef bq bcek Beegh | bigh | Bdj =| bed 
| cp be fj | bet | b’c’e 
do begi bedet | | biceg | b¥e 
en bch? Bd fh | | bg? bicf? | b¥ed 
Bed | gl bdej beh biedi =| | bid 
bh ij bdgh | Bf? | | | beh | Bdg | be 
be*k Bdfg | biedg | bref 
| beo befh | bedj | bideg | beef | 
Bd bdn beg? Bef? | | | | 1B | 
bef bem | befh | Be} bef | 
i biede | bfl el |Pedi | |bide |bde |s 
| » || bgk bei Bech =| | Beg =| | br 
| ee bedeh | | Bedf | | cq 
ed | bi? efi bedfg | | Bef? | | dp 
btc® cdm cd?) beef? | Bedf? | b’edef | b'cd* fn 
cel cdei | Bee | Bef | bed gm 
bef cfk cdfh |\bdeg |B | betde | hi 
cdg’ | | | | b*h ik 
cefg | be bct Bedg | bq 
=| dek cf* cy | be’ef | c'd be? bep 
buf dgi deh bf? | Bede | b’cde | ben 
bce dh* |\efg | | b'dh bfm 
be? ey dé*g | bedef | bd’ bleg bicke bgl 
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18 18 18 18 18 18 18 i 
| def bédeg Bedf? | Ped f | 
Bdfi | dé bédf? | Beef | btedh | b’cde’ | b’cdf iy 
| b'n beef | | beg | 
bet btem | | bef? | bietg 
Befh | beef | | | | 
beg” btek bed& | Bet biedef | bic’e | b'e'de 
bdif | Be’dh | | b'cd? 
bc*l | | bid? f | | | 
bedk | bth? Bef | Bef | 
be fi | Bedk |\ceq |Bedef Bedg | Bed | bic’ | 
bed? =| &d’g Bed f | | Bed’ | | H 
bedei | | | Bede | | be'd f 
bed fh | ee’ b*dte bcd’e | 
bedg | |edf | beh by 
be?h | Bdfh | bedg | bey b°cde 
beefg | Bdg? |cdte |betef |Pcidf | bdh | bd 
Befg | | bcd? | | Bf? | | 
| BF | | beh | 
fg |Pek | bed’ be’ f biedg | 
bdég | bef cg be'de | beef | 
|Befh | bgh cle bid? | b"de 
Beg’ cde b°c*g bee 
edj Bedi | btedj | b°k bed f | | | 
eth Bed fg | bicfh | | 
| bicg? | b'ch bf 
edt Beef? | bet b' fg b’ctf bce. 
| bideh fh | | b¥d? 
edfg | bdfg | b'¢ b’edh_ | | 
ef? | | Bedi | | | bie 
| bey Bedi |bcfg | b'def | 
cdéf |bech |\Befg |bdeg | beh | Bch 
ce béfg |bdf? | be’dg | be 
dg | bedh |b'edeg | Beef | ef |v 
if 
if 


Note on Hansen’s General Formulae for 
Perturbations. 


By G. W. Hu. 


The last form in which Hansen expressed the perturbations of the mean 
anomaly and equated radius vector is exhibited by the following equations : 


1 dW 
v= O—af 
(Equations 36 and 37, p. 97.)* 
It will be perceived that the right-hand member of the first of these in- 


volves three quantities, viz. W, v and _ But the last of these quantities 


has no share in defining the position of the body, and it is desirable to get rid 
of it, provided that can be done without complicating the equation. This is 
readily accomplished by means of the equation (33, p. 95) 

dz hy 

di 
The result is 


nga = not + 


Why Hansen has not put the equation in this form I cannot imagine; the 
advantage, not only as regards simplicity of expression, but also in point of ease 
of computation, is evident. 


*See Auseinandersetzung einer zweckmidssigen Methode zur Berechnung der absoluten Stérungen der 
kleinen Planeten. Von P. A. Hansen. Erste Abhandlung. (Abhandlungen der Kéniglichen Sdchsischen 
Gesellschaft der Wissenschaften. Band III.) The numbering of the equations and the paging are from 


this volume. 
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Hansxn develops W by Taytor’s theorem, and, limiting ourselves to the 
second power of the disturbing force, we have 


W=W,+ (=) = W,—2-— de. 


When this value is substituted for W in the equation for mz, we have a 
differential equation of the first order and degree for the determination of dz, 
the integral of which is well known. Terms of three dimensions with respect 
to disturbing forces being neglected, this procedure furnishes the equation 


= (1— + 20) Wy + rode, 


which, however, is without interest other than analytical, as its use involves 
more labor than that of the equation given by HANSEN. 

HANSEN’s equation for the determination of » has the disadvantage of not 
affording the constant term of this quantity, and is inconvenient in computing 
the portion, of the form 


At+ BP+ C@+...., 


which is independent of the arguments g, g, &c., as the values of A, B, &c., 
must be determined to a degree of accuracy much beyond what is necessary in 
the case of the other terms. As all the arbitrary constants admissible have 
been introduced by the integrations which give z, it is evident there must exist 
an equation determining » without additional integrations. HANSEN has virtually 
employed this in the place where he shows how the constant term of v is to be 
obtained, but has nowhere given it explicitly. This lacuna I propose to fill here. 


The equation 39, p. 97, 
h ho 


may be employed to discover the value of 


h, p 
a 


0 


W,=2 sin @, 


cos @ + 


The known expressions for 


“ 
cos and sin are 
A 


cosy + 5 cos2y+..., 
(0) (2) 1 ql) (3) 

sino = (Je siny + 5 (7: +d, )sin 2y+..., 

0 
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where Hansen’s notation for the Besset1an function is employed, and the sub- 
script zero, which properly belongs to e, is, for convenience in writing, omitted. 
In his memoirs, where the mean anomaly is employed as the independent 
variable, HANSEN directs to compute only the parts of W, which are independent 
of y or which have + y in their arguments; that is, the parts which have the 


form 
X, + X, cos y + X, sin y, 


and X, being independent of y. 
It will be easily perceived that, if we put 


In this equation we may substitute for ‘in its value obtained from equation 


33, and thus we obtain 


2 
(1+ (1+ 


d.o 
This equation, when —— a “is known, gives v without additional integrations. 


To put it into a form suitable for computation, we add to each member such a 
quantity as will make the first equal to — 6y, then dividing both members by 


— 6 we get 


This equation is rigorous. If we may restrict ourselves to terms of the 
first order with respect to disturbing forces, it reduces to 


PX, 


q 

3 
3 
| P being thus a constant, the three first terms of W, must have the value 
| 
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or, if terms of the second order must be included, to 
d.0dz Oz d.0z 
The function sib tabulated is com. log (1 + 4); and we have com. log 


| — v]+ a being 


the modulus of common logarithms. 

These equations are as readily used as those given by HANnsEn, and are free 
from the disadvantages, previously mentioned, which belong to the latter. All 
the quantities involved, except X,, have already been obtained in the compu- 


tation of dz. Also X, is readily got by putting y = 0 in the termsof W, which 
involve this quantity, and summing two and two together the terms which 


result. 


WASHINGTON, D. C., December 17, 1881. 
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On the Solution of a Certain Class of Dijference or 
Differential Equations, 


By J. J. SYLVESTER. 


Casting my eye over Mr. Moulton’s valuable edition of Boole’s Treatise on 
Finite Differences (see pp. 229-231), I was gratified to find that he had em- 
balmed in it a solution that I had given many years ago, of an equation in dif- 
ferences, of the simple but very general form expressed by equating to zero or 
to Pm* the persymmetrical determinant 


Uy Ug +i 
Ug +1 
Uz 42 Uz +3 Ug+ite 


| Un 44 Up 
which is of the 7 degree and 2i" order. 
To fix the ideas, let us consider the simple case 
49 — = Pm’, 
of which, when P= 0, the solution is wu, = Aa’, A and a« being both arbitrary, 
but for P not zero is expressed by u, = + (Aa®* + B8*) with the conditions 
a3=m, ABa—PY=P 


which solution as an obiter dictum I may remark may easily be converted into 
the simpler and more explicit form 


(sin + P(sin a + = 0 


where a, @ are arbitrary constants. 
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If we proceed now to verify the solution in its original form, we shall 
immediately be led to perceive a certain generalization which the given equa- 
tion may be made to undergo without ceasing to be soluble—the solution how- 
ever becoming narrowed from a general to a special one: whether particular or 
singular I shall not discuss. 


If we write vu, = Aa® + BG", the determinant becomes 


Aa? BB Aa? +} 4+ 
Aa?ti+ B + B | 


a consequence, it is apparent that we must have 


Aa® + + Cy’, Aa? + Berti + Cy* 
Aa? +4 Aa*+*? + B + 
= AB (a — + BC(B— y)(By)’ + CA (y — aya)’. 


Hence we can solve the equation 


Uglby 4.3 — Une = PP + Qm* + Rn’, 


viz. we may write 


u, + Aa® + BB’ + Cy=0, 
where 


By=1l, ya=m, aB=n, 
AB(a— PY =R, CA(y 


that is to say 


mn in 


P (a—pya—7)’ (3—a)(p—y)’ R (y—a\(7y—8) 
or calling 
= 9, VPQR=G, 


(l—m) (l—n) P’ (m—n) Q’ (n—) (n—m)R 


which is equal to AB(a — 8)(a3)"; this is the verification spoken of: but, as 
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The result therefore in its rational unambiguous form is 
PQR (im — mn) (mn — nl)? (nl — lm)? (lmn)* u2, = § (lm — In) QR ??. 


When any of the quantities P, Q, R vanish, or any of the quantities /, m,n 
vanish or become equal to one another, the solution fails. 

-We shall, however, easily obtain a compensatory form of equation supply- 
ing the place of two of the exponentials, and another supplying the place of all 
three becoming identical, and the solution of these substituted forms may be 
deduced from that of the original form of the equation. 

Thus, first, let 
where is an infinitesimal. 


Then the equation becomes 
Ug Uy 4g — = Pl* + Su’. + Ta’ 
and the solution in its unreduced form is 


u, = Aa® + BB? + Cy’, 


where 
v7, 
and 
MQ («—7) VY —P —P (ne 
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Difference or Differential Equations. 


+ (1-2) 


= v=P {2 te 


1 S 
| 
H | T l— yp 
T 


so that 
or 


will satisfy the given equation 
Ug Ugg Ue = Pl? + Se + 
When 7’= 0 the solution fails, as we know & priori it ought to do. 


When S = 0 it takes the form 
l 2 21 2 
a+1 ,,2 x 


We might, by an analogous process, writing (1 + «), (1+ pe), (1+ ’e) in 
lieu of 7, m, n, and giving P, Q, R appropriate values involving & as well 
ase, render >P/’ a finite function of the form (S + Tx -+ Uz’)a*, and deduce the 
solution of wu, 4. — + Tx + as a particular case of the solu- 
tion of the general equation. But as we can easily see that the unreduced form 


of the solution must be Up = 2? (A + Bu + Oz*), it will be easier to find 


A, B, C immediately from the equation 


A+ Bla +1)+ C(x +1) 
A+B(et+l)+ A+ B(e+2)+ 27 


A+ Be+ A+ B(a+1)+C(x4+1) 
B+ C+ 2x B+3C+ 2Cx 
A+ C2’ B+C+2C2 
or, 20 = S+ Tx + U2’. 


Hence —20?=U, —2BC—4C°=T, 2AC—(B+ CP=S. 
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Hence 
c=./ — = 
T 
or 


wv + + (40? — 28SU— (T+ U)}a7=0 
is the required primitive of the given equation. 
The method may obviously be extended to any equation of the given form: 
that is to say when the persymmetrical determinant which it contains is of the 
degree 7 and is equated to (¢ + 1) multiples of exponentials each of the form Pl’ 
an integral of it can be found, and if these 7 exponentials be subdivided into 
partial groups of <, ¢, ¢’ . . . termsina group, then instead of the ¢ multiples of 
exponentials belonging to any group may be substituted (P, + Px + P,v’+.. 
+ P.a‘—*)l*, and the solution of the equation so modified may be deduced from 
the solution first mentioned as a particular case thereof. 
It will be sufficient for all reasonable purposes of illustration briefly to con- 
sider the case of 
U, Uz+1 Usc+e 
|= PP + Qm* + Rn* + Sp’. 
Us4+3 

An integral of this may be found by writing 


u, = Aa* + + Cy + Dd, 
where 
Bbyi=1, ays=m, aBd=n, =p, 
BCDE (8, y, ACDi(a, y, Q, ABDC (a, B, J=R, 
ABC (a, 8, 


¢ meaning the product of the squared differences of the letters which it governs. 


We have thus 


where 
g 


AB (f(a, B, y, 8) P= PQRS, 


and 


ah 4 
ai 
ai 
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so that writing 


(PQRS)? 


A=C(6, B=f(a, ) 53 C=C(a, B, D=S(a, By) $3 


and thus 

or 


It is scarcely necessary to add that all the above conclusions continue to 
‘ d\* 
hold, when, on the left hand side of the equation for w,4,, we write (=) y and 
at the same time for any exponential /* on the right hand side substitute ¢”. 
Thus for instance we may in general find an integral of 


yy" y” = Ae Be cos (ax 
or again of 


(yy" — — cos (ax B) + Be* cos (ya ot 
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On the Analytical Forms called Trees. 


By Proressor CAayYLey, 


In a tree of NV knots, selecting any knot at pleasure as a root, the tree may 
be regarded as springing from this root, and it is then called a root-tree. The 
same tree thus presents itself in various forms as a root-tree ; and if we consider 
the different root-trees with N knots, these are not all of them distinct trees. 
We have thus the two questions, to find the number of root-trees with V knots ; 
and, to find the number of distinct trees with NV knots. 

I have in my paper ‘On the Theory of the Analytical Forms called Trees,” 
Phil. Maq., t. 13 (1857), pp. 172-176, given the solution of the first question ; viz. 
if dy denotes the number of the root-trees with N knots, then the successive 
numbers @,, $2, $3, etc., are given by the formula 


+29, +29, + .. .= 2) ®(1—2*)-®, 
viz. we thus find 


sufixof@ 1 2 
@=1 1 

And I have, in the paper ‘‘On the Analytical Forms called Trees, with Appli- 
cations to the Theory of Chemical Combinations,” Brit. Assoc. Report, 1875, pp. 
257-305, also shown how by the consideration of the centre or bicentre “of 
length” we can obtain formulae for the number of central and bicentral trees, 
that is for the number of distinct trees, with \N knots : the numerical result 
obtained for the total number of distinct trees with NV knots is given as follows: 


$454 4 2» 2 
2 4 9 2 48 115 286 719 1842 4766 12486 


No. of Knots 123.4 64 9.4. 89 
No. of Central Trees 1 O 1 1 2 
” Bicentral ” O 1 O 


Total 34 2 2 


3 7 12 27 #4«©385 127 284 682 
3. 4 20 108 
106 235 551 1301 
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But a more simple solution is obtained by the consideration of the centre 
or bicentre “of number.” A tree of an odd number WN of knots has a centre 
of number, and a tree of an even number WN of knots has a centre or else a 
bicentre of number. To explain this notion (due to M. Camille Jordan) we 
consider the branches which proceed from any knot, and (excluding always this 
knot itself) we count the number of the knots upon the several branches; say 
these numbers are a, y, 6, €, etc, where of coursea+@8+y+d+e 
+ etc. = N—1. If Nis even we may have, say a = N; andthen @+y+ 
+¢«+ etc. =+~N—1, viz.ais larger by unity than the sum of the remaining 
numbers: the branch with a knots, or the number a, is said to be ‘“ merely 
dominant.” If N be odd, we cannot of course havea = +N, but we may have 
a > +N; here a exceeds by 2 at least the sum of the other numbers; and the 
branch with a knots, or the number a, is said to be “ predominant.” In every 
other case, viz. in the case where each number a is less than+N, (and where 
consequently the largest number a does not exceed the sum of the remaining 
numbers), the several branches, or the numbersa, @, y, etc., are said to be sub- 
equal. And we have the theorem: first when N is odd, there is always one knot 
(and only one knot) for which the branches are subequal: such knot is called 
the centre of number. Secondly when N is even; either there is one knot (and 
only one knot) for which the branches are subequal; and such knot is then 
called the centre of number; or else there is no such knot, but there are two 
adjacent knots (and no other knot) each having a merely-dominant branch ; 
such two knots are called the bicentre of number, and each of them separately 
is a half-centre. 


Considering now the trees with NV knots as springing from a centre or a 
bicentre of number, and writing J, for the whole number of distinct trees 
with N knots, we readily obtain these in terms of the foregoing numbers 
$1, $3, etc., viz. we have 


coeff. 2? in (l—a)-*, 

aby de + 1) + coeff. 2? in (1 


be = (3 + 1) + coeff. in (1 
coeff, in (1 —ax)~* (1 — (1 — 
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and so on, the law being obvious. And the formulae are at once seen to be 
true. Thus for V= 6, the formula is 


be = 39s + 1) + (+ 1).91+ (G1 + 1) (Gi + 2) 
+ Pr (G1 + 1) (G1 + 2) (G1 + 3) (G1 +4). 


We have ¢, root-trees with 3 knots, and by simply joining together any 
two of them, treating the two roots as a bicentre, we have all the bicentral 
trees with 6 knots: this accounts for the term +¢,(¢,+1). Again we have 
$, root-trees with 1 knot, @, root-trees with 2 knots; and with a given knot as 
centre, and the partitions (2, 2, 1), (2,1,1, 1), (1, 1, 1, 1, 1) successively, 
we build up the central trees of 6 knots, viz. 1° we take as branches any two ¢,’s 
and any one ¢,; 2° any one ¢, and any three ¢,’s; 3° any five ¢,’s; the partitions 
in question being all the partitions of 5 with no part greater than 2, that is all the 
partitions with subequal parts. We easily obtain 


sfizefy 1283 456 7 8 9 0 1 12 18 
y=1 112 3 6 li 2 47 #106 235 551 1301 


agreeing with the results obtained by the much more complicated formulae of 


the paper of 1875. 
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On Symbols of Operation. 


By Proressor Crorton, F. R. 


To prove that, @ being any function of D, e. 
(1) 
where A is a constant determined from 
(2) 
the function being defined by 
JG. (3) 


The above theorem might be made to follow from principles given in a 
paper by me in the Proceedings of the London Mathematical Society, April 
1881 ; but the following method may be also employed. 


Let =z 

differentiating with regard to h, 

du __ he 

d 
also = = 

== 

We have thus a partial differential equation 

du du 


= 


6 + fp 
To determine the arbitrary function vy, we observe that if k=0,u=e"; 
4 (vh)=e* 
hence if 4 be determined so as to satisfy 
(aj=k + 


| 
‘ 
4 
| 
H 
i 
} 
; 
| 
+ 
3 
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For instance, let ¢(D) = D?; — by (3); hence by (2),a= I } 


2 ha 
ett = el—h 


Again , 
where A= [h'-* + (1—r)k 


The above process may sometimes be applied in other similar cases; for 


example, to find 
allt 
we may deduce the equation 
du 


du 


the solution of this by Lagrange’s method, or otherwise, is 
u=h *o(h-!— 9k); 
and determining @ from the condition that w= when k= 0, we find 


u = (1 — 9hk)-? exp. (sa) 

A very remarkable identity between certain symbolic operators of the 
exponential form may be established by a comparison of Lagrange’s theorem 
and a result which I have given in the paper above referred to. It is there 
shown that if z is related to x by the equation 

(1) 


and if we put for shortness’ 


1 — — 
then F(x)= . , : (8) 
also F(a)= FS... (4) 


whatever be the function J. 
Now if we use for shortness the symbol e?:-/™ or e?-/ to express the devel- 


opment 


Lagrange’s theorem gives 
(6) 


where g=at+f(z).... (7) 


= ah hu; 

| 

} 

i 
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Hence if z be the same function of = in (6) as in (4), the operator e”? is 
identical with e?:/; that is 


1+ Dp + &.=1+4+ + he... (8) 
In order that this identity should hold, it is necessary that z, /(x), (x) shall 
be three functions of x which satisfy (1) and (7), viz 
2=a + f(z) 
(1) 


g(x) being put for —— Ta)’ 


If we could then eliminate (z) from (1) and (7), any functions /, ~, whose 
forms satisfy the resulting equation, will cause the identity (8) to hold. 


For instance, suppose $(a) = ha’, then Ya = — — 
hence (1) 
therefore (7 ‘Ga 
herefore (7) he 
h’ h? 

therefore 1 + + Dai? + &e. = =1+ ID +750 + ke. 
whatever be the operand. 

Again let us suppose f(~) = ha, then z= - = : 
hence (7) is to be found from 
log 
log (1 —h) 
= — log (1 — A) 
Thus 
1+ADx+ Db t+... Se Ds =(] — 


apt +hDe+ (De +1) Dx (Dx + 1)(De+2)+ . 


This is easy to verify. 


- 
bo 
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II. 
On Segments made on Lines by Curves. 


By Miss CurisTINE Lapp, Johns Hopkins University. 


The two theorems in regard to the segments made on a line by a fixed point 
and the intersections of the line with a curve, which are given in Salmon’s Higher 
Plane Curves, Art. 123, are special cases of a more general theorem, which may 
be expressed in this way: 

Through each of two fixed points, M, N, a variable line, u, v, is drawn. These 
lines intersect in the variable point X, and cut a curve of the n™ order in the points 


M,, My, .... M, and M,.... Ny respectively. Then the ratio 
Mm,.§Mm.... Xm, . XmM,.... 


as constant. 

For if A is the constant term in the equation of the curve, and if we write 
F(6) for the coefficient of the term of highest degree in the equation transformed 
to polar coérdinates, 6, for the angle which the line « makes with the axis of 2, 
&c., A, for the value of the constant term when the point / is made the origin, 


&c., then we have 


Mm,.Mm,....= Ay: F(6,) 
Am... Ay: FE), &e. 
Hence 
(p) 
= F(0,) into F(,) = Ay : Ay, 


which is constant, since the codrdinates of WM and WN are constant. 


When the points Mand N are at infinity the first factor in (p) becomes equal 
to unity, and the theorem shows that the ratio of the products of segments on two 
lines of fixed direction through a variable point X is constant. When the 
variable point X is at infinity the second factor in (p) becomes equal to 
unity and we see that the ratio of the products of segments on two parallel lines 
of variable direction through two fixed points is constant. It happens that the 
latter ratio has the same value as the compound ratio (). 
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III. 


On the Multiplication of the (n—1)” Power of a Symmetric Determinant 
of the n” Order by the Second Power of any Determinant 
of the same Order. 


By Tuomas Murr, M. A., F. R. S. E. 


1. In Crelle’s Journal, 1853, Vol. XLIX, p. 246, § 3, Hesse gives the identity 


6 G | 6 


adding that in a subsequent part of his paper he would show of what extension 
the identity was capable. This he did in §6, p. 252. Starting the process of 
generalisation with his mind fixed on the left-hand member, he reached the 
proposition that ‘‘ The product of a symmetrical determinant by the second power of 
any determinant of the same order is expressible as a symmetrical determinant.” The 
object of the present note is to show that for the same identity there exists an 
extension in quite another direction, the starting point now being the right-hand 
member of it. 


2. Taking the symmetric determinant of the third order 


b e¢ 
d e 


| 


and bordering it with pairs of the rows of the determinant | 2, y, z | after the 
manner indicated in (1) we obtain six determinants; and making these the six 
distinct elements of a symmetric determinant of the third order, we have an 


Vou. IV 


é 
| 


274 


expression perfectly similar to the right-hand member of Hesse’s identity. The 
condensation of this symmetric determinant leads to the following theorem : 


a6c a 
b6de b 
ja 6 
b d ad 
ec e ff 
aoe w a b 
b de & b ad 
ce fw 


| 
| 


Notes. 


ay 


The proof is exceedingly simple. 


Replacing in this the determinant | a, b, cs d, és f¢ | by 


| 
| 
9 DO | 
| 
which is equal to — | x, y % ?, we at once obtain all that is required. 


The form of the theorem for higher orders is apparent, and is indicated in 


the title of the note. 


| ay by dy | ay by | 
| by cg ds | | ay dy | 
| a, dy cy dy | | ay dy cy | 


b 
d 
b 
d 


d 
e 


Cc 
é 


23 


From one of Sylvester’s theorems regard- 
ing Compound Determinants (Philos. Mag., 1851, I, p. 297) we have 


| ay b, cs fx | 
| ay by Ss | 
| b, ¢3 Je | 


my | 
Yo 
Ys | 


t, 0 O 


00 0° 


= | a dy cs dy es | 


b | 
c y,| | a c 4 
4 | 
| 
| b é Zo 
&\ S %& 
b Ys | mee 
4 
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3. It is worthy of remark that Hesse’s general theorem enunciated in (1) 
leads directly to another of at least equal importance, viz. Any power of a 
symmetrical determinant is itself expressible as a symmetrical determinant. For, 
the first power being symmetrical, the third must be so also; therefore also the 
Jifth, the seventh, &c.; and as for the even powers, they are known to be symme- 
trical in the case of any determinant. In the order of discovery, however, this 
theorem preceded Hesse’s, being used by Sylvester in the statement of the 
property found by him to belong to the equation of the secular inequalities of 
the planets. In this connection no proof was given of it except in the Nowvelles 
Annales, the editor of which, in bringing the property referred to before his 
readers, prefaced the statement of the same by a few remarks on determinants. 
To him apparently the responsibility attaches of discovering the theorem ‘Le 
produit de déterminants symétriques est un déterminant symétrique,” in order 
that the accustomed easy step might be made from product to power. 


BEECHCROFT, BISHOPTON, SCOTLAND, August 1st, 1881. 


IV. 
On Newton’s Method of Approximation. 


By F. FRANKLIN. 


Let f(x) = 0 be an algebraic equation. Newton’s method of approximation 
consists in adding to an approximate value, a, of a root, the correction £/, 


=— AOL correcting the new value a+, say a,, in like manner, viz. by 
adding — ao ; and so on. Fourier’s theorem concerning this method is as 
1 


follows: If between a and 6 there is one and only one root of the equation /(x)=0, 
and if neither f'(x) nor f” (x) vanishes between these limits, then we will be 
sure to approximate indefinitely to the root by Newton’s method, if we begin 
the process at that one of the quantities a, 6 for which / has the same sign as /”. 

The proof, as usually given, is somewhat tedious; the following proof is 
very brief, shows that a part of the usual statement of the theorem should be 
omitted, and gives immediately a measure of the rapidity of the approximation. 


f 
: 
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The Newtonian correction, k, is — a Denote the true correction by 
h, so that a+ h is the root. Then 
O=f(a + h)=f(a) + hf +s + 6h), 
f@ "(a + Oh) 
whence A=— : 
fla) 2" Fla) 
so that & has the same sign as / and is less in absolute value than A, provided 
(a+ 60h) has the same sign as f(a). That is, the corrected value a + k (say 
will be nearer to the root than a and on the same side of the root asa, pro- 
vided that /” has, throughout the interval in question, the sign of f(a); and 
since, if this condition is fulfilled, f(a) and f(a,) have like signs, the same con- 
dition will be fulfilled for a,. Thus the theorem above stated is proved, with 
the substitution, for the words in italics, of the words if f(x) does not change sign. 
That is, only one condition is required, the one relating to the jirst derived 
function being superfluous: the geometrical meaning of this fact is obvious. 
The error after the first correction is 


a. é. it cannot es in absolute value the product of half the square of the 


original error by —— ay where #” denotes the numerically greatest value of 


(a 
between x =a anda=db. 
Serret, in his Cowrs d’Algebre Supérieure (vol. 2, pp. 346- 348), deduces by 
a long and somewhat difficult method the result that the error after the first 


1 
approximation cannot exceed the product of "y h? by the numerically greatest 


value of the fraction ao between a=a and «=b. This is obviously less 
accurate than the result obtained above; and in fact it may be noted that /"(a) is 
necessarily the numerically greatest value which the denominator, /(x), can 


take between the limits. 


BALTIMORE, May, 1881. 
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Simple and Uniform Method of Obtaining 
Taylor’s, Cayley’s, and Lagrange’s Series. 


By J. C. GuasHan, Ottawa, Canada. 


In a short note in the American Journal of Mathematics, Vol. I, p. 287, 


I have given Taylor’s Theorem under the form 
a 
da. fa. 
I find that although this form is excellent as a merely symbolic notation, the 


operator (1 da - introduces some obscurity in the reasoning if employed 


in obtaining the theorem. I therefore propose*to show the real method adopted 


in the note and to apply it to obtain Lagrange’s Series. 
Taylor’s Theorem. Let «x and a be independent variables, and fy, /y, 


be continuous from y= xtoy=a+a. 


Since +a)= + a)= +a), 
fle +a) =fa + a) 
fda + fdas" (7 + a) 
= fe + + f (+a) 
fle + (fide) peta) 


| 

| 

} 

| 

== fz — f'x ) +a 
fet fat + Pe +e) 
] 
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Cayley’s Theorem. Let x, a, a, M%,..... be independent variables, 
and + ) be continuous from y=2 to y= 
eta+a+...+a,, for all integral values of m from m= 0 to m= n in- 
clusive. 

d 


=F 


=fetutat....)+ e@tat....) 

fr ad (ay + an) f" (w+ +. 
=fetatat....)+ 


+a, 
Aq 


+a+t+..... 


in which 


[ fda fr da tay).. day +... 2) 


and [a]”"=n! [ 7: da = the result of retaining only those terms of the ex- 


pansion of (a@+a+..... + a,—;)” of the form 


which = the result of rejecting all terms of the same expansion, of the form 


0 a, + 4, + a, 
+ J, J, d(m +a) f° ) 
= f(x + | 
he 
in which n,_,>1, 


Taylor's, Cayley’s, and Lagrange’s Series. 


Writing « forza t+atat+..... , the theorem becomes 


fe=f(a— ats) + 


Let {aj{"=the result of retaining only those terms of the expansion of 
+ a,—,)" of the form 
and affecting each term with the sign (— 1)"—~™ where m = < + : + x + ; 
and the theorem may be written 
fa =f(a—a) + @—a)+..... 


At the time of the publication of the above theorem in my note entitled 
An Extension of Taylor’s Theorem, (Vol. I, p. 287,) I believed it to be new, but 
the following note published in Quart. Journ. Math., XIV., 53 (two years before 
mine), shows the theorem had been given long before by Professor Cayley. 

‘“‘T wish to put on record the following theorem, given by me as a Senate- 
House Problem, January, 1851. 

If jat+@+y.. .}”denote the expansion of (a+ @6+y.. .)”, retaining 
those terms Na*@’y*. . . only in which 


&e, &., 
then 


w= (e+ (n—l) fat BY 
Fn (n—2) fat B+ yP + ke. 


The theorem, in a somewhat different and imperfectly stated form, is given, 
Burg, Crelle, t. I. (1826), p. 368, as a generalization of Abel’s theorem 


(+a) = + BP 5 n(n—1)a(a—28) 
+ (n—1)(n—2) a 38) + bee.” 
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Professor Cayley’s proof of this theorem, which we have taken the liberty 
to call by his name, is given in Solutions of the Cambridge Senate-House Problems, . 
1848-1851, pp. 94-96. 
Lagrange’s Theorem. Let x and a be independent variables, «= x + au, 
f*u continuous from vu to w= a+adgu. 


a) fu= (pay 
whence fx + fda ( ) 
= fr + fda | 


a= + dal + [aa 


= fat+ gu + 


It may be noticed in this connection that Lagrange’s Series can, like 
Taylor’s Theorem, be obtained by integration by parts, and that the remainder 
can be obtained in the form of a definite integral, thus :— 

Let x, a and a be independent variables, and 

u=x+ apu, v=a2+(a—a)pv. 
Then sie = Fu, 


Therefore fo—fu= da( fo) 
fu=fe + fda 


3 
du 
Cz ] 
du 
(pu)? fu 
n—1 d n—2 
H 
. 
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Integrating by parts, 


Similarly 


This form of the remainder corresponds to that of Taylor’s Theorem ob- 
tained by integration by parts. (See also xx, of the article following this, 
entitled Forms of Rolle’s Theorem.) This form can easily be reduced to that 
obtained by Zolotareff’s method, (Williamson’s Integral Calculus, 3d edition, 
p. 159), thus: 


(<) |= (LY fa (a. pv)” gu flv 
= (= fda | (a. 
= (2Y (a.gv+ta—v)* fv 
P. 8.—I find that a form for the remainder in Lagrange’s Series was given 


by Schlémilch, Liouville, III,, 390, (1858.) 
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Forms of Rolle’s ‘Theorem. 


By J. ©. GuasHan, Ottawa, Canada. 


CONTENTS. 


Explanation of Symbols. 

I. Functions of a Simple Variable. 1. Fundamental Form (Rolle’s). 2. Extension of Rolle’s Form. 
3. Lagrange’s Form. 4. Cauchy’s Form. 5. Special case of Cauchy’s Form. 6. Extension of Cauchy’s 
Form. 7%. Forms expressed by definite integrals. 8. Remainder in Taylor’s Theorem. 9. Remainder 
in Cayley’s Theorem. 10. Remainder in Lagrange’s Series. 

Il. Functions of a Complex Variable. 11. General Form. 12. Special Form. 138. Remainder in 


Taylor’s Theorem. 


Explanation of Symbols. 
1. a<u<b. 


nr 
m 


[fda] 


= (n—m)! “da | = the remainder of the expansion of (a;n)"—” 


after rejecting all terms of the form 


C(a;m+1)™ 


= n! du | 


GLASHAN: Forms of Rolle’s Theorem. 


If u be a complex variable, 
S fu = the protensive (real) part of Sw ; 
fu =the ditensive (imaginary) part of fu. 


Functions oF A SIMPLE VARIABLE. 


1. Fundamental Form. (Rolle’s.) Let Fx and F'x be continuous from «=a 

to2=b, and Fb — Fa= 0; then will 
Fux 0. i. 

A proof of this theorem is given in nearly every text-book on the differ- 
ential calculus; perhaps the best is that by Professor Mansion in his Legons 
Analyse infinitésimale, (Gand). 

2. Extension of Rolle’s Form. If fx, ox and f’x : ¢’x be continuous from 
x=atox=b, and fb—fa= 0, then will 

il. 

This form may be proved by reasoning similar to that employed to prove 
the Fundamental Form, or it may be deduced from the latter thus : 

Let fe = Fox and u, = oa + 6 (pb — oa); then, since fx and oz are both 
continuous from «=a to x=b, Fox will remain continuous while $a varies 
continuously from ga to ob, also D,, Fox = D, Fox: D,ox = f'x: is -con- 
tinuous between the same limits. . 

Therefore by i. D, Fu, = 0 (a). 


But since @x is continuous fom z=atox=), although it need not 
always be intermediate between oa and gb, yet it must be capable of assuming 
any proposed intermediate value for at least one value of x between a and db, 
Uy = pu. 

Hence Fu, = Fou = D, Fou: Dou = fu: = 0 by (a). 

3. Lagrange’s Form. Let Fx and F/x be continuous from x=atox=6, 

then will 


Fra= (b—a) ill. 
Let Fe = Fa b—a’ 
1 
then = Fa = 9: by 


hence — Fu = (6 —a) 


. 
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4, Cauchy's Form. Let fx and and either, (A,) f/x and $2, (¢'uz 0) 
or, (B,) Ax: be continuous from =a tox=), then will 


Sib — fra = — 9,2). IV. 
fix Git 
Case A. Let = fa 
whence, since @/uz0, fb—fa= iv}. 
then 0, by ii; 
whence fbob—fa= (grb — . 


This is an analytical translation of the geometrical proof given by Professor 
Mansion in his Legons, p. 24, and also in Messenger of Mathematics, V,, 34-35. 
The analytical demonstrations usually given in the text-books apply only to 
Case A. 

5. Special Case of Cauchy’s Form. Let U,, V,, W,, and either D,U, 
and D,(V,— W,), [D.(V.— W,)290], or D,U,: D,(V,—W,) be all continuous 


from « = atox= 5b, then if 


U,=f(e+«)+ 


it follows immediately from iv. that 


and 


3 
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6. Extension of Cauchy’s Form. Let fix, fix, fox, flv, fila, 


Pie, Pix, Pov, ..... be all continuous from «= a to x= 
then will 
Se - f 
then i. becomes Vi. 
Cor. ... . 


Fz being continuous, 2 must in general be finite. 


7. Forms expressed by Definite Integrals. Let fx, ou, da, J fe. and 


be continuous from = a tox= 6, and and yrz0, then will 


ge 
J Se. pudx = dye Vlll. 
fe pada fu. 
Let Fz = 
J fu.padx fu. vada 
then Fu= — 0 by i. 
Je. fu .vada 
b b 


Cor. Ifda=—1, then will 


J <= ou fede. 


< 
| 
ix 
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In viii. and ix. let ¢x= f ydy andye= J ydy 


| de J — 

Similarly. f fu oy Vedzdyda = f f 

where f4=c+0(u—c). 


Let ox = f grdx and let ¢'c be finite. Integrating by parts, 


5 
J. fe. ade =fb.pb— — fi 


= fb — 9'c) — fa(g'a—g'e) —f f'x — oe) de 


— fa — [fe oydyde 


by = fb — fa — (fb— fa) ‘pada 


Let c=a, then 
J = gade— oydyde 


xiv. may also be obtained directly from ix., thus: 


b 
J = fb.9o—fa.ga— f fc. 


by ix., = fb.¢b — fa. — (fb — fa) Pu 
= fb + fa J 
and = fbf — (fb — fa) f 


b b 
and also = fa padx + (fb — fa) . 


Xi. 


xii. 


(3). 


Xlli. 


(y). 


Xiv. 


XIV}. 
XIV. 


XIV). 


ad 
P 
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The usual proofs of viii. and ix. are substantially the same as Moigno’s proof 
of Cauchy’s Theorem, but no hint is at the same time given that iii. and viii. 
differ only in form of statement. xi., for the case c= 6, was given by A. 
Winckler in Sittzungsberichte der math.-nat. Klasse, Wien, LX, (1869). (vy) was 
given by Grunert in Grunert’s Archiv., IV, 113. (8) was given by U. H. Meyer 
in Grunert’s Archiv., V, 216. xiv., xiv,, and xiv, were given by Hankel in 
Schlémilch’s Zeitschrift, XIV, (1869). 

8. Remainder in Taylor’s Theorem. In the Special Case of Cauchy’s Form, 
let g= l=), A=a, e=0, e=ec—a, n=k + bd and b=a + A, then 
v. becomes 


h h? 
(e+) —jectzeet.... gro} 
plal(1— fn +1 (a+ Oh) 


* Tg! (1 — he (00h) + ple hi — — 


R gives at once all the forms, exclusive of those involving definite integrals, 
hitherto proposed for the remainder in Taylor’s Theorem for a simple variable. 
Thus, if Ya be constant and c= a, F& will become the general form given in the 
Mémoires de ? Académie . . . . . de Montpellier, V. (1861-1863), and if in addi- 
tion p= 0, FR will become the special form given in the same memoir. (Tod- 
hunter’s Dif. Calc., 6 edition, pp. 404-406). The latter form is also given by 
Schlémilch in his Uebungsbuch, p. 262. If p=n, R.will become the form 
given by Professor Mansion in Messenger of Math., V,, 161. 

If gx be constant, & will become a form of which the special case for 
k = q = 0 was given by Schlémilch in Liouville’s Journal, IIl,, 384, (1858); also 
in his Handbuch, 1847. The forms of Roche (1858), Cauchy, and Lagrange (1807) 
are all particular cases of this form of Schlémilch’s. 

Definite-integral forms of the remainder can be reduced by viii. or ix. above. 
Thus, to obtain Roche’s form in expanding / (x + h) by integration by parts, let 
the remainder 


, 

« 

: 

j 

4 

{ 

4 

4 
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+h—v)do 


h 
lig +h— v). v?dv 


by ix. | = v? dw 


More complicated forms of the remainder can be obtained by employing 
the Extension of Cauchy’s Form given in 6. One of these has been noticed 
by Professor Mansion, Mess. of Math., V,, 162. 


9. Remainder in Cayley’s Theorem. In the note preceding this article, en- 
titled Simple and Uniform Method of Obtaining Taylor's, Cayley’s, and Lagrange’s 
Series, it is shown that 


and consequently 


wi 
in which + a;m) (3). 
by ix. fe + 6 (ajn) +4; (ain)) 
= fe + (ain) [ale 
Substitute x for x-+a;m and 6 for 1 —6 and the above becomes 


(x — a ;n) XVli. 


| 
j 
j 
3 
+ 
| 
| 
4 
- 
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In III. of An Extension of Taylor's Theorem, (this Journal, Vol. I, p. 287), 
the remainder 


=[ l — a (ayn zt 44) 
and by I. of the same note, this 

=[ + 5m) 
which is (3) given above. 


10. Remainder in Lagrange’s Series. Let x and y be independent variables, 
w=erypu, v=a2+apv, bpu and udu; also let fw, 


v(e—y), v'(e—y) be all continuous from y =a to 
y = b, and 

k—y d, k— yy)" d 


thn Py = (AY {guy ts 


Fo= Fa+ F'u 


and, by iv., J (e— p) 
or, writing this in full, 


c=b+handa=0 and therefore and 2 + 
this reduces to Lagrange’s Series, or 


6” d \n-1 
(h +b) — gh aft 


Vou. IV. 
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Let A= 0 and Yb = b”+!, then the remainder will become 
+47 dyn d 
n! 1) (pu) j 
For (ec — y) write + h), which may be done since and are both 
arbitrary, then making k= }6 anda= 0, xviii. becomes 
Again for ¥(c — y) and ¥,(y +h), there may be substituted functions of the 
form of W,, V,, or V,— W, of 5, or functions bearing the same relation to 
Lagrange’s Series that these do to Taylor’s. | 
In the note Simple and Uniform Method, &c., it is shown that if u= 
a+ bpu and v= x + (b — 3)pv the remainder in beanie s Series is 


wid, (gor ] 


by ix. = (pu)" XX). 


in which u,=—2-+ 6bpu,. This is the same form of remainder as that found in 
xx. Had viii. been used instead of ix. in the reduction, forms like those of xix. 
or xxi. would have been obtained. 


Il. Funcrions oF A CoMPLEX VARIABLE. 


1l.. General Form. Let u= at 
= Uy + 4, (uy — and = % + (% — MH). If ox and remain con- 
tinuous while «x varies continuously from «=a tox=a,, if also ®u and Pu 
remain continuous from uwu=utow=w, and if du,— &u,=0, then will 


and 0. XXli. 


12. Special Form. Let w= (u— and 
Ou = — } (Puy — Puy) (Pwo — — (Fu — Fu) (¥1 — ¥0)} 
and Du= (Fu, — Fu) Bw — (uy — uw) (¥1 — 80) 


Fu,— Fu = — $(u— wm) + (u, — F’v,}. xxiii. 
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13. Remainder in Taylor’s Thoerem. In the preceding form let 


+ + 8) + Vi (a + 8) 


n! B(y — 6,8)? (a + 6,2) 
Had it been assumed that 


a general theorem would have is obtained of which v. 3 the form for a real 
variable in the particular case / = 6, = 1. 

Taylor’s theorem with Remainder is the particular case of xxiv. forh=0, 
k=u,, and/=1. If in addition to these ee c=b, y=6@6, and 
Uy, — = t, xxiv. becomes (writing w for wp) 


3 
| 
4 
i} 
| 
f 
| 
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— fet (u + 
in which Rh, = (1). 


— (1 — t fet + § 


See Elementary Demonstration of Taylor’s Theorem for Functions of an 
Imaginary Variable, by Professor Mansion, Mess. of Math. VIII,. pp. 17-20 (1878). 

In this note I have spoken of Forms of Rolle’s Theorem because in reality 
the various theorems differ merely in form, not at all in generality. Some 
forms are more convenient than others, and exhibit explicitly what the others 
contain implicitly. Thus Cauchy’s Form is not more general than that of 
Lagrange, but only sometimes more convenient; every theorem that can be 
proved by the former can likewise be proved by the latter. 


| 
3 
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On the 8-Square Imaginaries. 


By Proressor CAyYLey. 


I write throughout () to denote positive unity, and uniting with it the 
seven imaginaries ], . . 7, form an octavic system Q), ], 9, 3, 4, 5, 6, 7, 
the laws of combination being 


1238=a4, 145=s, 167= 6, 
246= 4%, 257=56:, 
347 356= 


where ¢ = +, viz. each ¢ has a determinate value + or — as the case may be; 
and where the formula, 123 =, denotes the six equations 


23= al, 81= «a2, 12= 248, 
32=—al, 18=—a42, 21=— «48, 


and so for the other formule: the multiplication table of the eight symbols thus is 
4 @ 7 


& 5\—&,4 7 |— 


| 


%-a8— 0) al) a6 


| | 


| 
| 


| 


4 — 0 42 & 


| 


7) 46) 0 


| 
j 
| | | a 
| 
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Hence if 0, 1, 2, 3, 4, 5, 6,.7 and 0’, 1’, 2’, 3’, 4’, 5’, 6’, 7 denote 
ordinary algebraical magnitudes, and we form the product 


(00 +11+ 22+ 33+ 44+ 55 + 
this is at once found to be = 


(00’— 22'— 33'— 44’— 66’— 77') 0 


+ (01/+ 0/1 + + 45 + 6,67 
+ (02’+ 0/2 + 431 + + 6,57 )Q 
+ (03’+ 0/3 + + e947 + 8 
+ (04'+ 0/4 + + + &73 )4 
+ (05’+ + &14 + &72 + )5 
+ (06’+ + «71 + + 35 
+ (07'+ 0'7 + + &25 + 


where 12 is written to denote 12’— 1/2, and so in other cases. 


The sum of the squares of the eight coefficients of 0, 1, 2, 3, 4, 5, 6, 7 
respectively, will, if certain terms destroy each other, be 
= (0 + 3°+ 4 + 5? + 7") (0? +17 + 2” + 3? + 4? + 5” + 6? + 7”) 
viz., the sum of the squares contains the several terms . 
629.40, 629.67, 2631.46, 6631.57, ee12.47, ee,12.56, 


, 4662.73, —&e,14.63,  ee,91.73, e,14.72, 6,51.62, 


and observing that 2] = — ]Q etc., and that we have identically 


93.45+ 24.538 +25.34 =—zero, etc., then the three terms of each column 
will vanish, provided a proper relation exists between the ¢’s, viz., the conditions 
which we thus obtain are 


Eg &g = Ege, 


| | 
| 
| | 

| 

| 
| 

| 
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We may without loss of generality assume ¢, = « = «,= +; the equations 


then become 
+= 
+ = — 
& = — & — & 


& = & 
=—& 
&5 
and writing = at pleasure, these are all satisfied if — 
The terms written down all disappear, and the sum of the squares of the eight 
coefficients thus becomes equal to the product of two sums each of them of 
eight squares, viz., this is the case if ¢ —«=a&= +, —4=a&=a%=2,=—8, 
6 being = + at pleasure: the resulting system of imaginaries may be said to 
be an 8-square system. 

We may inquire whether the system is associative ; for this purpose, sup- 
posing in the first instance that the e’s remain arbitrary, we form the complete 
system of the values of the triplets 12.3, 1.238, etc. (read the top line 12.3 = 
the next line 12.4=e 6,7, 1.24— 6,7, and so in 
other cases) : 


|—a |0 

12.4=|1.24=|) ee} |28-7=|2.87=|— 
12.5=1.25=) | — 24.56=|2.45 =|— — 
12.6=|1.26= |— ae,|— 24.6=|2.46=|—a |0 
13:4= 1.384= || — 6 25.6= 3.5¢= — 1 
13.5= 1.85=||— ae, 25.7=|2.57=|—6 |0 
138.§6= 1.36=. 26.7=|2.67 =|— 
13.7= 1.87=) — 84.5=/ 3.45 =|— |2 
14.5= 1.45=||\—e |0 34.6= 3.46 = |— — 1 
14.6=|1.46=|| |—e |0 
15.6=/1.56 =||— ee,|— 85.7=|8.57=| 
15.7= 1.57= — 36.7= 3.67 =|— 2 
16.7=|1.67= —e |0 45.6=|4.56= Eg&3 | — 7 
23.5 =|2.385 exe, | 4 46.7=|4.67 =|— — 
23.6=|2.36=|| 


i 
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Write as before «, = «= «,—=-+; then disregarding the lines (such as the 
first line) which contain the symbol 9), and writing down only the signs as given 
in the third and fourth columns, these are 


& &4 &5 | — & + — &5&, 

& | & & | & | — — &€, | + 


and we hence see at once that the pairs of signs in the two columns respectively 
cannot be made identical: to make them so, we should have «= «,, «,—=— &, 
& = «,, that is e¢,= & = ¢, = — «,, whichis inconsistent with the last equation of 
the system — e,—= +. Hence the imaginaries ], 2, 3, 4, 5, 6, 7, as defined 
by the original conditions, are not in any case associative. 

If we have = & and also — ¢,=¢, = & = = 9, that is, if the 
imaginaries belong to the 8-square formula, then it is at once seen that each 
pair consists of two opposite signs; that is, for the several triads 123, 145, 
167, 246, 257, 347, 356 used for the definition of the imaginaries, the 
associative property holds good, 12.8=].23, etc. but for each of the 
remaining twenty-eight triads, the two terms are equal but of opposite signs, 
viz. 12.4=—].24, etc.; so that the product 124 of any such three symbols 
has no determinate meaning. 


BALTIMORE, March 5th, 1882. 
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On Certain Metrical Properties of Surfaces. 


By Tuomas Craic, Johns Hopkins University. 


First consider a surface in a space of n-+1 dimensions. For brevity in 
speaking of spaces of any number of dimensions I shall use the symbol (com- 
monly employed) M/,,,; this is taken to denote a space of +1 dimensions. 
A surface in M,,,, is understood to be expressed by a single relation between 
the n + 1 coérdinates which determine the position of a point in M,,,. De- 
noting these codrdinates. by wherei=1, 2, 3... n-+1, the equation 

is the equation of an n-dimensional surface in M,,,. Since we have one re- 
lation connecting the n + 1 quantities x;, each of these may be given as a func- 


tion of m independent variables . . . Up. 
Denote by a(® the differential coefficient of «, with respect to %, then 
de, = + +... + a@du, ; 
also denote by aj?’ the second differential coefficient of x, with respect to u, and 
u,, then 
Pu, = + 2a9dujdu, + +... 
For the element of length ds of a curve traced on ®= 0, we have then 
i=n+1 
aMdui+ +.. . + 
t=1 
+ +. . + aPdu,_, du, . 
The limits of the summation have only been written once, as they are of 
course the same for every term. For brevity, write 
Ey = al? + af? +... 
Ey =aPaP + aPaP +... + 


IV. 


j 
ig 
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then for ds we have 
ds’ = Ey,dui + #,,du,. 
From the quantities a‘ form the determinants of which 


2) 3 1 


is the first. There will be n+1 of these determinants each of the degree n; 
squaring these and adding, we obtain, as is well known, a symmetrical deter- 
minant of the degree n, viz. 


| fin, Ey Bay 
1 

En Eng Ens 


of course L,, = £;,. 
The differential equation of the surface ® = 0 can now be written as 


A,da, A, dat, + + An4 = 9. 
The direction-cosines of the normal to this surface at any point are 


An+1 


The element of area of the surface (as will be shown hereafter) is 
aS = Vdudu,. . .du,, 
or by virtue of the above relations, 
AS = + agAg + A, 43) 
Suppose we have now a second surface 
connected with the first by the relations 
Denote by (,, 9,...@n41 the direction-cosines of the normal to this 


second surface, and by B,, B, ... B,1, what the determinants A, of the first 
surface become for the second surface ; then writing 


P=R+B+... 


q 
| 
4 
if 
| 
| 
i 
4 
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we have 


q 


and for the element of area 
dy = (0,B, + . + Iidu, 


The ratio between the elements of area dS and d> is 
ds 
a”. 

Now V may obviously be written in the form 


As Ogi e+ Anty 


day dx, dts din+1 
du, du 
du, du, du, |’ 
dz, da, daz dan +1 
iin dy 


and similarly, denoting by (3 “3 the quantity 


dys 
dx, du, ' da, dy °° | dy 


we may write 


The direction-cosines of the lines of intersection of the surfaces uw taken 

n— 1 ata time with the surface ® are 


j 
WV Ex du, Ex, du, VE. 
{ 
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and so for the remaining cases. At the common point of intersection of these 
lines, the normal (a) is at right angles to them all, and so 


da, dit, 
Also af t+af+...+a3,,=1. The determinant U may then be replaced by 
By Bara 0 
du, du, du, 1 du, 
dun, dun dun d n 
nt+1 dy, dy. +1 2 
diy > dx, >a; da, > é 


dys 
0 0 da, dat dan 41 

+1 B dye dy, 

du, du, da, datg ditn+1 
0 dx, da, dan 41 B dyn+1 Yn+41 dyn +1 

0 As On+41 0 Ay As 


The first of these is however equal to V, so we find for the ratio of the 
corresponding elements of area on the two surfaces, 


B dy dys 
B, 
dx, data dan +1 
0 ay On+1 


or say for brevity, 


| q 

i= 

| This is however the product of two determinants, viz. 

a 

| 

| 
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This is rather an interesting formula, and one which I have not been able 
to find given anywhere else; I actually obtained it first for three dimensions, but 
the generalization was obvious and attended with no difficulty, so for the purposes 
of another part of the paper I prefer to give it in this form at once. If we 
denote by 2, x,, x; the coérdinates of a point on an ordinary surface, and by 
Yi; Ye, Y3 the codrdinates of the corresponding point on a second surface, we 
have * 


dy, dy, dy 
U == 
= Ps day, dag say k. 


B, dy, dy, dys 


0 ay Os Ag 


Suppose the second surface to be a sphere of radius unity, whose radii are 
parallel to the normals at the corresponding point of the first surface. Let the 
first surface be given in the form 

= 
and denote by p and q the first differential coefficients of x, with respect to 
a, and a,; also as usual write 7, s, ¢ for the second differential coefficients of 2, 
with respect to x, and a. ) 

The second surface is - 

this is satisfied by writing 


—1 
where QV=/1+7°+¢@. The ratio between the corresponding elements of 
area on the two surfaces is now 


Q 

G+p)s—pr (l+p)i—pe 4 
Q 

pore 0 
Q 
0 
Q Q Q 


* Some time after the above had gone to press I was informed that Neumann had stated this theorem, 
without proof, for space of three dimensions, in Volume IX of the Mathematische Annalen.—T. C. 
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This reduces to 
p, (L+¢q@)r—pgs, (1+ pot 
—l, pr + qs, ps + gt 
Multiply the first row of the determinant by p, the second by gq, and the third 
by — 1, and add the first two rows to the last: we have then 
1|(+¢)r—pgs, (L+¢')s— pat 
Cl 
Expanding this we have finally 


k rt— 


~ 
or calling R and # the radii of curvature of the first surface, 
1 


k RR ’ 
the measure of curvature, as it should be. The reduction of the determinant in 
the case where the equation of the first surface is in the form 


P(x, = 0 
is a little more complicated, but attended with no particular difficulty. We of 
course must arrive at Gauss’s expression for the measure of curvature in this 
case. The quantities a,, a,, a, are the direction-cosines of the normal to the first 
surface at the point (x), and @,, @,, @, are the direction-cosines of the normal 
to the second surface, or sphere, at the corresponding point (y); then 


A, 4 A 


and of course 
_ A, A, As 


since the sphere is of radius unity. Consequently 

4 
V’ dx V’ dx V’ da V 
A, d A, d A, d A, 


ds V’ dx, V’ dm V’ dx V 
V’ dz, V’ dm V’ dx V 

0, 4, As 

Vv’ V’ Vv 


4 
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The reduction of this to the ordinary form is quite easy. Write 


A, A, A 
7 = 008 by, cos 6, , cos 65, 
and we have 
dé, dé, dé, 
cos 6, , —sin —sin 
dé, dA, dé, 
dé F dé dé 
cos 65, —sin —sin — sin 6, 
1 2 8 
0, cos 6, , cos 6, , COs 63, 


Multiply the first row by cos 6,, the second by cos 6,, and the third by cos 6,, 
and add the first and second rows to the third. The third row becomes now 
1, 0,0, 0; interchanging the third and fourth rows, paying attention to all 
the signs, we have 


sin 4, sin 0, dO, dO. dO. 
cos Og dar, dary dag 
cos 6, cos 6, cos 


Now 


changing in the determinant differential coefficients with respect to x into differ- 
ential coefficients with respect to uw and u,, we have after some easy reductions, 
1 dcos 4, dcos#, _dcos 4, d cos du, du, du, du, 
du, dug dug du, 
du, d du, d d du, dit 
+ cos 6, — Gt) + 008 0 


da 


Gx, Ca, Px, dx, x, az 

du, du, dy, du, du, du, du, du dy 

dz, da, daz da, dat, das da, dx, dag 
dug 


| 
303 
ah, 
dx, dix, 
da da du de du,’ 
Denote by Hy» the determinants 
a 
‘ 
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The quantities A,, A,, A, are the minors of these corresponding ‘to the 


- constituents of the first row in each. We find now readily 


 d A, 


du, du V 


= = =— [ — Ey Ey + ) = 


Substituting these values in the first factor in brackets in the expression for 
k, we have, after easy reductions, for this factor the value 
Ey, da, da, da, A Ey Ex, — = cos Ey 
V4 du, dun 3 3 


The remaining factor in brackets becomes obviously 


AB 1 
v3 

So finally collecting all the terms we have 
Ey — Ey 


or in the ordinary notation, 
_E@—F? 


Fy? 


the well-known form for the measure of curvature. We have, then, the theorem 
that if cos 6,, cos 6,, cos 4, are the direction-cosines of the normal at any point 
x, y, 2 of a surface, the measure of curvature of the surface at this point is 
given by 


i dx dy dz 
dcos@, dcos6,. dcos @, 
Og» = iy 
dcos dcos@; dcos 4, 
0 cos cos@, cos 


4 
a 
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or again by 

dd, 

dx dy dz 
db, dg 
da dy dz 

cos@, cos@, cos 


sin @, sin 
cos 


There are of course two other forms similar to this got by advancing the 
suffixes of 6. The bordered determinant whose value in the general case is K 
may in like manner be shown to be equal to 

y' 
where V’ is the result of accenting all the letters in V just as has been done in 
the case of an ordinary surface and a unit sphere, so that sia is the measure of 
curvature of a surface 
® (071 es « = 0 


in M,,,,, the unit sphere being 
The correspondence between the surface = 0 and the n-dimensional unit 


sphere is of course just the same as in the ordinary case. The direction-cosines 


of the normal to ® are 


the subscripts indicating differential coefficients and 


The required correspondence between the surface ® and the sphere is pro- 
duced by writing 


Consider consecutive points on both surfaces: on the surface ® these are 
given by 


da, 


Vou. IV. 
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and on the sphere the corresponding consecutive points are 
d 
(Y,) and (¥,-+ du) - 


Consider two other points (£) and (z) lying in M@,,,, one near ® and the other 
near the sphere. Denoting now by G and [ the volumes of the small parallel- 
opipedons formed by these two systems of points, we have as is well known 
(vide Beez, Mathematische Annalen, Vol. V1), 


dn +1 dyn +1 

du, dy du, du; 

dex dx, dan dy dYn +1 7 

da, +1 dy, dy dYn +1 

dun, dun dup, dun, duty, dun 


The minors of these determinants corresponding to (—) in the one and 
(m — y) in the other are obviously the quantities A and B of the earlier part of 
the paper ; and of course 
and 
A; B; 
Call the distance between the points (x) and (£) 6, then expand the above 


determinant and divide through by V.0. Idu, ; this gives 
1 


G@ 
0. V 


Now (+) are the direction-cosines of the normal to ® at the point (x), an& 


(“5>) are the direction-cosines of the straight line joining (a) and (&). De- 


noting by 6 the angle between the normal and this line (a) we have 


_ A, 2, 
cos 6 = 


’ 


and consequently 


4 
‘a 
q 
| 
| 
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| 
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G is the volume of the parallelopipedon, 4 its slant height, and obviously 6 cos 6 


its altitude ; consequently ae the base, or the element of the surface ® is 


given by the quantity V- Il du, « 
1 


This is the value of d§ that has been employed. The proof that I have 
given is similar to one given by Beez in the Math. Ann.; but as I obtained my 
proof before reading Beez’s article, and as the two proofs differ considerably in the 
methods of working them out, I let mine stand just as I obtained it. It is 
obvious that for the correspondence between the sphere and the surface ® 
required in order to find the value of the measure of curvature, it is only neces- 
sary to write 


A 
Y,= VT 
and so 
dy, 1 dA; dV 
Consider the determinant B,, 7. e. 
du, dup dun, 
_| dys 
B= du, dug dun, 
dynt1 dyn +1 


Substituting in this the value of each constituent as given by the above 
formula, we find after simple reductions, 


1dV? dA, dAsg dAn4+1 

2 du, du, du, 

id dé, dA, dAn +1 

1dV? dA, dA, dAn41 
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Now since 


du; 


so multiplying the second column of the determinant by A,, the third by Ag, etc., 
and subtracting the sum of the products from the first column, we have 


A, | dy dy dy 


A, A, . A, 41 
1 | dy dy 
dx, da, dtn+1 
| dun dun dun 
also 
i=n+1 da; 
9: 1, 2,3 nN; 


differentiate this and write as above 


dx, 
fa = (A, du,du, + A, du,du;, ) 
) 
du; dy, du; du, 


Now multiplying together the last two determinants, we find readily for 
the measure of curvature the value 


k U 


Vute2’ 


where U is the determinant formed out of the accented letters H;, in the same 
manner that V is formed from £,,. 


n+1 
1 
j dA, 
| 
| 
du, 
By definition of the quantities A, we have identically 
i 
aa 
i} 
ay 
3 
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It is not necessary to go into the proof that the determinant 


du,V dw V 
V 
An4i Anti An+1 
V du, V V- 
0 A An+1 
V 
reduces in this case, as in the simple one of n= 2, to the ratio 
U 
Vrt+2 


and consequently that this bordered determinant gives the measure of curvature 
for the n-dimensional surface 0 in 

In seeking the expression for the radii of curvature of the surface ® = 0 at 
any point, it will be sufficient to consider the case of n+-1= 4. 

Denote by &,, &, &, & the codrdinates of any point on the normal to d= 0 
at the point 2, %, then 


i=1, 2, 3, 4. 


Suppose (£) to be the point where this normal meets the consecutive nor- 

mal, then 
da, + Ada + adA,= 0; 
but 
da, = aPdu, + + af?dus, 
and similarly we may write 
dA, = Adu, + APdu, + Aldus ; 
consequently 
(a? + AA?) day t+. ..+AdA=—0, ¢<21,.3, 

Eliminating du,, du,, du, and da from these we obtain 
aP +AAP, aP+24P, A, 
a®+2A®, a®+ad2, A, 
a?) + AA®, a?) + rA®), + A, 
a® +aA®, +ad®, +ad®, Ay 
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Calling p the radius of curvature, we have p? = V", and conse- 
quently 
V 
Substituting this in the previous equations and making one simple reduction, the 
equation becomes 
Ey V+ pr Ajay”, + pa Ajay”, + pr Ajay? 
EnV + EyV+ |= 0. 
Introduce here the accented letters H’,,, viz. 
= + + Asb? + ALY 
in which 
das? 
62 = Pa = das’ — dap? 
 duz du, 


Differentiate the identity 
SA, af) =0 
and we obtain 7 
j=4 j=4 
=— ALY 
j=1 j=l 
There are in all six equations of this kind; the quantities on the left hand 
side of each of these equations are the coefficients of p in the above cubic equa- 
tion, while the quantities on the right are equal to 
— Ey, — Hy, — Hs, — Ly, — Hn, — Ess. 
The cubic equation for the determination of p becomes now 
Exp Ex, — E,V, — 
Exp—EyV, E39 — |\=0. 
Exp — Ey V, Ex — Ex V, E339 — 
The equation for the determination of the radii of curvature of ®D=0 in 


M,, 4 is obviously 
Enp — Ey V, Exp — EyV — Ey,V 


| 

| 
ik 

| 

i 

Exp — EV, Exp — Ey, V 
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The coefficient of p” in this is U, where as before 
U* =| Ex |, V?=| Ex |, 


and the constant term is V"*+*. Consequently denoting by p,, p. . .p, the. 
roots of this equation, we have . 


the value of the measure of curvature. 


The equation 
U +2 


is the differential equation of all surfaces developable upon the n-dimensional 
sphere. The result of equating the coefficient of p to zero, 4. e. 


+p, = 0 
corresponds to a class of surfaces similar to surfaces of minimum area. 
Denoting by a,, a,, a; the direction-cosines of a normal to the surface 


® (x, = 0 and by @,, @,, @; the direction-cosines to the second surface at 
the corresponding point, write 


it. 
_ da, day dag 

Mm, Mm, = ‘diy ’ diy 
_ dh 

Ai, As; As du, du, du, 


dp, df, 


(4, Ha; dup’ dug 


Then obviously 
GA 
L & &&|= Vk, 


: and, calling K the measure of curvature of the second surface, 


Bs 


| 
ag 
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Take now the determinant 


This is obviously 


Substituting for = » &c., their values | 


dy dy doy dy dy 
du du dx, du dx, du 
this determinant is readily seen to be equal to the product 


dx, das 
dy, dys 
Bs 
dys 
As Us Bs 
0 0 O Oy 
0 0 l, 
0 0 0 mm 
This is obviously = V?UAK, so that no results of any consequence can be 
obtained. by bordering the functional determinant 
d 
dl (ays) 
in this manner. Take the determinant 
| dx, da, dy; 
du, du diy 


&e. 


A; 


dx, da, 
du, du 


du, 


#8 


| 0 
0 
du, du dy, 
dy dye dys | 
du, dt, V’ V 
= 
dy, dy, dys 
| dz, da, das 
| dys dys ys 
| dx, ‘das 
| 
du, du dy 
diy dy 
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and multiply this by the determinant giving V*, bordered in a suitable manner. 
The product is readily found to give 


dz, dit, dag 
du 
di dug 
= 
dx dx dz 


=— 7 ASA, + + AA, 
é 


— VASA, . 
Substituting for Ss the value 


dy du, dy du, 
du, dx du, dx’ 


and dropping the factor V*, we have 


du, dug 

The first of the factors in this expression is proportional to the cosine of 
the angle between the normals to the surfaces @ = 0 and w,=const. The second 
factor is proportional to the cosine of the angle between the normal to d= 0 
and the tangent to the curve w, = const. traced on the second surface—say = 0. 
The first factor of the last term is proportional to the cosine of the angle be- 
tween the normals to = 0 and uw, =const., and the last factor is proportional 
to the cosine of the angle between the normal to @=0 and the tangent to the 
curve =const., Call these 6:, $i, 9, $,, and write 


L, we have then at once 
—A= §HL cos 6, cos + OM cos 6, cos 


If the surfaces w= const. intersect ®= 0 orthogonally, we have cos 6, 
= cos §,=0 andsoA=0. If cos ¢,=cos all the normals to the sur- 
face = 0 will be parallel to the normals at the corresponding points of P= 0, 

Voi. IV. 


a 

‘ 

i} 
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The determinant 


6 denoting the angle between the radius vector from the origin to (xyz) and the 
normal, and y= /2°+7'+2. Denote by p and the corresponding radius 


d Yn+1) 


bordered as:above will lead to a similar result, viz. 


—A= cos 6, cos 


Denote by xyz a point on the first surface, then 


x 


dy 
dv 


dz 


dv 


vector and angle on the second surface, then 


i 


dé 
du 
dv 


Multiply together the two determinants 


4 
n 


0 


a, b, ¢ being the diréction-cosines of the normal to the first surface at (xyz). 


a 


dz 
> 


Cc 


= cos 6, 


dg 
‘du |=cos. 
dg 
dy 
1 0 0 
0 dx dy dz 
dus du du 
0 de dy dz 
‘dv dv 
0 «aw z 


The product of these two is readily found to be 


=v cos 0 


dé 
du 
dé 


dv 


dg 
du 


dt | 


dv 


=v cos 0. cos J 


| 
| 
y a 
| | dy 
>| du ada 
dv | 
dy 
dy 
“dv 
& 
dz dy dz 
dy dy dy 
‘dx dy dz 
«& 
da dy dz 
= b 
n 
| » 
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therefore 


, 
dz dy 
dy dy ay 
| 
dg a & 
dy de 
0 a ob 


The ratio between the corresponding elements of area on two corresponding 
surfaces (xyz), (yf) has been shown to be = 


dy dz 
dj dg dy 
Ca & | 
de de 


dx dy dz 
0 a b Cc 


This can be given in a different form in the case when the surfaces 
E = F, (xyz) 
n = F, (xyz) 
= 
are orthogonal. The codrdinates of a point on the second surface may be con- 
sidered as given by the intersection of the three surfaces 


F,=const., F,=const., F,= const. 


The conditions for orthogonality of these surfaces are, writing &, 7, ¢ in- 
stead of F,, Fy, F;, 


d= dy d= dy dy 

da dx dy dy dz 

dx dx dy dy ' dz dz 


dg de adr dé dg dé 
dz dx ' dy dy ' dz de 
Find the product of the last given determinant and the functional deter- 


minant 


= 


bordered by 1, 0, 0, 0 for its first row and by the same for its first column. 


: 

dz dz 
| | 
d (5%) 
d (xyz) 
of 


316 Craig: On Certain Metrical Properties of Surfaces. 


Write 


) 
= 


d 
dz 


dg 


+ 


We have, then, for the required product 


a PB y 0 

0 0 6, 
0 0 Heos 
0 0 2. Zcos 


where 6,, 6,, 6, are the angles which the normal to the original surface makes 
with the normals to the surfaces &, 7, ¢ at their common point of intersection. 
Expanding this we have 


BHZ HZa cos 0, + ZHG cos 6, + cos 


and consequently 


U 
(E70 HZa. cos 6, + cos 0, + Z Hy cos 65 
d (xyz) 
or 
— 7? 
A, As 
(xyz) 
If we denote for the moment by 
d, 
a; Bs Ys 


the direction-cosines of the normals to the surfaces £, 7, § respectively, we 
have 


By V1 | 

d (xyz) BHZ = 
3 3 3 | 


i 

| 

2 
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and consequently 


acos@, , Bcos#, , eos, 

Of course a similar formula applies for a surface of n dimensions in YY, ,3. 

I will now work out a few simple properties of curves in a space of more 
than three dimensions. The results obtained are (with one exception which is 
referred to below) I believe new. For simplicity, at first consider only a space : 
of four dimensions—M,. A curve in ¥, in the ordinary acceptation of that term ; 
will depend only on one parameter—it may either be given by the values of its 
codrdinates expressed as functions of this parameter, or as the intersection of three 
3-dimensional surfaces, say 

@&=0, @=0, @&=4. 


Let wu denote the parameter. First obtain the equation of the osculating 
flat space of three dimensions at any point of the curve. Four points on the 
curve will determine the osculating 3-flat. Take then four points on the curve, 
say A, B, C, D. The codrdinates are 


A B C D 
x, + Ax, + 2Axr,+ 2% + + 3A*x, + A*x, 
x3 + Azz x3 + + x3 + 3Ax, + + 
x, + Ax, x, + 2Ax, + x, + 3Ax, + 3A x, + 
Now if (&, &, &, &,) is any point in the 3-flat passing through (x), its equation 
is 
ay (Ey — + ay (Eg — +45 (Es — 23) ay (E,—a) = 0. 
Substitute for (£) the codrdinates of B and we have ‘ 
a,Ax, + a,Ax, + a,Ax,= 0. 


In like manner substituting the codrdinates of C and D in the place of (&), 
and using this last result to reduce the result of substituting the codrdinates ; 
of C, and similarly reducing in the case of the point D, we have oe | 


= 0 = 0. 
Eliminating (a) from the four equations, 


ya (E— 0 SaAr= 0 
=0 


; 

a 
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passing to the limit and dividing through by du®, we have as the equation of 
the osculating 3-flat at the point (x) of the curve ® 


i dz, day da, dz, 
du du du du 
Px, Px, Px, |= 0. 
du? dé du 
dx, Br, Px, 
dus dub dé 


da, di, dz, 
du du du 
= 0 
ly d* d* —lz 
du*—} du*—1 


as the osculating (x — 1)-flat to a curve in M,. Ina similar manner we obtain 
for the equations of the osculating 2-flat (7. e. osculating plane) to the point (a) 
on the curve ® in JU, 


dz, dx, day dy, | 
du du ‘du =| =0. 
Pr, Pa Px, | 
du? 


dx, da’, dz, 
“du du du 
=z 0. 
dt, 
| dut dut eeete dué 


+ The equations of the tangent to the curve ® at the point (x) are of course 


da, dar, das da, 
| du du du du 


ox @. 


Of course in exactly the same manner we obtain 
| 
| 
| 
And generally for the osculating k-flat to a curve in M, we find without difficulty 
| 
| 
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The direction-cosines of the perpendicular to the osculating 3-flat are 


Pi, 


where of course 


1 


= 


& 


du dw’ 


du dis’ 


dx 
‘du ae’ 


ae 


and 
dx &x 
ds 
ge 
ds? 
Therefore 
0 (5 3) 
2 
Q=| 0 a(S) 


It would not be difficult to find the radius of curvature of the curve at any 
point by introducing the osculating 3-dimensional sphere and finding its inter- 
section with the osculating 3-flat giving an osculating 2-dimensional sphere. 


(ae) 


dé du’ 


&e. 


dz &a 
‘du dé 
si x 
dé 


= dé 


Suppose we make s the independent variable, then 


1 da \2 
0, 


= (53). 
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du du du 

dx, 
2 3 
| du’ dé dé 
| | 
| | 
dx \? 
)=1 
3 
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is not worth while doing this however, as the reductions are rather long, and as 
the same thing has been done, in a different »nanner, by G. E. A. Brunel in Vol. 
XIX (page 42) of the Mathematische Annalen. M. Brunel’s formula is, changing 


his notation slightly, 


Np +1Np~1 


where 


the accents denoting differential coefficients with respect to s. 


4 
if 
| 
N, 
N, = 
| of 1... | 
| 


Note on the Theory of Simultaneous Linear Differential 
or Difference Equations with Constant Coefficients. 


By J. J. SYLVESTER. 


This theory is virtually the same for differential as for finite-difference 
equations. The mere verbal part of the exposition being somewhat easier for 
the former of the two, I shall prefer in the first instance to deal with them, | 
although the applications are more interesting when made to bear on the latter. “4a 
Simple to the last degree as are the method of solution and the nature of the | 
result, I do not find the one or the other set out, or even indicated, except in the 
most perfunctory manner, in the ordinary text-books. This brief notice, designed 
for the junior readers of the Journal, is intended to supply the lacuna. 

Let u,,, denote a linear function, with constant coefficients, of uw, and of its 
first ¢, derivatives in respect to ¢. 


Let th thst - + = 0 
Us ..- 
tis t 0 
be the system of differential equations proposed for integration. 
Call 


The process of arriving at the reducing equation for any one of the variables 
is after the manner of the dialytic method of elimination, viz.: 
Along with the first equation take each of its (o— «,)™ derivatives, with 


the second equation each of its (« — &)" derivatives, . . . and with the 7 equa- 
tion each of its (¢ — e,)"" derivatives. 
There will thus come into existence (¢+ l)o—(ag+ea....+868) tie. 


i(o + 1) —o equations between the 7 (¢ + 1) quantities 


? 
| 
. 
g 
Vou. IV. 
| 
- 
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If we omit those which appear in any one of the lines above written, there 
will remain (o + 1)(¢— 1) ori (6 +1)—o—1 which might be eliminated 
between the ¢ (« + 1)—o equations, and there would thus result an equation 
between the quantities contained in the omitted line. This elimination, it 
will presently be seen, there is no occasion to perform ; the noticeable algebraical 
fact about it is, that supposing it were performed, the form of the equation 
resulting between @,, 6,0,, . . . 6f@, is invariable, whichever of the numbers 
1, 2, 3, ... @ be the value assigned to k. 

Let the order of the highest derivative of each @ be reduced by one unit 
below the highest order previously taken, then there will be is —o or (t— 1)o 
equations connecting the io quantities 


o—] 
6:0; , t 


and accordingly, if we omit the o quantities which appear in any one (say the 
first) of the above lines, the remaining (t— 1) o quantities may each of them be 
expressed as linear functions of @, and its ( — 1) derivatives: but the elimina- 
tion previously indicated would lead to a homogeneous linear equation between 
@, and its o derivatives, and if in that, each argument 6a, be replaced by h* 
and a,, a,,.. .4, be the o roots of the algebraical equation so formed, it follows 
from the ordinary theory for a single equation that w, (provided the given equa- 
tions, and consequently the resulting ones, be left in their general form) will be of 
the form + . . . and consequently by virtue of the pre- 
vious remark @,, @;, . . . @, Will be of the same form as a, (but, of course, with 
different coefficients), that is to say, the o roots h,, hj, . . . h, are the same for 
the equation in o, as for the equation in o,, so that the coefficients in the equa- 
tion between a, and its o derivatives are, as premised, independent of the value 
of k. 

Finally, to determine the equation whose roots are h,, h,, ...h,, let 
1Cé“, one of the terms in the general value, be taken as a particular value of o,, 
which with corresponding values of the other a’s will serve to satisfy the given 
equations ; @,, @3, . . . @; being each of them linear functions of @ and deriva- 
tives of @, must be of the forms ?Cée", . . . ‘Ce’, so that @,, @,. . . a; 
and the derivatives of each of them will contain the common factor ¢’, and by 


q 

| 

| 

| 

. 

: 
7 
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substitution in the original equations we shall obtain a system of simultaneous 
algebraical equations leading to the equation 


0 


where in general #, , is what u,_, becomes on writing h* in place of dfa,. a 

The above determinant of the order will be of degree +8...+ 6, iq 
i.e. of the degree o (for the general case) in h, and the roots of the equation 
will give the o values h,, ... 

It follows, therefore, that the result of the hypothetical elimination in the 
first instance referred to will be a linear function of d%a,, . @& 
of which the coefficients will be identical with the coefficients of h’, A7—1,...A, 1 
in the above determinant. Hence no matter now what special values may be 
attributed to the coefficients of the given equations, the result last obtained 
remains of universal validity—without excepting those cases in which the result 
of the hypothetical elimination would be such that the corresponding algebraical 
equation possess equal roots, although in those cases the form assumed in the 
course of the argument for the value of a, (viz. a linear function of exponen- 
tials) ceases to hold good. Neither for the same reason need any exception be 
made for those cases where the number of terms in the equation to o, falls 
below o on account of one or more of the leading coefficients in the result of 
the hypothetical elimination becoming zero: the degree to which. h rises in the ‘ . 
determinant will be in all cases the right degree, whether it reaches the extreme tt 
possible limit o or falls below it. © = 

The result obtained may be briefly summarized as follows. 


If (9,5,) + + (9;6,) z= 0 
(i d)at+ + 0 
(each @, y, . . ., o standing for a rational-integral functional form) then will a : 
- 


where R(65,) is the resultant in respect to x, y,...2 of what the above 
equations become when 4, is treated as an ordinary algebraical quantity; under 


Z 
> 
~ 
= 
| 
| 
| 
} 
‘ 
> 
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which form the proposition (by virtue of Euler’s method of multipliers) becomes 
so nearly intuitive as to abrogate all necessity for any other demonstration.* 

To pass to the parallel and more important theory in finite differences, it is 
only necessary to interpret wu, , to signify a linear function, with constant coefli- 
cients, of (@;);; (@,):4.1, - - Where ¢is the integer independent variable, 
(say (a,), and its e, difference-augmentatives), and instead of taking the differ- 
ential derivatives of any one of the given equations, to take the corresponding 
difference-augmentatives. Then by precisely the same reasoning as before we 
shall have 

B, C,...JZ being so taken as that 47+ Bh7-'+...+Z shall be the 
determinant represented by the same form of matrix expressed by F#’s as before, 
but where FR, , is obtained from uw, by writing 2’ in lieu of any argument 
a, + 6 which occurs in it. 
The simplest example that can be given is wherei=2, , =e,=1, 
Uz 1 = CN: Ue = — 0:41 + ; 
this was the case which occurred in the article on the extension of Tchebycheff ’s 
theorem, in the last number of the Journal, leading to the equation 
| 0 
| e d—a 
and to expressions for 0, as linear functions of 

It may also be remarked that this same case gives an instantaneous solution 
of the problem proposed and successfully treated by Babbage in his Calculus of 
Functions, more than half a century ago, and since revived in connection with the 
theory of substitutions (Serret, Alg. Sup. 4 ed. tom. 2, pp. 256-262). The problem 


is to find ¢x = tt so that ‘a, say eee shall equal x for a given value of 7. 
é 


+ 5; 
To find in general $x it is only necessary to solve the difference equations 
U; = + av,_, 
= + by;,_,, 
and then v; will, if w=1,%=0, coincide with a,, @;, and if »=1 
with a,, 


*T regret that this simple reflection did not present itself to my mind before the preceding investi- 
gation, the necessity for which it does away with, had been set up in print. It of course applies equally 
well to the analogous proposition for finite-difference equations (u;, v;, ... . being substituted for 
w,y....,andi1-+Afor4,). This last named proposition, limited to the case of equations of the first 
order, is the foundation-stone of my new theory of Matrices regarded as Quantities, 7. e. as subject to 
every kind of functional operation which ordinary arithmetical or algebraical quantities are or can be 
subject to: but though so important and so easily established, I know not where it can be found expli- 
citly stated. 


ft 
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Thus calling p,, p, the two roots of 
+a a 
| B 
a, will be of the form C (pj —p}) and @; of the same form except as to C, say 
T'(pi— pi). Also a;, b, will be of the forms Cipi + Tipi + where 
O,+0,=1, 0,+1T,=1, and the required condition will be fulfilled, pro- 
vided only that pj =}, or say 


Az 
(cos + / —1 sin =) 


? 


ers 


K (cos ; —J/—1 


\2 
i.e. if (a + bY — 4 (ab—a8) (cos = 1, having any integer value (which 


without loss of generality may be taken inferior to 7) except zero.* 
If A= 0, the two roots of the equation in p become equal and the form of 
the solution changes into 


U; (C, + i) Vv; (CY + 
When u=1 and 0 thenu,=a, 
O,=1, C/=0, 


and when u=0, »=1, y=), 


G=0, 
and ot oe which cannot be periodic for any value of 7, 


fa+b—p B b—p’ 23 a—b’ 
so that $‘x in this case continually converges to a constant limit. 


I may add that o‘x converges to a constant limit not merely when the.roots 
Pir Of 


a 

tony 
are equal, but whenever they are real. For the general form of ‘x, it may 
easily be found, is 


@) pi + (1 — @) pi] + — 
(1 + b) fi + (1 b) pr] 
* There will thus be (i— 1) values of 4 which will each give a distinct admissible solution of the 


problem of periodicity, but of course only those values of 2 which are relatively prime to ¢ will give 
primitive solutions. If i=i’é the effect of making 4=4'é will be to make ¢’x=a@ by virtue of its 


making —0. 


~ 


; 
| 
i a) 
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which if p, > p, when i= becomes or 


where 


p, signifies the smaller of the two roots ,, p,; or in other words when 
ax+a . 


a—b>2 the limiting value to when represents is 


, With the understanding that the quantity under the radical 
sign is to be taken positive. 
So, if 
41 + by, + cz, + Vy, + dz, :a"x, + by, + , 
when all the roots of the determinant 
b Cc 
a’ Aa cd 
q! 


are real, the point x,, y;, 2;, a8 7 increases, will be found to approach indefinitely 

near to a fixed straight line ; and if all the roots are equal, to a fixed point. 
The condition of the system of ratios x;:y,:2,; being periodic and having a 

period m is tantamount to the condition that the m™ power of the matrix 


a b e 

shall be the matrix 

1 0 07 

0 1 0 


The complete solution of this problem, and of the more general one of ex- 
tracting the m™ root of any unit-matrix (?. e. a matrix in which each element in 
the principal diagonal is unity, and the rest zero), which constitutes the ultimate 
generalization of Babbage’s problem and is soluble by the same method, will 
probably appear in a memoir on matrices, in the forthcoming number of the 
Journal. 

In general, for a matrix of the order w, the number of m™ roots is m® and 
each of them is perfectly determinate. But when the matrix is a unit-matrix 
or a zero-matrix (the latter meaning one in which every element is zero) 
there are distinct genera and species of such roots, and every species contains | 
its own appropriate number of arbitrary constants. 


. 
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Alhazen’s Problem. 
Its Bibliography and an Extension of the Problem. 


By Marcus Baker. 


ProsLemM. rom two points in the plane of a circle, to draw lines meeting at a 
point in the circumference and making equal angks with the tangent drawn at that 
point. 


This problem is known as Alhazen’s, and has been studied by several mathe- 


maticians, besides Alhazen, from the time of Huyghens to the present. The 
earliest solutions are all geometrical constructions in which the points are deter- 
mined by the intersections of a hyperbola with the given circle. Later, analytical 
solutions were given, and lastly trigonometrical solutions. 

The following list of references and their accompanying notes contains a 
condensed history of the problem. 

ALHAZEN. Opticae thesavrvs Alhazeni arabis libri septem nunc primim 
editi .. . Risnero. 4p.l. 288 pp. fol. Basileae per episcopios MDLXXII. 

Alhazen was an Arabian who lived in the 11th century of the Christian era, 
dying at Cairo in 1038. He wrote this treatise on optics, which’ was first 
published, as above stated, in 1572, under the editorship of Risner. The first 
published solution of the problem is contained in this book, pp. 144-148, Props. 
34, 38 and 39. The solution is effected by the aid of a hyperbola intersecting 
a circle, and is excessively prolix and intricate. 

Anatyst (The). A journal of pure and applied mathematics. Edited and 
published by J. E. Hendricks, A. M. 8vo. Des Moines, Jowa: Mills & Co. 1877. 
Vol. IV, No. 3, pp. 124-125. 

A general solution was proposed, but the solution of only a special case 
was published. 

Barrow (fev. Isaac, D. D.) Lectiones xviii Cantabrigiae in scholis publicis 
habitae in qvibvs opticorum phaenomenQn genuinae rationes investigantur, ac 
exponuntur. 8vo. Londini, typis Gulielmi Godbid, 1669. Leet. ix. 
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See also \WuEWELL’s edition of Barrow’s works. 8vo. Cambridge, Univer- 


sity Press, 1860. Lectiones opticae, pp. 84-89. 
Barrow refers to Alhazen’s “horribly prolix” solution, and discusses some 


of its special cases as applied to optics. 


Hutton (Dr. Charles). Trigonometrical solution of Alhazen’s problem. 

[Jn Leyzsourn (Thomas). The mathematical questions proposed in the 
Ladies’ Diary (etc.) 8vo. London: J. Mawman, 1817. Vol. I, pp. 167-168.] 

A trigonometrical solution by trial and error. 

Hvuyeuens (Christian) and Stuse (Francis Rene). Excerpta ex epistolis 
nonnullis (etc.) 

(Jn Puitosopuicat Transactions of the Royal Society. 4to. London, 1673. 
Vol. VIII, pp. 6119-6126, 6140-6146. ] 

Several solutions are contained in this correspondence, all of them geomet- 
rical, and all except one being by the aid of an hyperbola. One solution, by 
Sluse, is by means of the intersection of a parabola with the given circle. One 
of the solutions by Huyghens is the most elegant the problem has ever received. 

KaEsTNER (Abraham Gotthelf). Problematis Alhazeni analysis trigono- 
metrica. 

[Jn Novi coMMENTARI! societatis regiae scientiarum GOTTINGENSIS tomus VII, 
1776. 4to. Gottingae, J. C. Dieterich, 1777, pp. 92-141. 1 pl.] 

A complete trigonometrical solution, with application to several numerical 
examples, and containing differential equations to facilitate the computation. 

Lapigs’ Diary. 16mo. London, 1727. Not seen. 

The problem concretely stated was the prize problem in the Diary for 1727. 
Solved the following year by trialanderrorby I1...T... 

LryBourn (Thomas). Geometrical construction of Alhazen’s problem. 

[Jn LeyBourn (Thomas). The mathematical questions proposed in the 
Ladies’ Diary (etc.) 8vo. London: J. Mawman, 1817. Vol. I, pp. 168-169.] 

This construction is arranged from old material. The proof is given clearly 
and concisely, and a few bibliographic indications are added. 

L’Hospitau (Guillaume Francois Antoine de). Traité analytique de sections 
coniques. 4to. Paris: Montalant, 1720. Livre X, Ex. vii, pp. 8389-395. 

In Book X, on determinate sections, Alhazen’s problem is selected as an 
example of a problem whose geometrical solution can be effected by the aid of 
a conic section. Two solutions are given, essentially the same as those by 
Huyghens and Sluse, but with improved methods of arrangement and proof. 
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Mayer (Tobias). In a collection of problems by Mayer there is said to be a 
solution of Alhazen’s problem. Not seen. 

PuHILosopHicaL Transactions. See HuyGHEns and WALES. 

PrigstLy (Joseph). History of optics, translated into German with notes by 
Simon Kligel. 2 vols. Leipzig, 1775-6. Not seen. 

Said to contain information about Alhazen’s problem. 

-Risner (Frederic)—Editor. See ALHAZEN. 

Rosins (Benjamin). Mathematical tracts. 2 vols. 8vo. London, 1761. 
See Vol. II, pp. 262-264. 

One of these tracts is a scathing review of Robert Smith’s “ compleat system 
of optics.” Robins points out the complete omission of Alhazen’s problem, and 
supplies a short and easy proof of the correctness of one of Sluse’s solutions. 

- Sertz (Enoch Beery). Solution of a problem. 

[Jn Scuoot (The) Vistror, devoted to the study of mathematics and grammar. 
8vo. Ansonia, Ohio: John S. Royer, 1881. Vol. II, No. 2, February, pp. 24-25. ] 

A complete algebraical solution by an equation of the cighth degree, with 
numerical application and roots found by Horner’s method. 

Simson (Robert). Said to have solved the problem, but no solution is con- 
tained in any of his works accessible to the author. 

StusE (Francis Rene). See HuyGuHens and 

T...(1...). See Lapis’ Diary. 

Watss (William). On the resolution of adfected equations. 

[Zn PuiLosopHicat Transactions of the RoyalSociety. 4to. London, 1781. 
Vol. LXXI, part 1, Ex. vi, pp. 472-476.] 

Alhazen’s problem is selected as furnishing an example of an adfected quad- 
ratic equation whose solution is easily effected by the aid of the logarithmic 
tables and his method of using them. 


Alhazen’s Problem extended to the Surface of a Sphere. 


The solution of Alhazen’s problem gives the minimum (and also maximum) 
path between two points and an intermediary circle, the points and circle being 
situated in the same plane, and we shall here give the solution of the same 
problem when the two points and circumference of the given circle are situated 


in the surface of a sphere. 
VoL. IV 
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To fix the ideas, consider the terrestrial spheroid to be a sphere, and let 
our given points be 
A of which the latitude = ¢, and longitude 4,, 
and B = 9; 

The shortest distance between these points on the surface of the sphere is 
along the arc of the great circle joining them. Suppose this great circle track 
passes north of a given parallel of latitude @; we wish to find the minimum 
path between A and B on the spherical surface which does not pass to the north 
of latitude ¢. 

The shortest path consists of two arcs of great 
circles drawn from A and B to a point P in latitude @ 
in such a manner as to make equal angles with the 
parallel @ at P. We proceed to determine this 
point P. 

Referring to the annexed diagram, let us for a 
moment consider Alhazen’s problem without the ex- 
tension. Let OA=a, OB=6b, and OP= 7; then 

b sin y 
cos y—r 


be 


asin x 


tan APM= and tan BPN= 


and as these angles are equal we have 


asinx(bcosy—r) 
bsiny(acosz—r) 


1, 


in which x+y=a a known angle. Replacing y by a—zx, we have a con- 
venient formula for solving by approximation. 

The solution for the extended problem is analogous to the foregoing. O is 
the pole of the sphere, A and B the given points, and P the point sought. OA, 
OB and OM are arcs of great circles, as are also PA and PB; and AM and BN 
are arcs of great circles perpendicular to OP. Let AOM=x, BOM=y, and 
OP = 
Then sin AM= sin AO sin a, 
sin BN= sin BO sin y, 
and 

tan OM= tan AO cos 2, 
tan ON= tan BO cos ¥; 
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tan AM tan BN 


also tan APM=tan BPM or in PM ~ sn PN 
sin’?PM 
whence tan®?BN  sin?PN (1) 


‘Now 
tan*AM sin*AMcos*BN __ sin’y) 9 
tan°BN cos*AMsin*BN (1 —sin’AQsin*z) sin*BO sin’y ’ (2) 


and again, since PN=ON— OP and PM=OM—OP, 


| sin OM sin g — cos OM cos | tan OM sin gy — cos ¢ 


(sin ONsing—cosONcosy}$ cos*ON | tan ON sin y —cos 
But 
_1+tan’?ON _ 1+ tan®BO cos*y 
1+ tan?OM™ 1+ tan?AO 
whence 
sin?PM 1 + tan*BO cos*y tan AO cos x sin g — cos (3) 
sin?PN 1 + tan*AO cos*x } tan BO cos y sin g — cos 


Substituting (2) and (3) in (1), and remembering that 


AO=90°—9, and BO=90°—9@, 
we obtain 


cosy, sin*a (1 —cos*g, sin*y) { 1 + cos*y ¢, sin cos — cos 
(1 — cos*y, sin*x) cos*¢, sin?'y” 1+ cotg’¢, cos’x { cotg sin gcos y— 
or 
cos*¢, (1 —cos*g, sin®y) (1 + cotg*¢, cos*x) (cotg cos y— cotg 
cos*¢, sin’y (1 — sin’x) (1 + cotg’y, cos*y) (cotg ¢, cos — cotg y)” 


Now x+ y=”,—A,=AA, whence eliminating x or y we have an equation 
which can be solved by approximation as in the case of a plane surface. 


WASHINGTON, D. C., October 26, 1881. 
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On the Non-Euclidean Trigonometry. 


By FE. Srory. 


In the “Sixth memoir upon quantics” * Professor Cayley has given a pro- 
jective definition of geometrical quantity of one dimension (distance between 
two points and angle between two lines), which has been generalized by 
Dr. Klein in a paper ‘‘Ueber die sogenannte Nicht-Euklidische Geometrie.” + 
Professor Cayley afterwards gave an example of the non-Euclidean trigonometry 
in the plane, obtaining the formulae for the special case in which the funda- 
mental conic or ‘‘absolute” is a circle, and the constants of measurement have 
particular values.{ I propose here to deduce the formulae for the general case 
of projective measurement in the plane with an arbitrary absolute and arbitrary 
constants. The application of the results to a space of two dimensions with 
constant curvature in a third dimension is evident. It is also evident from the 
nature of the projective measurement that the results are independent of the 
particular choice of codrdinates, and therefore are not affected by the circum- 
stance that a real point may have imaginary codérdinates. 

Following Professor Cayley’s notation, I put a dash over any quantity 
measured projectively. The projective measure a of the distance between two 
points B and C, and the projective measure A of the angle between two lines 
b and c, are defined thus: 


a=kina, Ina’, 


where a is the anharmonic ratio of B and C with respect to the intersections of 
the line BC with the absolute, and a’ is the anharmonic ratio of 6 and ¢ with 


* Philosophical Transactions, Vol. 149, 1859. t Mathematische Annalen, Vol. IV, pp. 573-625. 
} Mathematische Annalen, Vol. V, pp. 630-634. 
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respect to the tangents from the point bc to the absolute, and & and # are two 
arbitrary constants corresponding to the arbitrary units of ordinary linear and 
angular measurement. 

Let the equations of the absolute in point-codrdinates x, y, z, and in tan- 
gential codrdinates wu, v, w, be 


andyg=f(u, w)=0, 
respectively ; and let 


1 02. 02, 02. 


and similarly for other combinations of the suffices i 2. 2 


Let A, B, C be the vertices of a triangle, a, b, ¢ their sides, A, B, C, 
a, b, ¢ the projective measures of the angles and opposite sides, respectively ; 
and let the coérdinates of A, B, C, a,b,c, be 2, 253 Yor 223 Xs» Yar 
Uy, Vj, Wy; Uy, Ve, We; Ug, Vz, Wz, respectively. Then, by the above definitions, 


— V — 
which can be put into the forms 


2 
= 2ik — = 
a = 2ik cos 0,’ A 


For convenience I take for the linesx=0, y=0, z=0 respectively two 
conjugate polars through the point A and the polar of A with respect to Q, so 
that 


Q=27+7+2, and hence 
= + + = Uglls + + Wy; 
%29,:%=0:0:1, 


Us 2 Us! Wy = — 0, Wy = Hg: — 2:0; 
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and, putting 2, = Ys = Xz = 2% 73 COSH;, Ys = 
I find 


Qn =1, 1), 
= = = [71's cos (~;— +1], 
Un = 2473, = = % % COS (Ps — 


cos es = sin = 


0s (55 )= 8 ( 53, ) cos sin =a) sin (si) cos (55) 


where each sign + has to be so determined that:the distance between two coin- 
cident points and the angle between two coincident lines shall be 0, or some 
multiple of the whole length of a straight line and whole angle about a point re- 
: if spectively, while it remains arbitrary in which of the two possible directions the 


@ measure is positive. If the points B and C coincide, c=b, a=0, A=0, 
| hence, by the last formula, 


aa 1=-+ cos oa.) Sin 


therefore the upper sign is to be given to both terms, 7. e. 


cos = (ca) cos sin sin cos ’ 


: corresponding to the formula of spherical trigonometry 


cosa =cosbcose+sin dbsinecos A, 


from which, as is well known, all the other formulae of spherical trigonometry 
can be obtained, without the use of any other relations than those implied in the 
definitions of the trigonometric functions. Hence, in a uniformly curved space 
of two dimensions, with a projective measurement based upon any conic, whose 
constants of linear and angular measurement are & and # respectively, the 
trigonometrical formulae will be obtained from those of spherical trigonometry by 
replacing each side (or arc) by the corresponding side (or straight line) divided by 
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2ik, and each angle by the corresponding angle-divided by 2ik'. Of course, what 
we call a straight line in such a curved space is a geodesic line, 7. e. the shortest 
line between any two of its points measured as above. 


1 1 
. ha ha 
sin ik ~sinna, Cos = coshda, 
whence 


cosh a — cosh 6 coshe 


A=— 
sinh sinh e 
the formula given by Professor Cayley, which, however, holds for any other 
fundamental conic, as well as for a circle. 


BALTIMORE, March 28, 1882. 
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Note on Mechanical Involution, 


By J. J. SyLvEsTer. 


Mechanical involution is the name invented by me to signify the relation 
between six lines in space, so situated that forces may be made to act along 
them whose statical sum is zero. The definition may be extended to comprise 
an indefinite number of lines, any six of which have this property. 

I shall use. [p,q] for the present to denote the moment of a unit of force 
acting along the directed line p about the directed line g, taken positive or nega- 
tive according as to a spectator looking in the given direction (or sense) of q, 
a force in the given direction (or sense) of p tends to produce a right-handed or 
a left-handed rotation, which tendency, by a property of our mental constitution, 
we know is not affected in kind by the lines p and g becoming interchanged—a 
fact which might also be anticipated with a high degree of probability from the 
circumstance that the unit-moment is measured by the product of the perpen- 
dicular distance from each other, of the two lines, multiplied by the sine of the 
angle between them, so that each factor of this product changes its sign when the 
relation or aspect of the two lines to each other is reversed. Hence it follows 
that [p, gq] =[¢, p). 

Three lines in a plane, it may be noticed, are in involution when they in- 
tersect in the same point, or, as a particular case, are parallel to each other. 

Let a, b, c, d, e, f be any six lines in space, A, Ay, Az, Aq, Az, Ag SIX 
forces capable of balancing when acting along the lines 1, 2, 3, 4, 5, 6 
supposed to be in involution. 

Then by the equation of moments in regard to each of the first series of 
lines taken successively as axes of rotation, we must have 


afl, + +45 +a [4, + /] +a,[6, f]=0 
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and consequently the determinant 


Consequently we may find quantities u,, le, Har Mes Such that 
Hala, 1] + 1] + ue [e 1] + 1] [e 1] + =0 


Ha [a, 6] + 6] + ue [¢, 6] + ua[d, 6] + 6] + 6] =0. 

Thus it becomes evident by regarding u,, fy; fer Has te, Uy a8 the mag- 
nitudes of forces acting along the linesa, 6b, c, d, e, f, that the equations of 
moments of a given set of forces about six lines which are in general inde- 
pendent, become linearly related when the six axes are in involution—a conclusion 
which springs also immediately from the consideration that the law of statical 
composition of directed lengths is the same whether they be regarded as repre- 
senting forces or as representing the axes of couples. So much by way of intro- 
duction. 

I now pass to the formation of the intrinsic equation of condition to be 
satisfied in the case of involution. 

To obtain this, let the lines a, b, c, d, e, f be made ddentical with 
1, 2, 8, 4, 5, 6. 

In each ofthese latter lines (say in 7) let two points be taken at the dis- 


tance —- apart, whose quadriplanar ecodrdinates are respectively 2,, ty, %, %, 
i, part, q 


t,, t,, 2, %, and let (i, 7)—where 7 is another of the lines in involution—denote 
the determinant 
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This determinant will represent (enlarged six-fold) a tetrahedron, two of 
whose opposite edges are the lengths intercepted between the pairs of points on 
i, j respectively, and consequently /,J, (i, 7) will serve to represent (on the 
same scale) the quantities previously represented by [%, 7]. 

Hence the determinant of the sixth order above written becomes 
0 44(1,2), 44(1,3), 44(1,4), 44(1,5), 44(1, 6) 
I, 1, (2, 1), 0 , &4(2,4), 44(2,5), &4(2, 6) 


64,(6,1), 4&4(6,2), &&(6,3), 5), 0 
and this equated to zero gives the intrinsic condition of involution. 
Imagining this equation to be formed, the terms in each line and also the 
terms in each column will have some common factor, removing which, by a two- 
fold scheme of division, all the quantities 7 will disappear, so that now regarding 
each of the pairs of points on the lines 1, 2, 3, 4, 5, 6 respectively as any 
two non-coincident points whatever, the intrinsic condition is represented by the 
evanescence of the following symmetrical invertebrate (7. e. zero-axial) com- 


pound determinant 
a: = (2,3) (2,4) (2,5) (2, 6) 
(3,1) (8,2) 0 (3, 4) (8,5) (8, 6) 
(4,1) (4,2) (4,8) 0 (4,5) (4, 6) 
(5,1) (5,2) (5,3) (5,4) 0 (5, 6) 
(6,1) (6,2) (6,3) (6,4) (6,5) 0 
where each pair of numbers within a parenthesis represents a determinant of 
the fourth order.* 

Just as the equations of moments of a system of forces about six lines in 
space are in general independent, but cease to be so if (and only if) these lines 
are in involution, so the equations of. moments of a system of forces in a plane 
about three points are in general independent, and only cease to be so when the 
three points lie in a right line. Thus under the two-fold aspect of a system of 
force-directions and a system of axes of moments, six lines in involution in 
space are on the one hand the analogues of three force-directions in a plane in 


* This determinant (which is sufficiently obvious, I have found since going to press) has been given 
by Prof. Cayley in his memoir on line-coérdinates, Cam. Phil. Trans., 1861, which is avowedly based 
upon my constructions connected with the problem of Involution. 
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involution, 7. e. meeting in a point, and on the other hand of three points (centres 
of moments) lying in a right line; and as concurrence is the polar correlative to 
collineation we ought to expect to find involution in space to be its own polar 
correlative ; 7. e. that the polar reciprocal of a system of lines in involution in 
respect to a general quadric should be another such system: and such is the fact: 
for, as I have shown in the Comptes Rendus, the necessary and sufficient condition 
of six lines being in involution is that they shall respectively intersect pairs of 
corresponding rays in two homographic pencils lying in two planes whose in- 
tersection contains the centres and two corresponding (coincident) rays of the 
two pencils—a condition which will not be affected by any polar transformation. 

This leads to the remark that we may change the signification of the symbol 
(i, 7) in the equation last indicated without destroying its validity as the condi- 
tion of involution : viz. we may suppose two planes to be drawn through each line 
instead of two points being fixed upon it: and then if we understand by the 
determinant of two lines in space the determinant formed by the coefficients 
of the two pairs of equations which denote the lines, we may interpret (7, 7) to 
mean the determinant of 7, 7 and sum up the result obtained in the following 
proposition : 

The determinants formed by six lines in involution, taken two and two together, 
are related in precisely the same manner as the squared distances from one another of 
six points in four-dimensional space. 

The legitimacy of the second reading of (7, 7) may be proved directly, as 
follows. For greater clearness let (¢,7) when read with reference to pairs of 
planes through ¢ and 7, be called (J, J). Then 


ine 


will constitute an example of what in the Johns Hopkins University Circular 
for May, 1882,* I have called a split matrix, inasmuch as each of the first two 


* Baltimore: John Murphy & Co.—It is interesting to notice (as there indicated) that the same 
theory of the split matrix here applied to mechanical involution has an important, although quite a dif- 
ferent kind of bearing on the theory of algebraical involution: The two theories of involution have a 
considerable affinity to each other—groundforms and their coefficients in the equation of linear connec- 
tion in the one theory, being regarded as the analogues of space-directions and the force-magnitudes 
acting along them in the other. (See J. H. U. Circular, June, 1882.) It was the sense of this connection 
which caused me to throw a retrospective glance on the theory of mechanical involution, abandoned by 
me since the remote date of the appearance of my papers on the subject in the Comptes Rendus. LIought 
to mention that I owe the idea of applying the split-matrix theory to the proof of the polar property of 
an involution-system, to a suggestion of Professor Cayley. ; 
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lines multiplied term for term by each of the latter two gives products whose sum 
is zero. Hence by virtue of the property of such a matrix, each complete 
minor of the upper pair will bear to the opposite complete minor in the lower 
pair the ratio of (i) to (J), where 

Gy = and (I) = as 

xe, 

and of course the same conclusions apply mut. mut. when j, J take the place of 
4, I; from which it immediately follows that 


N=): 
Let now in the (¢, 7) determinant, which is equated to zero, each element 


in any 6” column be multiplied by of and then again each element in any 6™ 


row by the same; these multiplications will not affect the equality to zero of 
the determinant so modified, but the effect of the combined multiplications will 
be to change the element in the 7” row and j™ column,: viz. (¢,7), into 
I 
wo (¢,7), ae. into (J, J). Thus it is proved that we may pass from the first 
reading of the (7, 7) determinant to the second; and this in its turn serves to 
prove that if six lines are in involution their polars in respect to any quadric 
must also be in involution. 

The theory of involution may of course be extended to a system of 
n (n+ 1) 


5 lines in n-dimensional space, 
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Note on Determinants of Powers. 


By O. H. MircHett. 


Ifa>B>y>4, then 


terms, all positive (0°= 1). In briefer notation, representing the first two 


determinants by their principal diagonals, and writing v3 (x, y, 2, t) for 
y) —2) (y—2) (y—4) @—9), 


(a*b?crd’) B, y, 9) 
(a’b?c'd’) = 1, 0) terms, all positive ; 


and the like is true for determinants of any order. Calling the left-hand mem- 
ber Q,, the subscript denoting the order of the determinants, Q, may be 
expressed as a linear function with positive coefficients of similar quotients, Q, ; 
and by successive applications of this formula Q, is expressible as = a? 6%c' d’, 
where p, g, 7, & are functions of the two sets of exponents, a, 8, y, 6 and 
3,2,1,0, and of (4—1)! variables whose limits in the summation are certain 
functions of a, 8, y, 6. And the like is true for determinants of any order. 
For a proof of the preceding, consider the expression for Q, as given by 
Prof. Cayley, Salmon’s Higher Algebra, p. 292, viz: 
H,_ 
Ht, 


H, 


= 


. 
ay 
# 
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where H,, = the sum of all possible powers and products of a, b, c, d of the 
m degree. If = 0, the last row and the last column may be cast off, since 
I,=1, and H_, =0. The left-hand member is divisible by a*°b’c’d’; thus 


Expanding each element of the determinant on the right-hand side by means 
of the formula 


H,, («, 6, ec, d)=d"+d"" (a, 6, c) H, (a, b, c)+ete., 
and resolving the determinant into the sum of similar determinants, we get 


(a, b, 


where the H’s now involve only a, b,c, and 6=a+8+y7+5—3— 46 
—(x+y-+z). A little consideration shows that the lower limit of x may 
be put = @—6d and the lower limit of y put =y—6d without changing the 
value of the right-hand member; since the determinants obtained in the sum- 
mation for lower values of x and y either vanish identically, having two columns 
the same, or destroy one another by twos, the members of each pair differing 
from each other only by an interchange of two columns. In fact, whatever x 
may be, the determinant obtained by putting y= m, z= ™m, vanishes identi- 
cally, while that yielded by putting y= m, z=n7, is destroyed by the one having 
y=n, z=™M, the variable multiplier, d’, being the same for each. Of those 
determinants which remain, the one obtained by putting « =/ and either y or 
z = / vanishes identically, and the one having x = /, y= m, z=7, is destroyed . 
by that one whose x=m, y=1,z=n, if B—d >1>y—S—1, but by that 
one of which z=n, y=m, z=l, if 1l<y—94; the variable coefficient, d’, 
does not interfere to prevent this mutual destruction of the quantities obtained 
in the summation, since 0=a+6+y—3)—3—(a%+y+z). For those 
determinants which now remain, x >y>z, and we have 


w=a—S—1l 


(a*b’c*) 


y=y—8 
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By successive applications of this formula we get, 


— 

where p= (a + + a3 + — 3) — 404 — (a + + 73) + (a4); 


= + 2 + x3 — 2) — 823 — + + (aa + 25), 
(% + Ye — 1)— 2y,— (am) + (ag + 23 + 
(4 — 0) —2,— (0) + (a, +23 + + 


The notation is slightly changed, and the values of p, g, 7, s are written in 
a somewhat redundant form, in order to show more clearly the law for deter- 
minants of higher orders. 

Since the number of terms in the H,, of n letters is expressed by the 
binomial coefficient C™+,"—1, the number of terms in the summation above 
(¢. e. the sum of the coefficients, all of which are positive) is equal tothe deter- 
minant 


(Ce Oats), = (C2 = (41, Oss 4) 


2,1, 0)’ 
obtained from the H-determinant. As an example, 
+ + + + + , 
which has 42, = $3(7, 3, 0) terms. 


0)’ 
If a,, etc., be the n roots of — P,2"-* — ete. =0, by sub- 
stituting the roots and solving for P, we get 


(ap 


= abe, and since the number of terms in Sabe is C}, we get 


(aed) 
the following expression for the value of the binomial coefficient, Cj, viz: 
(3, 2,1, 0) 


Thus 


C3= 


And, in general, we have 


= Ci(n,n—1,...n—r+1,n—r—l, + 2,1,0) 
r~ (n—1,n—2,...n—r,n—r—1,...2,1, 0) 


vw 


* 
} 
% 
£3 
> 
> 


844 MitcHEeLL: Note on Determinants of Powers. 


the direct proof of which is of course very simple. Having proved that C? has 
this value, it is easily shown, without reference to the roots of an equa- 
tion, that P,, te Sa,a,...a,, has the value obtained above. Thus, taking 
a special case for brevity, ee is seen to be a symmetric function, of the 
third degree, in which such a term as abc occurs at least once. -Zabe is also such 
a function, in which abe occurs only once. Hence their equality is proved when 
it is shown that the number of terms in each is the same. 

It may be remarked that if the last row of (a*b*c’) be subtracted from each 
of the preceding rows, and these rows be then divided respectively by a—c, 
6—c, and the second row be then subtracted from the first and the result 


divided by a— b, we get 


H,_;(a, 6, ¢), b,c), H,_,(a, b,c) 
c) ’ c) (0, c) 


and since 6H,,_,(b, c) + H,,(c)= H,,(6, c), and aH,,_,(a, 6, c) + (6, )= 
H,,(a, 6, c), ete., the determinant on the right is at once reduced by combina- 
tion of rows to the similar determinant already considered, in which each row 
involves every letter, and which is obtained in the text-books, as far as I have 
observed, only by an indirect process. The method obviously applies to deter- 
minants of any order. The following evident identity is used in the reduction: 


H,,(a,c,d,e,...2)—H, (b,c, d,e,...2)=(a—b) H,_,(a, 6, ¢,.. 2). 
The above process of reduction shows that the value of the H-determinant 
is the same for every distribution of the letters among the rows, subject to the 
conditions (1) that the letters of every row are contained in each of the pre- 
ceding rows, and (2) that no row contains less than a — 7 + 1 letters, where @ is 
the order of the determinant, and 7 is the number of the row, counting from 


the top. 


(a*bPor) 


BALTIMORE, 20 May, 1882. 
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Determination of the Finite Quaternion Groups. 


By W. I. Srrineuawm, 


> 


Professor of Mathematics in the University of California, 


If we apply to a set of quaternions the definition of a group as given in 
the Theory of Substitutions, then a quaternion group of the m™ order means a 
set of m quaternions (scalar unity always included) whose products and powers 
are also quaternions of the same set or group. The object of the present paper 
is to determine all the possible finite quaternion groups. 

These groups, or rather their analogues in the ordinary Theory of Functions, | 
have usually been interpreted geometrically as the linear transformations of the 
plane of complex variables in itself—automorphic transformations. The formulae 
for these linear transformations were first given by Professor Gordan in his paper 
‘Ueber endliche Gruppen linearer Transformationen einer Veranderlichen.” * 
The quaternion formulae, although they have their exact correspondents in 
Gordan’s algebraic formulae, have, when interpreted geometrically, a more gen- 
eral character, in that they represent certain automorphic linear transformations 
of a three-dimensional infinite homoloidal space, or what is the same thing, of | 
a three-fold extended sphere. The determination of these formulae might be aig a 
made to depend upon Gordan’s solution, but the following is a shorter and A 
simpler solution than that of Gordan, and includes it as a special case. | 


Some General Formulae. |. 


Let g, 7 represent two quaternions belonging to a finite group. In order 
that the group may be finite, the tensors of g, 7, etc., must be unity, so that 
g and 7 may be written in the form | 

r=cos¥+usiny, 


: * Math. Ann. Bd. XII, pp. 23-46. Compare also Cayley ‘‘ On the finite Groups of linear Transfor- 
mations of a Variable,’’ Math. Ann. Bd. XVI, pp. 260-63, 489-40. The proof concerning the number 
and character of the possible groups was given by Prof. Klein, Math. Ann. Bd. IX, pp. 183-208: 
‘* Ueber binére Formen mit linearen Transformationen in sich selbst.” 
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@, ¥ being the arguments, 2, uw the axes of g, 7 respectively. According to 
definition gr is also a member of the group, and if we write 
(i) qr = cos sin x, 
4% represents a new argument and » a new axis of the group, and they are deter- 
mined by the relations 
(ii) ysin cosy +usin cos¢+ VaAu sin sin 
(iii) cos y= cos cos + SdAu sin sin 
== cos (@ + + sin? cos 


where / is the angle formed by & with u. 
In particular, we have the well-known formulae 
= cos + A sin 2p 
(iv) = cos nd + A sin no. 
In order that g may belong to a finite group, it is further necessary that 
some finite power of g should reproduce the identity—i. e. unity—so that, 
€.g., g” =1; > is then a rational multiple of ©; m is called the period of q. 


I. In the following discussion it is important to remember, that when two 
quaternions of the same group have the same axis, they can always be written as 


pouers of one and the same quaternion. 


Limits of the Periods. 


Amongst the quaternions of the group there is one set—or one quaternion 
at least—whose argument is the smallest which the group contains. Let g be 
such a quaternion, and moreover such that its axis 2 forms with some other 
axis u of the group the smallest angle (the case A = + yw excluded) which the 
axis of any quaternion of the group with the smallest argument can form with 
any other axis of the group. Under this hypothesis we have, if r be the quan- 


ternion whose axis is u, 
TV.uUVrqr= TVau. 


From the product rgr is deduced easily 
ViuVrqr= TVq. Vua, 


TV. 
(v) V.uU0Vrqr= -V 
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In order that the condition TV. uwU0Vrgr2 TVAu may be fulfilled, we must 
therefore have 
(vi) V'rqr, or 
t. €. cos? 6, 
where 6 is the argument of rgr; @, however, is by hypothesis the smallest argu- 
ment which the group can possess, so that the only possible supposition is 


cos’? = cos*6, or Sgr = + Sq. 


Remembering that S?r — V’r = 1 (since 7r = 1) and that r = Sr + Vr, we have, 
if the sign before the second member be plus, 
(vii). Sr. Sqr=0, 
but if minus, 
S.rqrVr=0. 
The latter of these conditions, however, would give 
Sau. tan @= tan 7; 
now as ¥ by hypothesis cannot be smaller than @, we should have 
and 7 would be a power of q, a case we evidently do not need to consider. We 
have remaining therefore only the former condition Sr.Sgr=0, which com- 
pels us to write either 
Sr=0, or Sqgr=0. 
The case Sr = 0 affords a possible solution, and determines for r the period 4. 
But perhaps Sgr = 0 is also a solution. On the supposition that it is, write 
qr in the form 
1 1 1 1 
qr=—q? 
This equation shows that the axes of gr and q? rg? make equal angles with the 
axis of g. This angle cannot be smaller than the angle between ” and uw, and 
we have, if we rewrite the condition (vi) for this case, 
S*qr2 
so that the condition Sgr = 0 demands also that Sr = 0; that is, the two condi- 
tions in question are equivalent, and 7 has in any case the period 4. We 
have therefore the following result : 
Il. If q and r belong to a finite quaternion group, and if the argument of q is 
the smallest which the group contains, and if the angle between the axes of q and r is 
the smallest one existing between the axis of a quaternion with the smallest argument 
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and any other axis of the group (the angle zero or 20 cacepted), then Sr = 0 and 
r has of necessity the period 4. 
One quaternion belonging to the group is 
=rqr—'= cos sin 9, 

where 7’ = If now we form the product gq’qg—which must also be a 
quaternion of the group—we shall find, by the same process as that by which 
(v) was found, that 

V.auU Voq'q = 


sin @ 


- VAN, 


and since ¢ is the smallest argument of the group, 

sin gS 
from which and the preceding equation it follows, that 
(viii) TV.2AU TVAN. 
This last inequality shows that the axis of qq’q, if it do not coincide with A or 
a’, must lie between them and therefore coincide with «, for uw is the only axis 
lying between these limits. We have therefore three possibilities : 


where x, y, z are integers. The case gq7q=q”, if we develop the equation 
= and operate with on the result, gives 
O= ctn + V.AVAN, 
(ix) ctn p— A —ASAN ; 
and finally, by means of the operation §.2’, 
Max 
which means simply—according to (I1)—that 7 is a power of g. The second 
case gq’qg= q" and the case qq’g= + w= +1, give a similar result, since ¢/ 
becomes respectively = and = + We therefore conclude, 
III. That the quaternion ququ~'q, if it belong to a finite group, is either a 
power of q, or ts equal to + u; provided u, as compared with all the other axes of 
the group, forms with the axis of q the minimum angle. 


Groups which have a period greater than 10. 


In order that the equation qq'¢ = g’ (or ¢ = q"—*) may be satisfied, we must 
have wau-! = +A, which demands further, that either 
(x) Vau= 0, or 
(xi) Sau= 0, 
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that is, uw is either parallel or perpendicular toa. If however gq’q¢ = + u should 
be satisfied, then 

Sqq7q = cos cos 2 + SAd'sin sin2g¢=0, 
(xii) = — ctn¢ ctn 29. 


The smallest value which ¢ can here assume is - » and corresponding to this 


value we have 
Sav=—1,. 


that is, is a power of a case we do not consider. The condition gq’q¢ = + u, 


therefore, is only possible when ¢ is greater than - » 4. e. when g has a period 


less than 12; and since it will be shown in the sequel (p. 353, VI) that the largest 
period of a finite group having more than a single axis must be an even period, 
it follows that the condition in question can exist only when the period of g does 
not exceed 10. We have, therefore, if the period of g be greater than 10, 
the single condition (xi), the condition (x) being irrelevant. Since of all the 
axes of the group u has the greatest inclination to the axis of g, it follows from 
the results just obtained, that 

IV. If q has a period greater than 10, all the axes of the group, except that of 
q uself, lie in the plane—passing through the origin—to which the axis of q is per- 
pendicular. 

It will next be shown, that 

V. Of a group containing a period greater than 10, all the quaternions which 
are not powers of q have either the period 4 or 2. 

If there be a quaternion s of the group, whose period is different from 
4 or 2 and which is not a power of g, then there must be several such—with 
different axes, but with the same argument—which can be formed by means of 
the transformations gsq—*, q’sq—*, . . . Let us suppose, therefore, that there 
are two such quaternions s, s’ with the argument y and the axes v, ’. Then by 
IV, either .Vss’ coincides with 4, or else it lies in the same plane with Vs and 
Vs’; that is, we must have either 

S.v = Ves’ = 0, 

or S. rv! Vss' = 0. 


These two equations are equivalent respectively to 
(Svr’— 1).sin 2y7=0 
and V* .sin’'y = 0. 
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Hither equation would be satisfied by S:v'=1, or what is the same thing, 
by Vrx'=0, in which case, however, v and 27 would, contrary to hypothesis, 
coincide ; hence y must be so chosen as to make either sin 2y or sin y vanish, 


that is to say, x must be an integral multiple either of ©, or of > —Q.£E.D. 


Cyclotomic (Kreistheilungs) Groups. If the condition gq’¢=q", Vau=0, 
be fulfilled, all the axes of the group coincide with. 
The group contains then only powers of a single quaternion g. If ¢ be 
written in the form 


20 
+ Asin 


q = cos 


-we may assume as the generator of the group any power of ¢ of the form q*, 
where a is prime to m; the powers of qg* form a cyclotomic group of the m"™ order. 
Since there are @(m) numbers prime to m, there are @(m) such cyclotomic 
groups composed of powers of g. Regarded as a whole, such groups are repeti- 
tions of each other written in different order. 

If, besides the powers of g, there exist, as belonging to the group, only 
quaternions of the period 2, such quaternions are evidently all identical with 
each other and equal to —1. If this be combined with all the quaternions of a 
cyclotomic group of even order, say m, the resulting group will be a cyclotomic 
group of order 2m, composed of the powers of (—q). If, on the other hand, 
a cyclotomic group of even order be combined with —1, the result will be the 
same cyclotomic group again. 

The Double-Pyramid Groups. If besides the m powers of qg, m being 
even, there exists in the group a quaternion having the period 4, which we may 
represent by the vector u—and uw is in this case also perpendicular to A— 
then, by combining u with all the powers of g, we can form m other quaternions 


m 


(or what is the same thing gu, qgu,....q™u, since ug*=g~*u) ‘which 
together with the m powers of g compose a group of the order 2m. If, how- 
ever, m be odd, then besides the 2m quaternions just mentioned, the group will 
contain 2m other quaternions 
and the group will therefore be of the order 4m.: Hence the order of every 
quaternion group of this type is a multiple of 4. 
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Suppose. 4m to be the order of a double-pyramid group. Then g has the 
period 2m, and we have just seen that there are @ (2m) different powers of q, 
represented by g* (where a is prime to m) any one of which will generate the 
cyclotomic group of the 2m‘ order. We can use any one of these powers g* as 
one of the generators of the double-pyramid group of the 2m™ order, u being 
the other generator, and can thus obtain this group also in % (2m) different 
forms. 


Groups containing no Period greater than 10. 

The Period 10. If q has a period not exceeding 10, we have then, for the 
determination of the angle between A and uw, the condition (xii), p. 349, viz: 
(xii) S. (au) = Saz’= — ctn 29. 

For the period 10, therefore, we have 


= — cos 2f= — ctn ctn 
if 2/ denote the angle which a makes with 4’, 7. e. if f be the angle between A 


and uw. Hence 


cos 2f= cos f= 


where e= ~ os - If we write «=i and make the plane of (4, u) that of 


(t, &), we shall find the values of 4 and q to be 


q = Cos + asin = 
where ¢ = ee - By combining gq andi and their powers and products in 


all possible ways, we shall generate a closed group consisting of 120 different 
quaternions :—the Double-Ikosahedron Group. gq and are called the generators 
of the group. (The quaternions of this and the following groups are written 
out in full in the accompanying tables J,, — Qi, pp. 354, 355.) 
Having chosen « =7, we might then have written, instead of 
A=itcos f+k sin f, 


A=i cos f+ sin f. 
The latter assumption would evidently—on account of the symmetry of 
the i, 7, &, in their relations to each other—result in a group similar to the 
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one determined by the former value of Aa. It will be found that the two 
groups differ only by an interchange of e and ¢’, and it is also easy to show 
that the former group becomes the latter by applying to it the transformation 
(1—k)() (1—£)-!; that is, by writing, in the former group, for each quater- 
nion g the quaternion (l1—k).g.(1—)—’. Two such groups are called 
similar and isomorphic*. 


The Period 8. If q has the period 8, then @ =— and 


= — cos 24f= — cin 2 etn 
Writing A=7, we have 
_ i+ 
J 2? 
and since u forms with 4 an angle of 45°, we may assume 
_ 
g and uw will then be the generators of a closed group of 48 quaternions :—the 
Double-Oktahedron Group. The choice patt could evidently equally well 
have been made; it turns out however that g and + generate the same group 
as g and 
The Period 6. If 6 be the period of g, then @ = . and 


1 
cos f= ae | 
Here, if we write «=i and determine the plane (4, «w) in such a way that 
it bisects the angle between 7 and &, we shall have for the values of 4 and q¢ 


sin f+ cos f= 


_ 
2 


q 


*C. Jordan, Traité des substitutions et des equations algebriques, pp. 23, 56. 
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g and 7 are the generators of a group of the 24 order :—the Double- Tetrahedron RP 
Group. 
The Period 4. If q have the period 4, theng=A. If the condition (xii) 


be applied to this case, we find Sgq’qg=0= Sar’, f= <, and thus obtain the 


same value of / which gave rise to the double-oktahedron group ; and we should 
in fact obtain this same group for the above value of f/ in the present case. 
This results from the fact that the product Aw would be a quaternion having 8 
for its period. We may therefore throw aside the condition (xii) and applying - 
(xi) e. SAu = 0—write 
A=t, 
which two quaternions are the generators of the well-known group of the 8™ 
order, viz, +1, +7, +7, +k. This is a special example of the double- 
pyramid type. 33 
The Periods 11, 9, 7, 5, 3. In order to prove that the above enumera- a 
tion of the finite quaternion groups is exhaustive, it will only be necessary to 
show, 
VI. That the greatest period contained in any finite quaternion group, which is 
not a cyclotomic group, 1s even. 


The smallest argument which can belong to an odd period mm is = - If such 


an argument however belong to a finite group which possesses more than a single 
axis, it cannot be the smallest argument in the group; for if g be the quaternion 


whose argument is = » m being odd, and if u be as before the axis most inclined 


m—1 
2 


m+1 
to that of g, then gm’g * =—g ? belongs to the group, and since 


—q? =— cos 
= cos +<)+asin (2ma +=) 
+4 

m m 


therefore the group contains the argument <, which is half of = » and thus the 


proposition is proved. With this demonstration ends the possibility of forming 
any other class of finite quaternion groups than those above enumerated, 
Vou. IV. 
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Tables of the Five Different Types of Groups. 
The explicit formulae which constitute the five different types of groups are 
contained in the following tables. N= order of the group. 


f The Cyclotomic Groups. 
These have the form 
N=™m, a prime tom; 


where g is any quaternion having the period m. 


1. The Double-Pyramid Groups. 
These have the form 


ug", ug, .... N=4n, a prime to 2n; 


where g is any quaternion having the period 2n, and where uw is a vector lying 
in the plane perpendicular to the axis of g. [SAau=0.] 
2. Qe: ‘The Group, viz: 
i, &e. 


The Double- Tetrahedron Group. 
k*, 
2, 3, 4; el, 2, 4,5,6; Woe. 


This is a special case of J;,. 


The Double-Oktahedron Group. 
( 2 ( 2 ( 2 ): 2 
CA 
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1. The Double-Ikosahedron Group. 
as ke 


5) 


Or) 


2 2 

2. Qin: A second Double-Ikosahedron Group differing from the above by 
the interchange of e with ¢. 

The groups Q, and Q,, are contained in Ove and Q, in Q,,, as permutable 
sub-groups.* Also a double-pyramid group of the 4m™ order contains a cyclo- 
tomic group of the 2m™ order as a permutable (ausgezeichnet) sub-group. The 
group Qj» contains no permutable sub-group except the group + 1 of the 2° order. 

The vectors of the quaternions.of these various groups represent geometri- 
cally the axes of symmetry of the corresponding regular polyhedra ; that is, they 
are the diameters of the circumscribed sphere, which pass either through summits, 
or middle points.of faces, or middle points of edges. 


*C. Jordan, ‘‘ Traité des substitutions,’’ pp. 1-50; and W. Dyck, ‘‘ Gruppe und Irrationalitit regulirer 
Riemann’schen Flichen,’’ Math. Ann. Bd. XVII, p. 481. 
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The Groups of Movements of the Regular Polyhedra in three-dimensional Space. 


It is well known that any displacement of a sphere about its centre as a 
fixed point can be replaced by a simple rotation .about a determinate axis, and 
that such a rotation is represented by the operator g()q~', g being a quaternion 
whose axis is the axis of rotation and the double of whose angle is the amount 
of rotation. From the foregoing discussion, therefore, it follows immediately 
that all the finite groups of automorphic transformations of the sphere are re- 
presented by the various groups of operations of the form g()q~', when, for a 
given group, g assumes all the values of the different quaternions in some one 
of the above enumerated quaternion groups. The linear transformations of 
Gordan are therefore represented in the following scheme. 

In()In*. If q assume all the values of the quaternions of a cyclotomic 
group of the m” or 2m order, m being odd, then the operators of g()q7’; 
g()q?*, .....g"()q™ represent the m movements, or rotations about the 
axis of g, which transport any vertex of a polygon of m sides—whose plane is 
perpendicular to the axis of g—into all the other vertices of the polygon suc- 
cessively. These rotations I call the automorphic or self-congruent movements 
of the polygon.* 

Jin()Jz'. If gq assume successively the values of the quaternions of a 
double-pyramid group of the order 4n, the resulting rotations g()q7—’ will re- 
present all the self-congruent movements (Bewegungen in sich) of a double 
pyramid having in all 4n faces. 

Qu()Qx'. If ¢g assume successively the values of the quaternions of the 
group Q,,, then the operators q()q~* represent the 12 self-congruent move- 
ments of the tetrahedron, such that its four summits 


t+j+k —it—j+k —i+j—k 
its four centres of faces 
and its six middle points of edges 
+7, + J; +k, 


are separately permuted with each other. 


*T call a figure self-congruent, when without undergoing any change as a whole, like parts—as 
points with points, lines with lines, etc.—are interchanged. Self-congruent movements or rotations are 
those which produce such an interchange of like elements ; thus all the motions of a sphere about its 
centre as a fixed point are self-congruent movements. 
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Qi()Qz'. If the quaternions of the group Q,, be substituted for g in 
q()q?, the resulting transformations will be the 24 self-congruent movements 
of the oktahedron. The summits of this oktahedron are 


+ 4, +j, +k; 
its centres of faces are 
i+j+k —i—jt+k i—j—k —i+tj—k 
and its middle points of edges are | 
2 2 2 


and the movements in question permute these like elements with each other. 

Qio() Qud. Finally, if in g()q7?, q be made to assume all the values in 
Qi, the result will be the 60 self-congruent movements of the ikosahedron. 
We have here for summits 


eit), 


for centres of faces 
—i-j+k 
* 3 J 3 / 3 
oj + dk ck + ct 
? aft 3 ? 
and for middle points of edges 
+i, +k, 


The above scheme contains all the possible finite groups of automorphic 
linear transformations of the sphere, or what is the same thing, of the plane of 
complex variables. 


SeHWARZBACH, Saxony, September, 1881. 
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The Counter-Pedal Surface of the Ellipsoid. 


By Tuomas Craic, Johns Hopkins University. 


> 


The particular surface investigated in the present paper is merely one of a 
class whose properties do not seem to have been studied; there is at least no 
reference to the surfaces in any works that I am acquainted with; further, 
Prof. Cayley expresses his belief that the subject is quite new. The definition 
of a counter-pedal surface is obtained from the definition of a pedal surface by a 
very slight change of the wording, thus: a pedal surface is the locus of the inter- 
section of the tangent planes to a given surface with straight lines drawn from 
a given point parallel to the normal; the counter-pedal surface is the locus of 
the intersection of the normals to a given surface with planes drawn through 
a given point parallel to the tangent planes. We can have in like manner pedal 
curves and counter-pedal curves. Problems connected with counter-pedals, 
whether curves or surfaces, will in general be more difficult than those connected 
with pedals, as it would seem that in general the degree of the counter-pedal is 
higher than that of the pedal. Before taking up the analytical part of the work 
I must first express my great obligations to Prof. Cayley for the assistance he 
has given me in this connection, especially in finding the equation of the surface. 
I had found the equation of the surface, but in a complicated form and encum- 
bered with a factor of the sixth degree, which I knew must exist but could not 
find. On presenting my difficulty to Prof. Cayley, he was good enough to work 
out for me the equation of the surface in another and simpler form. The inves- 
tigation below to find the equation of the surface is, with some insignificant 
changes, entirely due to Prof. Cayley. I have also received assistance from him 
on many other minor points in working out the properties of this surface. I 
have not as yet done much on the general theory of counter-pedal surfaces and 
curves, but if one may judge anything from analogy in the case of the counter- 
pedals of the ellipse and ellipsoid, these new curves and surfaces seem to be more 
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closely related to negative pedals than to the direct pedals. For example, the 
degree of the negative and counter-pedals of the ellipse is six; the degree of 
the negative and counter-pedals of the ellipsoid is ten; while the degree of the 
pedals is in each case four. In both of these cases the pole is supposed to be at 
the centre. If for the ellipse the pole is taken at the focus, the negative pedal is 
a curve of the fourth degree having the lines 2? + 7* = 0 for stationary tangents. 
The counter-pedal surface of the ellipsoid, as considered in the following, is 
the locus of the intersections of central planes parallel to the tangent planes of 
the ellipsoid with the normals at the corresponding points of contact. The 
ellipsoid is given by the equation 
7? 2 
The length of the central eee ae upon the tangent plane to the 
ellipsoid at any point may be denoted by P; then 
1 & 7? pe 
further write 
Denote by x, y, z the codrdinates of a point on the counter-pedal corres- 


ponding to a point &, 7, ¢ on the ellipsoid, then it is obvious that these are 
given by the equations 


In order to find the equation: of the counter-pedal we have to eliminate 
£, between these equations and 


It is to be noticed that these equations give 


The geometrical meaning of these equations is obvious ; one should be able 
to eliminate between these and the equation of the ellipsoid and find the equa- 


i 
> 
’ 
e 
3 
¥ 
2 
2 2 : 
a b 


360 Craig: The Counter-Pedal Surface of the Ellipsoid. 


tion of the surface. I was, however, not able to do it. The result was of the 


degree sixteen, instead of ten, the proper degree; but I could not find the 


required factor. Instead of — P’ it will be convenient to write merely ¢, then 


a=e(“t"*), y=n s=t (“F); 
from these by aid of 


++ 
we derive 
bey? 
and 
2 1 


For greater convenience replace 2, 2, a’, & by a, y, 2, a, b, 
then to find the required nearer we have to eliminate ¢ between 
ax 
x 2° 1 
ary 
Multiply the second of these by ¢ and add to the first ; this gives 
a+t b+t + c+t 


which is to be combined with 


CZ 
We have thus to eliminate ¢ between a sextic and a quadratic equation. 
The method followed by Prof. Cayley to effect this elimination is as follows: 


Expanding the quadratic it is 
bex+ cay + abz=0. 


Write this as 


PP+Q+Rh=0. 
Denote by ¢, and ¢, the roots of this quadratic, then we have 
Pé + 


R 


<a 
“4 | 
7 
- 
e 
‘ 
4 
| 


Craig: The Counter-Pedal Surface of the Ellipsoid. 361 


The minimum value of ¢ is of course —a, and its maximum value — ec. 
Make ¢ = —a, then we have 


and obviously 


P(at+t)(a+ = — Byx 
P(b+4)(0 +4) =—yay 
P (e+ 4)(¢ +4) = — 
The quantity (¢,— ¢,)? will be needed; this is given by 
P__4PR 
: 
Substituting for P, Q, # their values, this is 
axe? + Py? + — — 2aPay — 
(7+ y+2) 


ty)? 


or say 


The values of ¢, and ¢,, substituted in the sextic equation, will lead to the 
expression required for the equation of the counter-pedal. The sextic expanded 
is 
(6+ + (e+ 


Write this as 
Aax + Bby + Cez—D=0; 


denote by the suffix 1 or 2 the result of substituting for ¢ its values ¢, and 4; 
multiplying together the two identical equations thus obtained we have 
(Ajax + + — D,) (A,ax + + Cycz— D,) =0; 
this expanded is 
+ (B,C, + B,C) beyz + (A,C, + A,0;) cazx + (A,B, + A,B) abay 
— (A,D, + A,D,) ax — (B.D, + B,D,) by — (CLD, + C,D,)cz= 0. 
Using the above equations giving the values of x, y, z, the coefficients 

in this are readily found. 


A,A,=(b+ 4) (6+ (c+ 4) (e+ = 


Vou. IV. 
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= (a+ (at + +4) (6+4)) 
= (a+ 4) (a+4) 
aBrys 
A,D, + A,D,= (6+ + t)? (6 + + 4)? 
+ (B+6) (e+ 4) (a+4)' (b+ (+ 4) 
+4) (6+ 6) (e +4) (e+ (a +4)? + (a+ 


= — 4) + 2 (a +4) 
_ 


The remaining values are written down by symmetry. Substitution of these 
values in the above equation gives 


+ cay + abz) + [dcBy + caya + } 


— xyz— (aa? + cy*xy) — 2ayz. aByP [aa + 68 + cy] 0 
The ae expression divides by the factor 

apy 
effect this division, then multiply out by P*® and reduce further by noting that 
aa+b8-+cy=0. The terms in the result containing P*xyz as a factor are 
easily seen to be 
+ BB? + + 2Bybe + 2yaca + 2a8ab] = P*xyz(aa + + cyP=0. 

The terms remaining are now 

a — (aa*yz + + cyay) 7 + P? (bex + cay + abz) =0. 

This is the equation of a skew surface of the fifth degree. The principal 

section in the plane of ay is the cubic 
(a—b)'ay — (ba +ay) + y= 0 
This has an asymptote 


ba +ay + ab =0 
which meets the curve in 


ax + by= 0. 
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There is further an asymptotie parabola 
(c+ yf =ar+by+ab, 


and this meets the curve in pi apt ab 
+6 


The discussion of this surface is reserved for the present, but we may just 
notice the values of the codrdinates of a point on any of the principal sections 
corresponding to a given value of ¢. We have 


ax by 
+—_=0. 


att’ e+t 
For the section in the plane a = 0 we may write 
y=M(b +2), z= — M(c + 2), 


b 
and so 
(6—c)t 
Introducing this value of M we have the values of y and z corresponding to 
x—=0. Similarly the codrdinates of a point in the other two planes may be 
given. Arranged in tabular form these are 


then 


(b+ +1) (c—a)t (a—b)t 
(6—e)t fe (e—a)t 2=0 


The equations of the sections of the skew surface corresponding to these sets 
of values of x, y,z are 
(6 — — (cy + bz) (y =0, 
(c — a)'za — (az + cx) (2 =0, 
(a— bay — (be + ay)(x + y= 0. 
If in the equation of the skew surface we replace x, y, 2, @, b, ¢ by the 
squares of these quantities we have at once the required equation of the counter- 
pedal. The correspondence between these two surfaces is such that to every 
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generator on the ruled surface corresponds a certain curve on the counter-pedal. 
The curve and generator are found by giving ¢ a certain constant value in both 
cases. The lines on the ellipsoid corresponding to a given value of ¢ are readily 
found. Required to find the line on 


eT 
for which ¢, 7. e. — P*, has a constant value, say — ¢,: this gives 


1 
the required curve is then the intersection of the two ellipsoids 


2 2 


a’ 
a‘ bt 


The projections of this curve on the coérdinate planes are evidently conics ; 


the projection on the plane of zz for example is the hyperbola 
From their definition, these curves are obviously Poinsot’s pollhodes. For the 
value ¢, = 0b? the curve on the ellipsoid is the separating pollhode ; its projection 


on the plane zz is the pair of lines 


The pollhode itself consists of two ellipses whose planes pass through the axis 
of y. The curves on the counter-pedal corresponding to a certain constant value 
of ¢, 7. e.— P*, are found by laying off on the normals to the ellipsoid along the 
corresponding pollhode the length P. The extremities of these lines also lie in 
that parallel to the ellipsoid for which the modulus = P;; the lines on the counter- 
pedal are then the intersections of the inner sheet of the parallel surface with 
the counter-pedal. These are only partial intersections, and I have not been able 
to determine the degree of the curve. 

The equation of the counter-pedal is obtained from that of the skew surface 
as above indicated, and is 

— + + (at + + 7°24 — 2aBay — 2yyz — 2yazx) 
— 2Byyz—2yazx — 2aBxy) = 0. 
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The counter-pedal is therefore of the tenth degree—the same degree-as that 
of the negative pedal of the ellipsoid. The terms are grouped into those of the 
sixth, eighth, and tenth degrees respectively. Writing 

A= B= C= 
the equation may be written 
G+(B— E£)(AC— D)=0, 
or, writing ; 
B—EH=-—L, AC—D=MNM, 
the equation is | 
G—LM=0. 

The Lis the vy of the above. For G=0 with M= 0 we have the principal 
sections of the surface-—complete in the planes z= 0 and a= 0, but as we shall 
see not complete in y=0. These principal sections are the counter-pedals of 
the principal sections of the ellipsoid together with, in the plane y = 0, a certain 
pair of straight lines. The equations of the counter-pedals of the principal 
ellipses are 

— (ey + BA) (y + =0, 
(oe —a’) — (a? + +2°P=—0, 
(a? — — (Pa? + (a? + = 0. 

The coédrdinates of a pointon each of these sextic curves are given by the 

table 


(e+2) (?—a’*)t (a? — 


It is important to notice that these values go in pairs. For values of —t< 8? 
the first and second columns give real values of x, y andz, while the third 
gives imaginary values; for—¢= 0? the first and third columns vanish; for 
values of — ¢> 0’ the first column is imaginary while the second and third are 
real. This remark is important in making a drawing or model of the surface, as 
it shows just what points in the three cross sections are to be united. 
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If in the equation of the surface we make 
G=90 and L=0 


we have for the three possible cases a pair of straight lines in each of the planes. 
These are 


(aa? — By? =0 inz=0, 
inz=9, 
iny=0. 
Of these only the last, 
ax 
is real and completes the principal section in the plane y=0. The prin- 
cipal sections of the surface shown in isometric projections are given in figure 1. 


Figt. 


The portion OBA of the loop in the plane y= 0 corresponds to values of 
¢ between — J’ and — & and is joined to the corresponding points in the loop £; 
the values of the corresponding points in OBA and £ are found from the above 
table. The portion OCA is joined in like manner to D. The small letters indi- 
cate corresponding points and serve to show completely how a drawing or model 
of the surface may be constructed. 

In making a drawing of the surface it will of course be desirable to work 
out the numerical values of a few of the corresponding points though the lines 
joining them will have to be filled in by the eye—unless indeed one chooses to 
go through a very tedious computation to find the intermediate points through 
which to trace them. 


B 
b A 
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The lines 
ax’ yz = 0 
are clearly double lines on the surface; a section of the surface through the point 
a of Fig. 1 will consist of two curves like Fig. 2. : 


Fig.2. 

This section gives only eight real points of intersection with a right line. 
There are four real singular points of the nature of triple points in the plane of 
y = 0 and an equal number of imaginary ones in the other two planes; the origin 
is a singular point of a very high order and will hardly repay study. The double 
lines 

ax’ —y2 = 0 
on the counter-pedal correspond to the separating pollhode on the ellipsoid; the 
projection of these lines has been shown to be 


a a 
the angle between these projections and the double lines being called 6, we have 
cos = (a? + &) Jaz Vaz +4) + + 


This is a right angle only for ellipsoids of revolution, as we can only have 
cos#=0 fora=0 ory=0. The projection and the double line will coin- 


cide with each other for cos§=1; this gives 


2 2 
e+teé 


=o 


The double lines are at right angles for an ellipsoid whose axes are connected 
by the relation 


I thought that the umbilics of the ellipsoid might correspond to the above 
mentioned triple points or the counter-pedal; on testing I found that they did 
not correspond, though there is a singular relation between the coérdinates of the 
points corresponding to the umbilics and the codrdinates -of the triple points. 
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_ The coérdinates of the umbilics on the ellipsoid are 


the value of ¢ for these points is — i substituting this in the second column 
of the above table we have 


The coérdinates of the triple points on the counter-pedal are found by 
making t= — 8’; they are 
ya 


The values of x and z for the two series of points are just interchanged. The 
condition that the umbilics on the ellipsoid should correspond to the triple points 


on the counter-pedal is 
2 

Besides the two straight double lines on the surface there are two other 
dauble lines whose projections are of a quadrifoil shape, the curves in space 
having the same shape only bent to fit the surface. 

The existence of these lines is readily inferred from Fig. 1; they are 
produced by the intersection of the portion of the surface joining the loop # 
to the partial loop OBA with the portion which joins the loop D to the partial 
loop OCA. The degree of these nodal lines I have not been able to determine. 

The lines of curvature on the counter-pedal to the ellipsoid are its intersec- 
tions with the counter-pedals to the two confocal hyperholoids. I have not been 
able to deduce any results of consequence concerning the curvature of this 
surface, but in the next few pages I have given the values of all of the quantities 
employed by Gauss in his investigations on the curvature of surfaces. These 
values will certainly be necessary in any future study of the curvature of the 
counter-pedal, so it is worth while giving them here, although I have not been 
able to determine in a simple manner the radii of curvature. 

Denoting by wu and v the curvilinear coérdinates of a point on the surface 


of the ellipsoid, we have 
— By? = a (a? + u) (a? +2), 
— yor? +0), 
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Let P, P,, P, denote the three perpendiculars from the centre upon the 
tangent planes to the three confocal quadrics at their common point £, 7, ¢, then 


1 7? ong 
& 7? ef 
Pi (@+u* 
or in terms of w and w these are 
_ 
P= (a + u) (6? + u) (e+ u) 
u(u—v) 
P= (a* + 0) (+ 
v(v—u) 


The element of length ds given in the form 
Edw + 2Fdudv + Gade’ 


is of course for the ellipsoid 


du*® dv’ 
prt 

Denote by 7:4; the quantities which on the counter-pedal correspond 
to H, F, G@ on the original surface : 


then 
+(e 
5+ 

Now 


P? 
and therefore 


Vor. IV. 
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Substituting in the expression for Y we have : 
(4 
dP? & dP? 


To reduce this, observe that 


2@+4 
8, 
a du 
a(a+uP uP? ’ a(a+u) uP?’ 


Making these and other obvious reductions we have 
a 2uP? + 4uP? 


or 
= E+ [P* + 2u.+ Pi); 
of course it follows from the symmetry of ZH and % that 
The reductions to be performed in order to find ¥ are a little different from 


the above, but there is no difficulty in getting it; all three of these quantities 
may be written as follows : 


The element of length on the counter-pedal being now given by 


do*® = Adv? + 24 dudv + 


becomes 


ds 1 E 
{= 
j= 
— 9 —— @ 
ee 4 abc 4 w 
| 
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The element of area of the counter-pedal is 
d= = 79 dudv, = Ududv. 
Now 
(> )+ v pt =) + (s+ }. 
This is easily brought into the form 


P3Piwe [1 + (P? + + (P? 


or again 
or say 
1 2 
2 3 
U 16 
the element of area is now 
= Bp, dudbv , 
and for the total area we must have 
2 J pp, 
of course the area of the ellipsoid is 
dudv 
s=2f 


The ratio between corresponding elements of area on the ellipsoid and its 


counter-pedal is 

dS 
Denoting by (a, 71) and (ay, 72) the direction-cosines of the normals 
to the ellipsoid and counter-pedal respectively at corresponding points, we have 


Bic 
T=|"" dy’ 


: 


i 
4 
“4 

| 
dz dz dx | | 

dz dz dz 

dy dt 
| 0 ay By | 
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The verification of this value of 7 by working out the determinant would 
be a very difficult matter, as the values of a,, @,, y,, whether obtained directly 
from the equation of the surface or in the manner indicated below, are 
extremely complicated. | 

Using the notation employed by Salmon, Geom. of three Dimensions, write 


0) §) d 7) 
C= u,v)” d(u, v) 


referring to the ellipsoid; also 


d(y, 2) ‘ d(z, 2) d(a, y) 
d(u,v) d(u,v) d(u, v) 


F>g;0= 


referring to the counter-pedal. For convenience I will write the codrdinates 


L,Y, % as 


ii.ek=— FP; 


We find now at once 


also write 


_ 4(4,0) , on d(k, , d(y, k) 
or 
dk d’ 
du’ du dw 
dk dy dg 
‘dy’ i “dy dv 
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or finally 
2 7 
et dk dy dg k | dk dy dg 
dk 
dv’ ‘dv’ dv’ dv’ dv 


The values of g and 9 may of course be written down at once by symmetry. 


There are three other quantities necessary in obtaining the expressions for 
the radii of curvature, &c., by Gauss’s method, viz. 


or 


dy 


The values of these expressed as determinants of the fourth order are easily 


found ; they are 


ak 

du2 du? du? du dk (1 1 dy 

du ’ du” du’ du 

dk d= dy dz 

dv’ dv’ 


F 

a 
da dy dz 
&e., 4 

du du du a 

-| da dy dz 

dv dv dv 

dy Pz 
r= ~v+ 4Aa+ So 

du? + du’ 

dy? dv? dv? E 
| 
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Writing abe = this becomes | 


be ca ab 
dk .1 d de’ de’ dé’ dé 
‘du’ du’ du’ du 
dv’ dv ’ dv dv 
The expression for 9' may be written down by symmetry; that for J’ is 
| be ca ab 
—T, ’ ’ 
dy 
dk .1 d dudv’ dudv’ dudv' dudv 
du’ du’ du’ du 
‘dv’ ‘dv’ dv” dv 


I have not been able to simplify these expressions any considerable amount. 
If we denote by x, y, z the codrdinates of a point on the pedal of the 
ellipsoid, it is easy to see that 
E=a+a, n=yty, C=z+2 
or 
If LZ, F, G refer to the pedal, we have for the element of length on that 


surface 
do’*® = + 2Fdudv + 


It is quite easy to show that 
P? 


G+ 


A=F), 
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and then for the element of length on the counter-pedal 


FP? ¢ dv dv? 
do* = ds’ + do’ + uP? | 


writing 

Aj=@?+u.P+u.e+u, 


the last term in do? becomes 


dv? dv’ 


= dst + do? + 


and so 


It would be interesting to find an interpretation of this last term, but I 
see no means of doing it. 


Denoting by d= the element of area on the pedal, we have 


d> = V EG — F*dudv ; 
also 


calling the quantity under the radical sign V* we have 


+ Pit Pil, 


and for the ratio between the elements of area of the pedal and counter-pedal 


U _ + P?PH(P?+ vf + P?PH(P?+ 
+ Pi + P} 


| 
2 2 2 
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Calling y, and a,, Bs; the direction-cosines of the norma.: at cor- 
responding points to the counter-pedal and pedal respectively, this ratio is the 
value of the determinant 


dz dz da 
dad 
dy dy dy 
dz dz dz 
a Bs Yo 


Let F (7 ¢) = 0 represent any surface, and denote by F;, F,, F, the deriva- 
tives of F with respect to, 7,¢. The equation of the tangent plane to this 
surface is 7 denoting current coérdinates in the plane) 


+ (y—n) F + 9; 


taking the origin as the pole we have for the perpendicular upon the tangent 

plane 

— 

Q 

The direction-cosines of the normal, and therefore of p, are 


and the coérdinates of a point on the pedal surface are 


ph, pF, pF 


Writing -G = k we have for the codrdinates of a point on the counter-pedal 


x= 
y=nt+kF,, 
z=C+kF,. 


The elimination of 7, between these equations and 0 will give the 
equation of the counter-pedal of F= 0. 
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Write the coérdinates x, y, z in the form 
y=unty, 
and we have for 7, J; the general values 


B+ de 


proportional to the direction-cosines of the 
dy dz 


tangent to the curve w= const. traced on the original surface ; and Sa = 
du du~- du 


the quantities 


are proportional to the direction-cosines of the tangent to the corresponding 
curve w= const. traced on the pedal; calling 6 the angle between these two 


tangents the above value of Z is 
#008 0. 
Writing 0,= (wu, w), we may also write 
The whole set of values is then 
cos 6,, 
T= F+ F+2V7£ G cos o, + FG cos 9), 
9=G+G4+2V GG cos b. - 
It would be interesting to find the surfaces for which the square of_the 
element of length on the counter-pedal is equal to the sum of the squares of the 


corresponding elements on the given surface and the pedal, 7. e. the surfaces 
which give the relation ; 


Td? + 2M dudv + = + 2Fdudv + + Edu? + 2F dudv + Gdv* 
or 
do* = ds* + do?. 
The conditions for this are obviously 


cos #,=0, cos #,=0 
and 
VEG cos + VF G cos = 0; 


Vou. IV. 
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or otherwise 


The quantities F , £, 0 may be written in the form 


at 


_ 


d(u, 0) 


There are many other general formulas that one might write down, but it 
is hardly worth while to do so. 
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Tables for the Binary Sextic. 
The Leading Coefficients of the First 18 of the 26 Covarianis. 


By Proressor CAYLEY. 


Including the sextic itself, the number of covariants of the binary sextic is 
= 26, as shown in the table p. 296 of Clebsch’s ‘Theorie der binaren algebra- 
ischen Formen,” Leipzig 1872; viz. this is 


0 2 4 8 10 12 

1 f 

A i H 

3 l (f; 
4 B (f, 2) (H, +) 

7 (f, 

8 (i, 

9 4), 

12 ((f, t), 

| 
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Or, using the capital letters A, B, ... Z to denote the 26 covariants in 
the same orderz, the table is 


0 2 4 6 ail 10 12 
1 A | 
D 
3 E F G,=(A, 0) H 
4} I J,= (A, |K, =(A, L,= (DP, oy 
5 M,=(0, EY|N,=(C, By 
P (G, BY 
§,= (A, F)'| 7, = (4, 
8 U,=(C, 
9 (G, BY 
10 |W, =(A, = (A, 
12 Y,=(G, FE’) 
15 |Z, = 


A is the sextic. P is Salmon’s C, p. 204. 
B *‘ Salmon’s A, p. 202. Ww‘ o D, p. 207. 
B, p. 203. - E, p. 258. 


The references are to Salmon’s Higher Algebra, 2d Ed., 1866. 


In the present short paper I give the leading coefficients of the first 18 
covariants, A to R (some of these are of course known values, but it is con- 
venient to include them): for the next four covariants S, 7, U, V, the leading 
coefficients depend upon the coefficients of A, C, G and E°, viz. writing 

A=(a, b,c, d,e, f, 9 fx, y) 
(a, iB; 405 kx, 


— 19) 1 1 1 
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we have 


Gand 
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S, Coeff. a? = ae— + cy —dB + ea, 
by + 3cB — 
20/5 — Bly + 7B — 284, 
= 280a"e — + 10y"y — 208"8 + 24e"a. 
Similarly the invariant W and the leading coefficients of X, Y depend on the 
coefficients of A, G and EH’; and the invariant Z depends on the coefficients of 


U, 
V, 
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But these two invariants W and Z have been already calculated ; 


viz., as already mentioned, W is Salmon’s invariant D, and Z his invariant £, 
given each of them in the second edition of his Higher Algebra (but not repro- 
duced in the third edition): on account of the great length of thesé expressions 
it has been thought that it was not expedient to give them here. 

For the reason appearing above, I have added the expressions for the 
remaining coefficients of C, EL, G. 


atlilag + llae +1llacg +1llace +1id@f +1\@d +1 
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Hee 
# 
> 


+] 


: Tables for the Binary Sextic. 


aft + 1 
abef —10 
cdf + 4 
c? +16 
@e —12 
ab'df + 16 
ve + 9 
bef —12 
bede — '76 
+ 48 
ce +48 
ed — 32 


11+ 
H bo DO CONT CO 


bédg— 96 


382 

| J, | M, x N, 0, x 

aceg +1 a’dg acf + 0 

cf? —1 ef de —1| dfg — de 1| cef — 1 

&g —1 abcg + 8\ ad 3} + 3 

def +2 bdf bee —2| ef? — 3) ef 3| de® — 2 

id be* bd? — Iliabh l\ab'dg 0 

—1 ef ed —1| befg + 6) bee 2| Bef + 1 
Bf? +1 cde + bdeg — 34| be 3| beg 0 

4 bedg + 2 d? bed— 6| bdf? + 48) b 4! bedf —14 

beef — 2 be? +3] bef — 18} bdef —12} be? +11 

4 bd f —2 Bcf + be +15] + 1 

bd? +2 cf? — 45| + 1| + 

3 eg be*e cig + 4| + ede —14 

+2 bed? cdef + c#f + 4] + 6 

ce +1 c® — 36) cde? —21\a%b’cg 0 

cd’e —3 — 48| de + 8| Bdf + 8 

+1 Pe + 28\a%b’eg — Be — Y 

a°b’ceg 0| Bedg+ 6| — 6 

+ Beef + 9] Bede + 16 

3 bdef —144| + ba? — 8 

Be + Bde? —39| — 38 

— 38) + 2 

+ 108) be'df — 66 

beP f+ 96) +18] - 

bede? —126| bed’e + 76 

4 bd’e + 16) bd* — 382 

cg + 36) cf +27 

edf — cde —45 

ee — 27| +20 

ede + 96 
cd§ — 32 

| 


CayLeY: Tables for the Binary Sextic. 


+ 1 
defg — 6 
+ 4 
eg + 4 
— 38 
abedg? — 6 
beefg +18 
bef? — 12 
b&fg + 12 
bde’g —18 
bef + 6 
eg + 4 
— 24 
edfg — 18 
ceef? + 30 
+ 54 
—12 
cdéf — 42 
cet + 12 
d'g — 20 
+ 24 
— 8 
+ 4 
Befg — 12 
3 
Fog — 
+ 30 
Beef? — 24 
— 12 
— 24 
+ 60 
— 27 
b&fg + 6 
bedeg — 42 
bedf* + 60 
beef — 30 
bed?g + 24 
bc#Pef — 84 
bed + 66 
+ 24 
be — 24 
ceg +12 
af? — 27 
cdg 8 
def + 66 
cf — 8 
— 24 
ede — 39 
cd'e + 36 
d — 8 


— 1 
FF — 
a@beg* + $8 
bdfg — 24 
be*g — 46 
bef” + 66 
efg |—. 2i+ 838 
cdeg | + 5/+ 48 
cdf? |+. 12 
|— 61 
&g i— 16 
|\— 386 
dé? + 4/— 8 
2 
Befg | + 12 
Bdeg |— +192 
Bdf?|— 48 
Bef 144 
|— 159 
b?f? |— 18 
beg | + 48 
bedef |— 16|+ 24 
be® | + 23] + 279 
bff | + 48 
bf? |— 84 
edg 42 
|+ 36] + 153 
|— 36 
ed? |— 563; — 399 
+ 3812 
— 24|— 64 
abifg |— 2 0 
beceg | + 0 
| + 6 0 
| + 2|— 224 
bdef | + 22) + 144 
Bei |— 27i+ 54 
Bedg|— + 336 
39 | — 108 
bed’ f|— 50) + 384 
Bede | + 107 | — 684 
| — 22) + 144 
| + 126 
be'df | + 84) — 648 
| — + 432 
bede | — 102 | + 564 
bed* | + 44] — 288 
ef — 27| + 270 
| + 45} — 450 
|— 20} + 200 
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Cavtey: Tables for the Binary Seatic. 


Remaining Coefficients of C, E, G. 


xy a'y 
af + 2 adg + 1 ag + 1 ag — 7 
be — 6 aef — 1 abf + 2 af*’ — 14 
cd + 4 bg — 1 ace — 19 bdg + 28 
+ 8 bef + 42 
b? + 9 Be — 6 eg + .-14 
ay? Of 8 bed + 44 cdf — 168 
cde —17 3 — 380 ce ++ (108 
ag+1 d? + 8 
+ 
ay ag +1 acf — 14 beg + 14 
af? —1 ade — 14 bf? 0 
bg + 2 bdg —3 bf 0 cdg + 14 
cf — 6 bef +3 bee — 21 cef + 21 
de + 4 eg + 2 bf +112 Pf —112 
cdf —1 ed — 70 70. 
ce” 3 
j Pe + 2 5,8 1 
eg +1 
a df — 4 ag + 7 ag — 1 
a e+3 adf — 28 bg — 2 
— 14 cg + 19 
Bg + 14 cf*# 6 
a be — 42 fg — 8 
bde + 168 def — 
i ce 105 + 30 
Note.—In the tables on this page, a 8 
gS has been treated like the other letters; al Y 
; on the preceding pages, the powers 
ig of a have been suppressed except in adg 0 bg’ re | 
the first of every series of terms con- ae of 5 
taining a common power of a. beg ob 35 de g — 9 
| bd 0 df — 8 
Cf —105 


ry The final result is that we have the values of the invariants B, 7, P, W, Z 
‘ and the leading coefficients of the covariants A, C,D, G,H,J,K, L, 
Q, also the means of calculating the leading coefficients ofthe 
remaining covariants S, 7, U, V, X, Y. 


Issued July 18, 1882. 
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